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Modern mathematics strives to be rigorous. Ancient Greek geometers had similar 
goals, to prove absolute truths by using perfect deductive logic starting from incon- 
trovertible premises. 

Often in the history of mathematics, we see a pattern where the ideas and appli- 
cations come first and the rigor comes later. This happened in ancient times, when 
the practical geometry of the Mesopotamians and Egyptians evolved into the rigor- 
ous efforts of the Greeks. It happened again with calculus. Calculus was discovered, 
some say invented, almost independently by Isaac Newton (1642-1727) about 1666 
and by Gottfried Wilhelm von Leibniz (1646-1716) about 10 years later, but its rig- 
orous foundations were not established, despite several attempts, for more than 150 
years. 

In 1821, Augustin-Louis Cauchy (1789-1857) published a textbook, the Cours 
d’analyse, to accompany his course in analysis at the Ecole Polytechnique. It is one 
of the most influential mathematics books ever written. Not only did Cauchy provide 
a workable definition of limits and a means to make them the basis of a rigorous 
theory of calculus, but also he revitalized the idea that all mathematics could be set 
on such rigorous foundations. Today, the quality of a work of mathematics is judged 
in part on the quality of its rigor; this standard is largely due to the transformation 
brought about by Cauchy and the Cours d’analyse. 

The 17th century brought the new calculus. Scientists of the age were convinced 
of the truth of this calculus by its impressive applications in describing and predict- 
ing the workings of the natural world, especially in mechanics and the motions of the 
planets. The foundations of calculus, what Colin Maclaurin (1698-1746) and Jean 
le Rond d’Alembert (1717-1783) later called its metaphysics, were based on the 
intuitive geometric ideas of Leibniz and Newton. Some of their contemporaries, es- 
pecially Bishop George Berkeley (1685-1753) in England and Michel Rolle (1652- 
1719) in France, recognized the problems in the foundations of calculus. Rolle, for 
example, said that calculus was “a collection of ingenious fallacies,’ and Berkeley 
ridiculed infinitely small quantities, one of the basic notions of early calculus, as 
“the ghosts of departed quantities.” Both Berkeley and Rolle freely admitted the 
practicality of calculus, but they challenged its lack of rigorous foundations. We 
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should note that Rolle’s colleagues at the Paris Academy eventually convinced him 
to change his mind, but Berkeley remained skeptical for his entire life. 

Later in the 18th century, only a few mathematicians tried to address the ques- 
tions of foundations that had been raised by Berkeley and Rolle. Over the years, 
three main schools of thought developed: infinitesimals, limits, and formal algebra 
of series. We could consider the British ideas of fluxions and evanescent quanti- 
ties either to be a fourth school or to be an ancestor of these others. Leonhard 
Euler (1707-1783) [Euler 1755] was the most prominent exponent of infinitesi- 
mals, though he devoted only a tiny part of his immense scientific corpus to issues 
of foundations. Colin Maclaurin [Maclaurin 1742] and Jean le Rond d’ Alembert 
[D’ Alembert 1754] favored limits. Maclaurin’s ideas on limits were buried deep 
in his Treatise of Fluxions, and they were overshadowed by the rest of the opus. 
D’Alembert’s works were very widely read, but even though they were published 
at almost the same time as Euler’s contrary views, they did not stimulate much of a 
dialog. 

We suspect that the largest school of thought on the foundations of calculus was 
in fact a pragmatic school — calculus worked so well that there was no real incentive 
to worry much about its foundations. 

In An V of the French Revolutionary calendar, 1797 to the rest of Europe, Joseph- 
Louis Lagrange (1736-1813) [Lagrange 1797] returned to foundations with his 
book, the full title of which was Théorie des fonctions analytiques, contenant les 
principes du calcul différentiel, dégagés de toute considération d’infiniment petits 
ou d’évanouissans, de limites ou de fluxions, et réduits a l’analyse algébrique des 
quantités finies (Theory of analytic functions containing the principles of differential 
calculus, without any consideration of infinitesimal or vanishing quantities, of limits 
or of fluxions, and reduced to the algebraic analysis of finite quantities). The book 
was based on his analysis lectures at the Ecole Polytechnique. Lagrange used power 
series expansions to define derivatives, rather than the other way around. Lagrange 
kept revising the book and publishing new editions. Its fourth edition appeared in 
1813, the year Lagrange died. It is interesting to note that, like the Cours d’analyse, 
Lagrange’s Théorie des fonctions analytiques contains no illustrations whatsoever. 

Just two years after Lagrange died, Cauchy joined the faculty of the Ecole Poly- 
technique as professor of analysis and started to teach the same course that Lagrange 
had taught. He inherited Lagrange’s commitment to establish foundations of calcu- 
lus, but he followed Maclaurin and d’Alembert rather than Lagrange and sought 
those foundations in the formality of limits. A few years later, he published his 
lecture notes as the Cours d’analyse de l’Ecole Royale Polytechnique; I." Partie. 
Analyse algébrique. The book is usually called the Cours d’analyse, but some cat- 
alogs and secondary sources call it the Analyse algébrique. Evidently, Cauchy had 
intended to write a second part, but he did not have the opportunity. The year after 
its publication, the Ecole Polytechnique changed the curriculum to reduce its em- 
phasis on foundations [Liitzen 2003, p. 160]. Cauchy wrote new texts, Résumé des 
lecons données al’Ecole Polytechnique sur le calcul infinitesimal, tome premier in 
1823 and Lecons sur le calcul différentiel in 1829, in which he reduced the material 
in the Cours d’analyse about foundations to just a few dozen pages. 
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Because it became obsolete as a textbook just a year after it was published, the 
Cours d’analyse saw only one French edition in the 19th century. That first edition, 
published in 1821, was 568 pages long. The second edition, published as Volume 15 
(also identified as Series 2, Volume IIT) of Cauchy’s Oeuvres complétes, appeared 
in 1897. Its content is almost identical to the 1821 edition, but its pagination is 
quite different, there are some different typesetting conventions, and it is only 468 
pages long. The Errata noted in the first edition are corrected in the second, and a 
number of new typographical errors are introduced. At least two facsimiles of the 
first edition were published during the second half of the 20th century, and digital 
versions of both editions are available on line, for example, through the Bibliotheque 
Nationale de France. There were German editions published in 1828 and 1885, and 
a Russian edition published in Leipzig in 1864. A Spanish translation appeared in 
1994, published in Mexico by UNAM. The present edition is apparently the first 
edition in any other language. 

The Cours d’analyse begins with a short Introduction, in which Cauchy acknow]- 
edges the inspiration of his teachers, particularly Pierre Simon Laplace (1749-1827) 
and Siméon Denis Poisson (1781-1840), but most especially his colleague and for- 
mer tutor André Marie Ampére (1775-1836). It is here that he gives his oft-cited 
intent in writing the volume, “As for the methods, I have sought to give them all the 
rigor which one demands from geometry, so that one need never rely on arguments 
drawn from the generality of algebra.” 

The Introduction is followed by 16 pages of “Preliminaries,” what today might 
be called “Chapter Zero.” Here, Cauchy takes pains to define his terms, carefully 
distinguishing, for example, between number and quantity. To Cauchy, numbers 
had to be positive and real, but a quantity could be positive, negative or zero, real or 
imaginary, finite, infinite or infinitesimal. 

Beyond the Preliminaries, the book naturally divides into three major parts and 
a couple of short topics. The first six chapters deal with real functions of one and 
several variables, continuity, and the convergence and divergence of series. 

In the second part, Chapters 7 to 10, Cauchy turns to complex variables, what 
he calls imaginary quantities. Much of this parallels what he did with real numbers, 
but it also includes a very detailed study of roots of imaginary equations. We find 
here the first use of the words modulus and conjugate in their modern mathematical 
senses. Chapter 10 gives Cauchy’s proof of the fundamental theorem of algebra, that 
a polynomial of degree n has n real or complex roots. 

Chapters 11 and 12 are each short topics, partial fraction decomposition of ra- 
tional expressions and recurrent series, respectively. In this, Cauchy’s structure re- 
minds us of Leonhard Euler’s 1748 text, the Introductio in analysin infinitorum [Eu- 
ler 1748], another classic in the history of analysis. In Euler, we find 11 chapters on 
real functions, followed by Chapters 12 and 13, “On the expansion of real functions 
into fractions,” i.e., partial fractions, and “On recurrent series,” respectively. 

The third major part of the Cours d’analyse consists of nine “Notes,” 140 pages 
in the 1897 edition. Cauchy describes them in his Introduction as “... several notes 
placed at the end of the volume [where] I have presented the derivations which may 
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be useful both to professors and students of the Royal Colleges, as well as to those 
who wish to make a special study of analysis.” 


Though Cauchy was only 32 years old when he published the Cours d’analyse, 
and had been only 27 when he began teaching the analysis course on which it was 
based, he was already an accomplished mathematician. This should not be surpris- 
ing, as it was not easy to earn an appointment as a professor at the Ecole Polytech- 
nique. Indeed, by 1821, Cauchy had published 28 memoirs, but the Cours d’analyse 
was his first full-length book. 

Cauchy’s first original mathematics concerned the geometry of polyhedra and 
was done in 1811 and 1812. Louis Poinsot (1777-1859) had just established the 
existence of three new nonconvex regular polyhedra. Cauchy, encouraged to study 
the problem by Lagrange, Adrien-Marie Legendre (1752-1833) and Etienne Louis 
Malus (1775-1812), [Belhoste 1991, pp. 25—26] extended Poinsot’s results, discov- 
ered a generalization of Euler’s polyhedral formula, V — E + F = 2, and proved that 
a convex polyhedron with rigid faces must be rigid. These results became his earliest 
papers, the two-part memoir “Recherches sur les polyédres” and “Sur les polygones 
et les polyédres.” [Cauchy 1813] Despite his early success, Cauchy seldom returned 
to geometry, and these are his only significant results in the field. 

After Cauchy’s success with the problems of polyhedra, his father encouraged 
him to work on one of Fermat’s (1601-1665) problems, to show that every integer 
is the sum of at most three triangular numbers, at most four squares, at most five 
pentagonal numbers, and, in general, at most n n-gonal numbers. He presented his 
solution to the Institut de France on November 13, 1815 and published it under the 
title “Démonstration générale du théoréme de Fermat sur les nombres polygones” 
[Cauchy 1815]. Belhoste [Belhoste 1991, p. 46] tells us that this was the article “that 
made him famous,” and suggests that “[t]he announcement of his proof may have 
supported his appointment to the Ecole Polytechnique a few days later.” 

Just a month later, on December 26, 1815, the Academy’s judgment was con- 
firmed when Cauchy won the Grand Prix de Mathématiques of the Institut de 
France, and its prize of 3000 francs, for an essay on the theory of waves. 

With his career established, Cauchy married Aloise de Bure (1795?-1863) in 
1818. They had two daughters. It is a measure of Cauchy’s later fame and success 
that one of his daughters married a count, the other a viscount. Indeed, Freudenthal 
[DSB Cauchy, p. 135] says that Cauchy “was one of the best known people of his 
time.” 

The de Bure family were printers and booksellers. The title page of the Cours 
d’analyse, published by de Bure fréres, describes them as “Libraires du Roi et de la 
bibliothéque du Roi.” 

It seems that Cauchy was an innovative but unpopular teacher at the Ecole Poly- 
technique. He, along with Ampére and Jacques Binet (1786-1856), proposed sub- 
stantial revisions in the analysis, calculus and mechanics curricula. Cauchy wrote 
the Cours d’analyse to support the new curriculum. 

In 1820, though, before the Cours d’analyse was published, but apparently af- 
ter it had been written and the publisher had committed to printing it, the Conseil 


Translators’ Preface xi 


Fig. 1 Cauchy, by Susan Petry, 18 x 28 cm, bas relief in tulip wood, 2008. An interpretation of 
portraits by Boilly (1821) and Roller (~ 1840). Photograph by Eliz Alahverdian, 2008. Reprinted 
with permission of Susan Petry and Aliz Alahverdian. All rights reserved. 
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d’Instruction, more or less a Curriculum Committee, largely influenced by de Prony 
(1755-1839) and Navier (1785-1836), ordered that Cauchy and Ampére change 
the curriculum again. As a consequence, the Cours d’analyse was never used as a 
textbook. A more complete account of this episode is found in [Belhoste 1991, pp. 
61-66]. 

Lectures at the Ecole Polytechnique were scheduled to be 50 lectures per term, 
each consisting of 30 minutes “revision” then 60 minutes of lecture. On April 12, 
1821, Cauchy was delivering the 65th lecture of the term. When the lecture neared 
the end of its second hour, students began to jeer, and some walked out. A formal 
investigation followed, and eventually both the students and Cauchy were found 
responsible, but nobody was punished. Fuller accounts are found in [Belhoste 1991, 
pp. 71-74] and [Grattan-Guinness 1990, pp. 709-712]. 

From 1824 to 1830, Cauchy also taught part-time at the Collége de France, where 
he presented, among other techniques, methods of differential equations, and gave 
lectures on the theory of light. At the same time he worked also as a substitute pro- 
fessor on the Faculté des Sciences de Paris, where he replaced Poisson, and lectured 
on the mechanics of solids, fluid mechanics and on his general theory of elasticity. 

By 1826, Cauchy had grown impatient with the time it took for the Academy 
to publish his articles and memoirs. That year they published only 11 of his 
memoirs, up from six in 1825, so he founded a private journal, the Exercises de 
mathématiques, published by his in-laws, Debure fréres. By 1830, he had published 
five volumes of the Exercises, containing 51 of his articles. These comprise volumes 
18 to 21 of the Oeuvres completes. 

The July Revolution of 1830 deposed the Bourbon monarch, Charles X. Cauchy 
refused to take a loyalty oath to his Orleans successor, Louis-Philippe, and went into 
8 years of voluntary exile. He taught at the University of Turin from 1831 to 1833, 
where he continued his journal under the new name, Résumés analytiques (Oeuvres 
complétes, volume 22), and then spent the rest of his exile tutoring in Prague in 
the exile court of Charles X. While in Prague, his king awarded Cauchy the title 
“Baron.” 

In 1838, Cauchy returned to Paris, but because he had not taken the loyalty oath, 
he was not allowed to teach, either at the Ecole Polytechnique or at his part-time 
jobs. He was still an active member of the Académie des Sciences, though, and over 
the next 10 years he submitted over 400 items to the Comptes rendus, the published 
notes and articles presented at the weekly meetings of the Academy. Because the 
Academy took breaks and vacations, “weekly” meetings did not actually take place 
every week. Over these 10 years, Cauchy averaged an article for each week the 
Academy was in session. These articles occupy most of volumes 4 to 10 of Cauchy’s 
27-volume Oeuvres complétes. At the same time, he continued his private journal 
under yet another title, the Exercises d’analyse et de physique mathématique. These 
47 articles fill volumes 23 to 26 of the Oeuvres complétes. During his decade away 
from the classroom, 1838 to 1848, Cauchy produced about half of his published 
works by item count, about a third of them by page count. It was a remarkable 
decade. 


Translators’ Preface xiii 


The February Revolution of 1848 ended the reign of Louis-Philippe and estab- 
lished the Second Republic. Loyalty oaths were not required, so Cauchy returned 
to the Faculté des Sciences as professor of mathematical astronomy. When loyalty 
oaths were reestablished in 1852, Napoleon HI made an exception for Cauchy. 

Cauchy’s last 9 years were active. In 1853, he published one last volume of the 
Exercises d’analyse et de physique mathématique. He did a good deal of research 
on the theory of light and bickered with his colleagues. He made another 159 con- 
tributions to the Comptes rendus. The last of his 589 contributions to that journal 
came on May 4, 1857. [Oeuvres 12, p. 435] It was a short note on mathematical 
astronomy, and he closed it with the words C’est ce que j’expliquerais plus au long 
dans un prochain Mémoire, “I will explain this at greater length in a future Memoir.” 
Clearly, he was not expecting to die just 18 days later. 


Many studies give more detailed accounts of Cauchy’s life, works and times than 
we give here. For a full biography of Cauchy, we refer our readers to [Belhoste 
1991]. The entry in the Dictionary of Scientific Biography [DSB Cauchy] is much 
briefer; it contains many inaccurate citations to Cauchy’s work and in general seems 
to suffer from “hero worship.” For example, we find no other source that describes 
Cauchy as “one of the best-known people of his time, and must have been often 
mentioned in newspapers, letters and memoirs.” Still, its basic facts are correct. 

For accounts of Cauchy’s work and its importance, we recommend [Grabiner 
2005] and [Grattan-Guinness 2005] as good places to begin. See also [Grattan- 
Guinness 1990] for a comprehensive account of the French mathematical commu- 
nity in the time of Cauchy. 

Grattan-Guinness first presents his case that Cauchy “plagiarized” Bolzano in 
[Grattan-Guinness 1970a]. This assertion precipitated a controversy that raged 
through [Grattan-Guinness 1970b], [Freudenthal 1971b], and still echoed in [Gra- 
biner 2005]. 

Other modern contributions to Cauchy scholarship are more numerous than we 
wish to describe, but we will mention in particular [Jahnke 2003], [Liitzen 2003], 
[Ferraro 2008] and [Bottazzini 1990]. Starting with these references, the interested 
reader can find a great many more. 


As we translated the Cours d’analyse, we laid out the text and formulas, used 
italics, bold face and punctuation, and, as much as possible, adopted the styles of 
the 1897 edition of the text. We have also added an index (neither the 1821 nor 
the 1897 editions have indices), and we have used our footnotes to note passages 
that are quoted, cited or translated in certain important secondary sources. We have 
not made note of errors cited in the Errata of the 1821 edition, all of which were 
corrected in the 1897 edition, but we have noted errors not mentioned in the Errata, 
as well as new errors introduced in the second edition. We distinguish such footnotes 
with the signature “(tr.).” Expository footnotes are unsigned. 

We believe that the primary purpose of a translation such as this one is to make 
the work available in English, and not to provide a platform for our opinions on 
how this work should be interpreted. Towards this end, we have generally limited 
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our commentary to expository remarks rather than interpretative ones. For those 
passages that are controversial and subject to a variety of interpretations, we try to 
refer the interested reader to appropriate entry-point sources and do not try to be 
comprehensive. 

For a variety of reasons, we decided to follow Grabiner [Grabiner 2005], Freuden- 
thal [DSB Cauchy] and others, rather than Kline [Kline 1990], and to make our 
translation, as well as to cite page numbers, from the second edition. Although elec- 
tronic copies of both editions are freely available on the World Wide Web, bound 
copies of the 1821 edition are rather hard to find, while the second edition is found 
in many university libraries. The on-line library catalog WorldCat reports 57 copies 
of the 1821 edition in North America, and only seven copies of the facsimiles. Yet 
they report at least 117 copies of the 1897 edition in North America. We say “at 
least” because there are several different kinds of catalog entries, and it is difficult 
to tell how much duplication there is. We would estimate at least 200 copies. The 
two editions are identical in content, notation and format, but differ in pagination, 
page layout and some punctuation. In general, we found the typography and page 
layout of the 1821 edition somewhat cluttered, even quirky, particularly in the ways 
that formulas were cut into many lines to be arranged on the page. Weighing all these 
circumstances, it seemed more reasonable to follow the more accessible version. 

In general, we resisted the temptation to modernize Cauchy’s notation and termi- 
nology. When he uses the word /imites to mean both what we call “limits” and what 
we call “bounds,” we translate it as “limits” in both cases. In the index, citations 
of the word “limit” direct the reader to instances in which the limit process is being 
used, and not to instances meaning “bounds.” Moreover, when he fails to distinguish 
between open intervals and closed intervals, or between “less than” and “less than 
or equal to,” we translate it as Cauchy wrote it, and do not attempt to force upon 
Cauchy distinctions he himself did not make. 

There are two conspicuous exceptions. Cauchy wrote /x, or sometimes Lx to de- 
note the logarithm of x to a given base A. We modernize this to logx or Logx to 
avoid unnecessary confusion. Likewise, we write Inx to denote the natural loga- 
rithm of x, rather than using Cauchy’s /x. Also, Cauchy used periods at the end of 
the abbreivated names of trignonometric functions (such as cos. x) and denoted the 
tangent and arctangent functions tang. x and arc tang. x. Following modern usage, 
we omit the periods and use tanx and arctanx. 

Cauchy did not adopt Euler’s innovation of the 1770s, to write i for J-1 , SO We 
write /—1 as well.! 

Within our translation of the text, numbers in square brackets, like [116], mark 
where new pages begin in the 1897 edition. Thus, for example, when we find the 
notation [116] in the midst of the statement of the Cauchy Convergence Criterion, 
we know that Cauchy’s statement of that criterion appeared on pages 115 and 116 


' Many people attribute Euler’s first use of the symbol i to denote /—I to his 1748 text, the 
Introductio in analysin infinitorum [Euler 1748] , but readers who check Volume II, Chapter 21, § 
515 will see that the quantity Euler denotes there as i is actually In(—n), for some positive value of 
n, and not the imaginary unit, J-1 : 
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of the 1897 edition. We give a page concordance of the two French editions in an 
appendix. 

Cauchy seemed to enjoy choosing his words carefully and precisely, and then 
once the correct words were chosen, using those very words over and over again. 
For example, in Chapter VII, § IIL, he studies the n-th roots of unity, or, as he calls 
them, | to the fractional power ‘. He states his theorems and gives his proofs about 
these objects. Later in that same section, when he studies other fractional powers 
of 1, -i, me and TT the words in his theorems and proofs are almost identical, 
changing only what must be changed. We have taken care to do the same in our 
translation. 

Our ambition is, as much as the very idea of translation allows, to let Cauchy 
speak for himself. 


We are grateful to Emili Bifet, David Burns, Larry D’ Antonio, Ross Gingrich, 
Andy Perry, Kim Plofker, Fred Rickey, Chuck Rocca and Jeff Suzuki who, as partic- 
ipants in the ARITHMOS reading group, read early drafts of portions of this trans- 
lation. Likewise, we are grateful to our students Shannon Abernathy, Erik Gundel, 
Amanda Peterson and Joseph Piraneo, who read parts of this manuscript in a his- 
tory of mathematics seminar at Western Connecticut State University in the Spring 
of 2008. Careful proofreading and helpful suggestions by both groups have greatly 
improved this translation. We also acknowledge the assistance of the editorial staff 
at Springer, particularly Ann Kostant and Charlene Cruz Cerdas. Most importantly, 
we thank our wives Susan Petry and Terry Sandifer for supporting and encouraging 
our efforts, and for being understanding about the many long days that this project 
occupied. 


Garden City, New York, Robert E. Bradley 
Danbury, Connecticut, C. Edward Sandifer 
March 2009 
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Introduction 


[i] Because several people, who were so good as to guide the first steps of my sci- 
entific career, and among whom I would cite with recognition Messieurs Laplace! 
and Poisson? have expressed the desire to have me publish the Cours d’analyse of 
the Ecole Royale Polytechnique, I have decided to put this Course in writing for the 
greatest usefulness to students. I offer here the first part of it? known by the name 
Algebraic analysis,* and in which I successively treat the various kinds of real and 
imaginary functions, [ii] convergent and divergent series, the resolution of equations 
and the decomposition of rational fractions.° In speaking of the continuity of func- 
tions, I could not dispense with a treatment of the principal properties of infinitely 
small quantities, properties which serve as the foundation of the infinitesimal cal- 
culus.® Finally, in the preliminaries and in several notes placed at the end of the 
volume, I have presented the derivations which may be useful both to professors 
and students of the Royal Colleges, as well as to those who wish to make a special 
study of analysis. 

As for the methods, I have sought to give them all the rigor which one demands 
from geometry, so that one need never rely on arguments drawn from the gener- 
ality of algebra.’ Arguments of this kind, although they are commonly accepted, 
especially [iii] in the passage from convergent to divergent series, and from real 


! Pierre-Simon Laplace (1749-1827). 
2 Siméon Denis Poisson (1781-1840). 


3 Cauchy planned a second part of the Cours d’analyse, but no such volume was ever published. 
When Navier replaced Ampére as the second teacher of analysis, the faculty of the Ecole Poly- 
technique considered revisions to the analysis curriculum. The changes that were made in 1822 as 
a result of these reforms took most of the emphasis on foundations out of the course in analysis, 
making Cauchy’s planned second volume obsolete before it was written. This also explains why 
Cauchy produced no subsequent editions of the Cours d’analyse. 

4 Cours d’analyse is sometimes referred to as Analyse algébrique, for example, in the on-line 
catalog of the Bibliotéque Nationale de France. 


> As we will see in Chapter I, these are “rational functions” in the modern sense. 
6 Tt is interesting that Cauchy does not also mention limits here. 
7 This sentence is quoted, in translation, in [DSB Cauchy, p. 135]. 
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quantities to imaginary expressions,® may be considered, it seems to me, only as 


examples serving to introduce the truth some of the time, but which are not in har- 
mony with the exactness so vaunted in the mathematical sciences. We must also 
observe that they tend to grant a limitless scope to algebraic formulas, whereas, in 
reality, most of these formulas are valid only under certain conditions or for certain 
values of the quantities involved. In determining these conditions and these values 
and in establishing precisely the meaning of the notation that I will be using, I will 
make all uncertainty disappear, so that the different formulas present nothing but re- 
lations among real? quantities, relations which will always be easy to verify [iv] by 
substituting numbers for the quantities themselves. It is true that, in order to remain 
consistently faithful to these principles, I will have to accept several propositions 
which may appear to be a bit rigid at first. For example, I state in Chapter VI that a 
divergent series does not have a sum;'° in Chapter VII that an imaginary equation 
is nothing but the symbolic representation of two equations involving real quanti- 
ties;!' in Chapter IX that if the constants or the variables involved in a function, 
having first been taken to be real, become imaginary, the notation used to express 
the function can be kept in the calculation only by virtue of a new convention keep- 
ing the sense of the notation in the latter hypothesis;'* &c. But those who read my 
book will recognize, [v] I hope, that propositions of this nature, entailing the happy 
necessity of putting more precision into the theories and of applying useful restric- 
tions to assertions that are too broad, work in favor of analysis and furnish several 
research topics which are not without importance. Therefore, before summing any 
series, I must examine the cases in which the series can be summed, or, in other 
words, the conditions for its convergence; and I have, on this subject, established 
general rules which appear to me to merit some attention. 

Moreover, if I have sought, on the one hand, to perfect mathematical analysis, 
yet on the other hand I am far from pretending that this analysis ought to be applied 
to all the rational sciences. Without a doubt, in those sciences we call “natural,” the 
only [vi] method which we may successfully employ consists in observing the facts 
and then subjecting those observations to calculation. But it would be a grave error 
to think that we can find certainty only in geometric proofs, or in the evidence of 
the senses; and even though nobody has yet tried to prove by analysis the existence 
of Augustus!’ or that of Louis XIV," all sensible people would admit that their 
existence is as certain to them as the square of the hypotenuse or the theorem of 


8 Cauchy never speaks of imaginary numbers, but only of imaginary expressions. His imaginary 
expressions correspond to the modern notion of complex numbers. Here and throughout the book, 
we will use Cauchy’s terminology and write “imaginary expressions.” 


° Here, Cauchy is careful to exclude imaginary expressions. As we will see later, imaginary ex- 
pressions are equal, for example, when their corresponding real quantities are equal. 


10 See p. 85 or [Cauchy 1821, p. 123] or [Cauchy 1897, p. 114]. 
'l See p. 119 or [Cauchy 1821, p. 176] or [Cauchy 1897, p. 155]. 
!2 See p. 159 or [Cauchy 1821, p. 240] or [Cauchy 1897, p. 204]. 
'5 Probably Caesar Augustus (63 BCE - 14 CE). 


'4 Louis XIV (1638-1715). We note that Cauchy, whose given name is Augustin-Louis, may be 
engaging in a rare dsiplay of humor by choosing these two particular examples. 
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Maclaurin.!> Furthermore, the proof of this last theorem is within reach of only a 
few people, and scientists themselves do not all agree on its scope one ought to 
attribute to it; whereas everyone knows quite well who ruled France in the 17th 
century, and no reasonable argument can be raised against this. What I say here 
[vii] about historical facts applies equally well to a whole range of questions in 
religion, ethics and politics. We should thus believe that there are truths other than 
algebraic truths, and realities other than tangible objects. Let us cultivate with ardor 
the mathematical sciences, without wishing to extend them beyond their domain; 
and let us not imagine that we are able to attack history with formulas, nor to make 
moral judgments with theorems of algebra or integral calculus. 

In closing this Introduction, I cannot but acknowledge the insights and advice 
of several people who have been very helpful, particularly Messieurs Poisson, 
Ampére!® and Coriolis.!” I am indebted to this last person for the rule on the con- 
vergence of infinite products,!® among other things, and I have profited many times 
from [viii] the observations of Monsieur Ampére, as well as from the methods which 
he develops in his lessons on analysis.!? 


'S Colin Maclaurin (1698-1746); the reference is probably to Maclaurin series. 

'6 André-Marie Ampére (1775-1836). 

fy Gaspard Gustave de Coriolis (1792-1843). 

'8 See Note IX, Theorem I, p. 386 or [Cauchy 1821, p. 564] or [Cauchy 1897, p. 460]. 


!9 These appear to have been collected in Cours d’analyse et de mécanique |’école polytechnique, 
a manuscript of notes taken by G. Vincens of Ampére’s course, which is available in the Dibner 
Collection of the Smtihsonian Institute. 
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Cours d’ analyse 
of 
the Ecole Royale Polytechnique 


PRELIMINARIES 
REVIEW OF THE VARIOUS KINDS OF REAL QUANTITIES WHICH ONE MIGHT 
CONSIDER, BE THEY ALGEBRAIC OR TRIGONOMETRIC, AND OF THE NOTATION 
WE USE TO REPRESENT THEM. ON THE AVERAGES OF SEVERAL QUANTITIES. 


[17] To avoid any kind of confusion in algebraic language and notation, we shall 
establish here in these Preliminaries the meanings of various terms and notation 
that we will use in ordinary algebra and trigonometry. The explanations that we 
will give for these terms are necessary so that we will be certain of being perfectly 
understood by those who read this work. First of all, we will indicate what idea will 
be appropriate to attach to the two words number and quantity. 

We always take the meaning of numbers in the sense that is used in arithmetic, 
where numbers arise from the absolute measure of magnitudes, and we will only 
apply the term quantities to real positive or negative quantities, that is to say to 
numbers preceded by the signs + or —. Furthermore, we regard these quantities as 
intended to express increase and decrease, so that a given magnitude will simply 
be represented by a number if we only mean to compare it to another magnitude 
of the same type taken as a unit, and by the same number preceded by the sign + 
or the sign —, if we consider it [18] as being capable of increasing or decreasing a 
given magnitude of the same kind. Given this, the signs + or — placed in front of 
a number modify its meaning, more or less as an adjective modifies the meaning 
of a noun. We call the numerical value of a quantity that number which forms its 
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basis.! We say that two quantities are equal if they have the same sign and the same 
numerical value, and two quantities are opposites” if their numerical values are the 
same but with opposite signs. From these principles, it is easy to give an account of 
the various operations that one may perform on these quantities. For example, given 
two quantities, one may always find a third quantity which, taken as increasing a 
fixed number, if it is positive, and as decreasing, if it is negative, brings us to the 
same result as the two given quantities, applied one after the other in the same way. 
This third quantity, which by itself produces the same effect as the other two is what 
we call their sum. For example, the two quantities —10 and +7 have as their sum 
—3, given that a decrease of 10 units followed by an increase of 7 units is equivalent 
to a decrease of 3 units.* To add two quantities is to form their sum. The difference 
between a first quantity and a second is a third quantity which, added to the second, 
gives the first. Finally, we say that one quantity is /arger or smaller than another 
depending on whether the difference between the first and the second is positive or 
negative. It follows from this definition that positive numbers are always larger than 
negative numbers, and the latter ought to be considered as being as small as their 
numerical values are large.* 

In algebra, we use letters to represent quantities as well as numbers. Since it 
is customary to classify the a numbers as positive quantities, we may denote the 
positive quantity that has as its numerical value the number A by +A or just by A, 
whereas the opposite negative quantity is denoted by —A. Likewise, when the letter 
a represents a quantity, it is customary to regard [19] the two expressions a and +a 
as synonyms, and to denote by —a the quantity that is opposite to +a. These remarks 
suffice to establish what we call the rule of signs (see Note I). 

We call a quantity variable if it can be considered as able to take on successively 
many different values. We normally denote such a quantity by a letter taken from 
the end of the alphabet. On the other hand, a quantity is called constant, ordinarily 
denoted by a letter from the beginning of the alphabet, if it takes on a fixed and 
determined value. When the values successively> attributed to a particular variable 
indefinitely approach a fixed value in such a way as to end up by differing from it 
by as little as we wish, this fixed value is called the limit of all the other values.® 
Thus, for example, an irrational number is the limit of the various fractions that give 
better and better approximations to it.’ In Geometry, the area of a circle is the limit 


' That is, the absolute value of the quantity. 

2 Later in Note III, Cauchy uses “contrary” rather than “opposite” to represent this idea. 

3 Cauchy discusses arithmetic operations and signs in some detail in Note I. 

4 Tn the 18th century, opposite numbers were considered to be the same size. Here, when Cauchy 
proposes that negative numbers are smaller than positive ones, it is a relatively new idea. 

5 This adverb “successively” (successivement) seems appropriate to a discussion of convergence 
of sequences, although perhaps less so in the case of continuous variables. 

© This passage is translated in [Kline, p. 951]. 

7 [DSB Cauchy, p. 136] cites this passage, but incorrectly states that it defines “convergence and 
absolute convergence of series, and limits of sequences and functions.” It clearly does less than 
that. 
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towards which the areas of the inscribed polygons converge when the number of 
their sides grows more and more, etc. 

When the successive numerical values of such a variable decrease indefinitely, in 
such a way as to fall below any given number, this variable becomes what we call 
infinitesimal, or an infinitely small quantity. A variable of this kind has zero as its 
limit.® 

When the successive numerical values of a given variable increase more and 
more in such a way as to rise above any given number, we say that this variable has 
positive infinity as its limit,? denoted by the symbol ~, if it is a positive variable, and 
negative infinity, denoted by —», if it is a negative variable. The infinities, positive 
and negative, are designated together by the name of infinite quantities. 

The quantities that arise in calculation as the result of operations made on one 
or more constant or variable quantities can be divided into various kinds, depend- 
ing on the [20] nature of the operations that produce them. In algebra, for example, 
we distinguish sums and differences, products and quotients, powers and roots, and 
exponentials and logarithms. In trigonometry, we distinguish sines and cosines, se- 
cants and cosecants, tangents and cotangents, and the arcs of a circle for which a 
trigonometric line is given.!° To better understand what is meant by these last kinds 
of quantities, it is necessary to review the following principles. 

A length measured along a straight or curved line may, like any kind of magni- 
tude, be represented either by a number or by a quantity. It would be represented 
as a number when we consider it only as a measure of this length, and as a quan- 
tity, that is to say as a number preceded by a + or a — sign, when we consider the 
length in question as drawn from a fixed point along the given line in one direction 
or the other, serving as the increase or the decrease of another constant length that 
ends at this fixed point. The fixed point in question from which we must measure 
the variable lengths denoted by these quantities is what we call the origin of these 
same lengths. Two lengths measured from a common origin but in opposite direc- 
tions must be represented by quantities of different sign. We may choose at will the 
direction in which lengths are denoted by positive quantities, but once that choice is 
made, we must necessarily consider lengths denoted by negative numbers as going 
in the opposite direction. 

In a circle, whose plane is assumed to be vertical, we ordinarily take for the origin 
of the arcs the endpoint of the radius drawn horizontally from left to right, and we 
measure positive arcs as rising above this point, that is to say, those arcs which we 
measure by positive quantities. On the same circle, when the radius is assumed to be 
1, the sine of an arc, that is to say the projection of the radius which passes through 
the endpoint of the arc onto the vertical diameter is measured [21] positively from 
bottom to top, and negatively in the opposite direction, taking the center of the circle 
as the origin of the sines. The tangent is measured positively in the same direction 
as the sine but measured from the origin of the arcs along the vertical line drawn 


8 This passage is also translated in [Kline, p. 951]. 
° This passage is also translated in [Kline, p. 951]. 


‘0 Cauchy means inverse trigonometric functions. Note that they were still called “lines” and that 
this is implicitly using Euler’s unit circle definition of trigonometric functions. 
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from this origin. Finally, the secant is measured from the center of the circle along 
the radius drawn through the endpoint of the arc in question!! and positively in the 
direction of this radius. 

Frequently, the result of an operation performed on a quantity may have several 
values, different from one another. When we do not wish to distinguish among the 
various values, we use a notation in which the quantity is enclosed in doubled sym- 
bols or double parentheses and we reserve the ordinary notation for the most simple 
value, or the one that seems to deserve to be distinguished. Therefore, for example, 
if ais a positive quantity, the square root of a has two values, numerically equal, but 
with opposite signs, an arbitrary one of which is expressed by the notation 


(a)? or Wa 


while the positive value alone is written as 


so that we have 
(1) a=tvVa 


or, what amounts to the same thing, 


1 1 
(2) ((a))2 = +a2. 
Similarly, if we represent a positive or negative quantity by a, the notation!” 
arcsin((a)) or arctan((a)) 


denotes an arbitrary arc having the quantity a for its sine or for its tangent, respec- 
tively, while the notation 


arcsin(a) or arctan(a) 


[22] indicates only that particular arc with the smallest numerical value. With the 
aid of these conventions, we avoid the confusion that could result from the use of 
symbols, the values of which have not been determined precisely. In order to remove 
all difficulty in this matter, I give here the table of notations which we will use for 
expressing the results of algebraic and trigonometric operations. 

The sum of two quantities is usually denoted by the juxtaposition of these two 
quantities, each of which is expressed by a letter preceded by the sign + or —, which 
we may suppress (if the sign is +) in front of the first letter only. And so, 


'l That is, along the radius from the center through the circumference and to the vertical line along 
which tangents are measured. 

'2 Cauchy writes “arc sin((a))” and “are tang((a)).” Here and subsequently we will use the more 
modern notation and write “arcsin” and “arctan.” (tr.) 


Preliminaries 9 
+a+b, orsimply a+b, 

denotes the sum of the two quantities +a and +b, and 
+a—b, orsimply a—b, 


denotes the sum of the two quantities +a and —b, which is equivalent to the differ- 
ence of the two quantities +a and +b. 
We indicate the equality of two quantities a and b by the sign =, written between 


them, as follows, 
a=b 


| 


and we indicate that the first is greater than the second, that is to say that the differ- 
ence a — bis positive, by writing 


a>b or b<a. 
As usual, we represent the product of two quantities +a and +b by!? 
+ax-+b, orsimply ab or ab 


and their quotient by 
for a:b. 


[23] Now let m and n be two whole numbers, A an arbitrary number and a and b 
two arbitrary quantities, positive or negative. Then 


A™ Ai =WA,A*T and A? 


represent the positive quantities which we obtain by raising the number A to the 
powers denoted respectively by the exponents 


1 m 
Mm, =, and b, 
n n 
and 
qo” 


denotes the quantity, positive or negative, that arises from taking the quantity a to 
the power +m. We use the notation 


mm 


((a)" = Wa and ((a))*" 


to denote not only the positive and negative values, when they exist, of the powers 
of the quantity a raised to the exponents 


'3 In [Cauchy 1821, p. 9, Cauchy 1897, p. 22] Cauchy used a period in a.b rather than a centered 
dot, as we would today. 
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1 m 
— and nies — 
n n 


2 


but also the imaginary values!‘ of these same powers (see Chap. VII for the meaning 
of imaginary expressions). It is helpful to observe that if we let A be the numerical 
m 


value of a, and if we assume that the fraction a is in lowest terms, then the power 


m 


((a))" 


has a single positive or negative real value, namely 


m m 


+A” or —A*, 


as long as 7 is a fraction with an odd denominator, but if the denominator is even, 
then it has [24] either the two real values just mentioned, or no real values. We could 


make a similar remark about the expression 


_m 


(a). 


In the particular case where the quantity a is positive and we let = 5, the expres- 


sion ((a))7 has two real values, given by formula (2) or, what amounts to the same 
thing, by formula (1). 
The notations!> 
1(B), L(B), L’(B), ... 


denote the real logarithms of the number B to different bases, whereas each the 


following, 
U((b)), L((b)), L'((6)), «-- 


denote, in addition to the real logarithm of the quantity b, when it exists, any of 
the imaginary logarithms of this same quantity (see Chap. IX for the meaning of 
imaginary logarithms). 

In trigonometry, 


sind, cosa, tana, cota, seca, csca, siva and cosiva 


denote, respectively, the sine, cosine, tangent, cotangent, secant, cosecant, versine 
and vercosine of the arc a.!© The notations 


'4 Cauchy does not actually define an “imaginary value,” but it is clear that it is what we get when 
we assign particular real values to the real quantities in an imaginary expression. 

'S Here we have reproduced Cauchy’s notation for logarithm. Subsequently, we will always use 
more modern notation, like In(B), log(B), Log(B). 

'6 We note that Cauchy uses “tang. a” for the trigonometric function as well as the inverse trigono- 
metric function. His notations for secant and cosecant are “séc. a” and “coséc. a.” Note also his 
use of the obsolete trigonometric functions versed sine and versed cosine. He will later also use the 
obsolete function chord on p. 45; [Cauchy 1821, p. 63, Cauchy 1897, p. 66]. 
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arcsin((a)), arccos((a)), arctan((a)), 
arccot((a)), arcsec((a)), arccsc((a)) 


indicate some one of the arcs which have the quantity a as their sine, cosine, tangent, 
cotangent, secant or cosecant. We use the simple notations 


arcsin(a), arccos(a), arctan(a), arccot(a), arcsec(a), arccsc(a), 
[25] or we may suppress the parentheses and write 


arcsina, arccosa, arctana, arccota, arcseca, arccsca 


when, from among the arcs for which a trigonometric function is equal to a,!’ we 


wish to designate the one with smallest numerical value, or, if there are two such 
arcs with opposite signs, the one with the positive value. Consequently, 


arcsina, arctana, arccota, arccsca, 


denote positive or negative arcs between the limits 
u T 

—-~ and +— 
2 2? 


where z denotes the semiperimeter of the unit circle, whereas 
arccosa and arcseca 


denote positive arcs between 0 and 7. 

By virtue of the conventions that we have just established, if we denote by k 
an arbitrary positive integer, we obviously have, for arbitrary positive or negative 
values of the quantity a, 


arcsin((a)) = $ + (§ —arcsina) + 2kz, 
arccos((a)) = tarccosa+ 2kz, 
(3) arctan((a)) = arctanatkn, 


arccosa + arcsina = and 


arccsc d -+ arcsec d = 


Nia Nia 


Furthermore, we find that, for positive values of a, 
TU 
(4) arccota-+ arctana = oy 


? 


[26] and for negative values of a, 


"7 Here, Cauchy writes “...parmi les arcs dont un ligne trigonométrique est égale A a.” This trans- 
lates literally “...among the arcs for which a trigonometric line is equal to a.” Cauchy is treating 
trigonometric functions as giving lines, which have signed lengths, rather than in the modern view 
of giving real numbers. 
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(5) arccota+ arctana = — ot 


When a variable quantity converges towards a fixed limit, it is often useful to 
indicate this limit with particular notation. We do this by placing the abbreviation!® 


lim 


in front of the variable quantity in question. Sometimes, when one or several vari- 
ables converge towards fixed limits, an expression containing these variables con- 
verges towards several different limits at the same time. We therefore denote an 
arbitrary one of these limits using the doubled parentheses following the abbrevia- 
tion lim, so as to enclose the expression under consideration. Specifically, suppose 
that a positive or negative variable denoted by x converges towards the limit 0, and 
denote by A a constant number. It is easy to see that each of the expressions 


limA* and limsinx 
has a unique value determined by the equation 
limA* = 1 


or 
limsinx = 0, 


1 
im (7) 
Ps 
takes two values, -+co and —co, and 


(+4) 


admits an infinity of values between the limits —1 and +1. 


whereas the expression 


We will finish these preliminaries by presenting several theorems on average 
quantities, the knowledge of which will [27] be extremely useful in the remainder 
of this work. We call an average among several given quantities a new quantity be- 
tween the smallest and the largest of those under consideration. From this definition 
it is clear that there are an infinity of averages among several unequal quantities, 
and that the average among several equal quantities is equal to their common value. 
Given this, we will easily establish, as one can see in Note IL, the following propo- 
sitions: 


'8 The notation “Lim.” for limit was first used by Simon Antoine Jean L’Huilier (1750-1840) 
in [L’Huilier 1787, p. 31]. Cauchy wrote this as “lim.” in [Cauchy 1821, p. 13]. The period had 
disappeared by [Cauchy 1897, p. 26]. 
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Theorem I.!? — Let b, b’, b", ... denote n quantities of the same sign, and a, a’, 


a", ... be the same number of arbitrary quantities. The fraction 
atd’+a"+... 
b+b'+b" +... 


is an average of the following quantities, 


aaa 
be 
Corollary. — If we let 
ba Pep" =.=, 


it follows from the preceding theorem that the quantity 


at+a'+a"+... 
n 
is an average of the quantities 
a d q' 


This particular kind of average is called the arithmetic mean. 


Theorem IT. — Let A, A’, A”, ...; B, B’, B", ..., be two sequences of num- 
bers taken at will, which we suppose contain n terms each. Form from these two 


sequences the roots 


Ya, Val, Va"... 


/ i 
[28] Then °°? *® *X/AA’A"... is a new root which is an average of the other roots. 


Corollary. — If we let 


B=B'=B"=...=1 


we find that the positive quantity 
VAA'A"... 


is an average of 
Al A A 5 aceite 


This particular average is called the geometric mean. 


Theorem III. — With the same hypotheses as in theorem I, and if a, a’, a", ... 


again denote quantities of the same sign, the fraction 


' Cauchy gives a proof of this theorem in Note II, Theorem XII [Cauchy 1821, p. 447, Cauchy 


1897, p. 368]. 
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is an average of 


Corollary. — If we suppose that 


Qa- 


ab- 


b=b'=b" =...=1, 


we conclude from the previous theorem that the sum 


aad+a'a'+a"a" +... 


is equivalent to the product of 


atal+a"+... 


with an average of the quantities a, a’, a”, .... 
For brevity, when we wish to denote an average of [29] several quantities a, a’, 
a’,..., we use the notation 


// 


M(a,a',a",...). 
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Given this, the preceding theorems and their corollaries are included in the fol- 


lowing formulas: 


ata'ta"+... ad’ a’ 
"I b+b'+b" +... else b’ bby? 

apa hge i 
(7) SEs “" = M(a,a’,a",...), 

n 
(8) PBMPS/AMAT... = M (WA, Val, aM,...), 
(9) WTAAIA"... =M(A,A’,A”,...), 
aa+t+ada'+a"a"+... ad a’ 

oo Fae <M (Ge) 
(11) aata’a’t+ala"+... = (ata’+a"+...)M(a,a',a",.. 


In these formulas, 


/ N / " / 
a,d,a,...3b,b,b ,...;50,a%,a@ 


MN 


denote three sequences of quantities, and 


A, A’, A", ...;B, B’, BY... 


porte 


a 
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two sequences of numbers, all five sequences consisting of n terms. The second and 
third sequences consist of quantities of the same sign. The notation that we have just 
adopted gives a way to express that a quantity is included between two given limits. 
In fact, any quantity between the limits a and b is an average of those two limits, 
and may be denoted by 

M(a,b). 


And so, for example, any positive quantity can be represented by M(0,°°), and any 
negative quantity by M(—°,0), and any real quantity by M(—c°, +00). When we do 
not want to indicate [30] any particular one of the quantities contained between the 
limits a and b, we double the parentheses and write 


M((a,b)). 


For example, if we suppose that the variable x converges to zero, we have”? 


lim ((sin+)) =M((-1,+1)), 


given that the expression lim ((sin )) admits an infinity of values between the ex- 
treme values —1 and +1. 


20 Note that here M((—1,+1)) is meant to include both endpoints, but that above, M(0,c°) was 
meant to exclude the endpoint 0. Apparently, Cauchy does not see a need to distinguish between 
open and closed intervals. 


Chapter 1 
On real functions. 


First Part! 
ALGEBRAIC ANALYSIS 


Chapter I. ON REAL FUNCTIONS. 


1.1 General considerations on functions. 


[31] When variable quantities are related to each other such that the value of one 
of the variables being given one can find the values of all the other variables, we 
normally consider these various quantities to be expressed by means of the one 
among them, which therefore takes the name the independent variable. The other 
quantities expressed by means of the independent variable are called functions of 
that variable. 

When variable quantities are related to each other such that the values of some of 
them being given one can find all of the others, we consider these various quantities 
to be expressed by means of several among them, which therefore take the name 
independent variables. The other quantities expressed by means of the independent 
variables are called functions of those same variables. 

The various expressions that are used in algebra and trigonometry, when they 
involve variables that are considered to be independent, are also functions of these 
same variables. And so, for example, 


log(x), sinx, ... 


[32] are functions of the variable x, while 


' Cauchy had originally planned for the Cours d’analyse to consist of two volumes. He never wrote 
the second one; see p. vill. 


R.E. Bradley, C.E. Sandifer, Cauchy’s Cours d’analyse, Sources and Studies 17 
in the History of Mathematics and Physical Sciences, DOI 10.1007/978-1-4419-0549-9_1, 
© Springer Science+Business Media, LLC 2009 
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xty, x, xyz, ... 


are functions of the variables x and y, or of x, y and z, .... 

When the functions of one or several variables are directly expressed, as in the 
preceding examples, by means of those same variables, they are called explicit func- 
tions. But when they are given only as relations among the functions and the vari- 
ables, that is to say the equations that the quantities must satisfy, as long as the 
equations are not solved algebraically, the functions are not expressed directly by 
means of the variables, then they are called implicit functions. To make them ex- 
plicit, it suffices to solve, when it is possible, the equations that determine them. For 
example, when y is given by the equation 


log(y) =x, 


then it is an implicit function of x. If we let A be the base of the system of logarithms 
being considered, the same function made explicit by solving the given equation will 
be 

y=". 


When we want to denote an explicit function of a single variable x or of several 
variables, x, y, z, ..., Without specifying the nature of that function, we use one of 


the notations 
F(x), F(x), 9), Xx), WX), D(X), 
F(%,y,2,---), F,y,Z,---), O(%,y,Z,---) 00+ 

For a function of one variable to be completely determined, it is necessary and 
sufficient that from every particular value assumed by the variable, one can deduce 
the corresponding value of the function. Sometimes, for each value of the variable, 
the given function [33] takes on several values different from one another. Conform- 
ing to the conventions adopted in the preliminaries, we will usually designate these 
multiple values of a function by the notations in which the variables are written with 
doubled symbols or with doubled parentheses. Thus, for example 


arcsin((x)) 
indicates one of the arcs that have x as their sines, and 
Wx = +/x 


indicates one of the two square roots of the variable x, assuming that x is positive. 


1.2 On simple functions. 


Among the functions of a single variable x, the ones we call simple are those that 
result from just one operation on that variable. There are only a few simple func- 
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tions that we ordinarily consider in analysis, some of which arise from algebra and 
the others from trigonometry. Addition and subtraction, multiplication and division, 
raising to powers and extracting roots, and finally the formation of exponentials and 
logarithms, produce the simple functions that arise in algebra. Thus, if A denotes a 
constant number and if a = +A is a constant quantity, the simple algebraic functions 
of the variable x are 


a a x 
a+x,a—x, ax, —, x", A* and log(x). 
x 


Here we need not account for roots because we can always write them as pow- 
ers. There are a great number of simple functions that arise in trigonometry. They 
include the simple functions of all the trigonometric lines as well as the arcs that 
correspond to these same lines, but [34] they all reduce to the four following func- 


tions: 
sinx, COSX, 


arcsinx and arccosx, 


and we will put the other trigonometric lines, tanx, secx, ..., along with the corre- 
sponding arcs, arctanx, arcsec x, ..., among the composite functions, because these 
lines can always be expressed by means of the sine and the cosine. We could even, 
for the sake of rigor, reduce the two simple functions, sinx and cos, to a single one 
because they are related to each other by the equation sin? x + cos? x = 1, but we use 
these two functions so frequently that it is useful to keep both of them among the 
simple functions. 


1.3 On composite functions. 


The functions that are given by a single variable by means of several operations are 
called composite functions. We will distinguish among these the functions of func- 
tions that result from several successive operations, the first operation acting upon 
the variable and each of the others acting on the result of the preceding operation. 
By virtue of these definitions, 


al 
x, Wx, ed oes 
x 


are composite functions of the variable x, and 


log(sinx) and  log(cosx), ... 


are functions of functions, of which each is the result of two successive operations. 

Composite functions are distinguished from each other by the nature of the oper- 
ations that produce them. It seems that we ought [35] to call by the name algebraic 
functions all those functions that are formed by the operations of algebra, but instead 
we will reserve that name particularly for those functions formed using only the first 
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algebraic operations, namely addition and subtraction, multiplication and division, 
and finally the raising to fixed powers. Those functions that involve variable expo- 
nents or logarithms we will call exponential or logarithmic functions. 

The algebraic functions are divided into rational functions and irrational func- 
tions. The rational functions are those in which the variable is raised only to integer 
powers.” In particular, an integer function? is any polynomial function? that involves 
only integer powers? of the variable, for example 


atbxtexr+..., 


and a fractional function or rational fraction 1s the quotient of two such polynomials. 
The degree of an integer function of x is the exponent of the highest power of x in 
that function. A function of the first degree, namely 


a+ bx, 


is also called a linear function because in Geometry we use it to represent the or- 
dinates® of a straight line. Every integer or fractional function is at the same time 
rational, and every other kind of algebraic function is irrational. 

The functions produced by the operations of trigonometry are called trigonomet- 
ric or circular functions. 

The various names that we have just given to composite functions of just one 
variable apply as well to functions of several variables when these functions enjoy, 
with respect to each of the variables that they involve, the properties corresponding 
to the various names. Thus, for example, any polynomial [36] that contains nothing 
but integer powers of the variables x, y, z, ... is an integer function of these variables. 
We call the degree of this integer function the sum of the exponents of the variables 
in the term where that sum is the largest. An integer function of the first degree, like 


a+bx+cy+dz+... 


is called a linear function. 


? Cauchy uses the term puissances entiéres here. This is the second appearance of the adjective 
entier, the first being on [Cauchy 1821, p. 9, Cauchy 1897, p. 23], where he spoke of nombres 
entiers. The word translates literally as “entire.” Because to Cauchy, “numbers” are positive, there 
was no question in the first case that he meant to exclude negative values. Here, though, when he 
writes of puissances entiéres, and because he has never actually defined the word entier, it is not 
clear whether these powers are allowed to be negative, or if they are strictly positive. 

3 Cauchy calls this a fonction entiére, which translates literally as an “entire function.” We translate 
it as an “integer function” to avoid confusion with the modern definition of “entire” from complex 


9G 66. 


variables. Cauchy’s “integer” functions form a subset of the modern set of “entire” functions. 
4 Note that Cauchy does not define “polynomial.” 


> Again, Cauchy writes puissances entiéres, but here it is clear from his example that he means 
positive integers only. 


6 Te, y-coordinates. 


Chapter 2 


On infinitely small and infinitely large quantities, 
and on the continuity of functions. Singular 
values of functions in various particular cases. 


2.1 On infinitely small and infinitely large quantities. 


[37] We say that a variable quantity becomes infinitely small when its numerical 
value decreases indefinitely in such a way as to converge towards the limit zero. It is 
worth remarking on this point that one ought not confuse a constant decrease with 
an indefinite decrease. The area of a regular polygon circumscribed about a given 
circle decreases constantly as the number of sides increases, but not indefinitely, 
because it has as its limit the area of the circle.! Similarly, a variable which takes as 
successive values only the different terms of the sequence” 


23 45 6 
1 2 2 E 3 ? 4’ 5 eae | 
taken to infinity, would decrease constantly, but not indefinitely because its succes- 


sive values converge towards the limit 1. On the other hand, a variable which takes 
as successive values only the different terms of the sequence 


11i1i1t1i1 
4’ 3’ 6’ 5” a cad 


taken to infinity, does not decrease constantly, since the difference between two 
consecutive terms of this sequence is alternately [38] positive and negative. Never- 
theless, it decreases indefinitely because its value ultimately becomes smaller than 
any given number. 


' The example of the polygon circumscribed about or inscribed in a circle had been the standard 
example illustrating the informal definition of the limit for many years. See, for example, [Chapelle 
1765]. 

? When Cauchy uses suite, he almost always means “sequence.” When he uses series, he may mean 
either “sequence” or “series.” We translate suite as “sequence,” série as “series” and progression as 
“progression,” because we do not want to leave the reader with the impression that Cauchy made 
modern distinctions that he did not actually make. 


R.E. Bradley, C.E. Sandifer, Cauchy’s Cours d’analyse, Sources and Studies 21 
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We say that a variable quantity becomes infinitely large when its numerical value 
increases indefinitely in such a way as to converge towards the limit oo. It is again 
essential to observe here that one ought not confuse a variable that increases in- 
definitely with a variable that increases constantly. The area of a regular polygon 
inscribed in a given circle increases constantly as the number of sides increases, but 
not indefinitely. The terms of the natural sequence of integer numbers 


1 84S. 


increase constantly and indefinitely. 

Infinitely small and infinitely large quantities enjoy several properties that lead 
to the solution of important questions, which I will explain in a few words. 

Let @ be an infinitely small quantity, that is a variable whose numerical value 
decreases indefinitely. When the various integer powers of @, namely 


OOO cae 


enter into the same calculation, these various powers are called, respectively, in- 
finitely small of the first, the second, the third order, etc. In general, we call any 
variable quantity infinitely small of the first order if its ratio with @ converges to a 
finite limit different from zero as the numerical value of a diminishes.? We call a 
variable quantity involving o infinitely small of the second order if its ratio with a 
converges towards a finite limit different from zero, and so forth for higher orders. 
Given this, if k denotes a finite quantity different from zero and € denotes a variable 
number that decreases indefinitely with the numerical value of a, the general form 
of infinitely small quantities of the first order is 


ka oratleast ka(l+e). 


[39] The general form of infinitely small quantities of the second order will be 


ka? oratleast ka?(1+e), 


Finally, the general form of infinitely small quantities of order n (where n represents 
an integer number) will be 


n 


ka” oratleast ka” (1+e). 


We may easily establish the following theorems concerning these various orders of 
infinitely small quantities. 


3 Here, Cauchy is making the implicit assumption that @ is never zero. Contemporaries, such as 
L’Huilier and Lacroix, were unclear on whether a variable quantity could ever exceed its limit. By 
explicitly using the numerical value, Cauchy evidently avoided such problems. Nevertheless, he 
resists allowing the variable quantity to attain its limiting value during the limiting process. See 
[Grabiner 2005, pp. 84-85] for further discussion. 
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Theorem I. — [f we compare two infinitely small quantities of different orders 
with each other, while both converge towards the limit zero, then eventually the one 
of the higher order will constantly have the smaller numerical value. 


Proof. — Indeed, let 


ka"(1te) and Ka” (1+e’) 


be two infinitely small quantities, one of order n, the other of order n’, and suppose 
that n’ >n. The ratio between the second of these infinitely small quantities and the 
first, namely 

kK +e’ 

k - te’ 
converges indefinitely with @ towards the limit zero, which cannot occur unless the 
numerical value of the second eventually becomes constantly less than that of the 
first. 


Theorem II. — An infinitely small quantity of order n, that is to say of the form 


ka" (1+e), 


changes sign with & whenever n is an odd number, and for very small numerical 
values of & takes the same sign as the quantity k whenever n is an even number. 


Proof. — Indeed, under the first hypothesis, a” changes [40] sign with a, and 
under the second hypothesis, a@” is always positive. Furthermore, the sign of the 
product k (1+ €) is the same as that of k, when € is very small. 


Theorem III. — The sum of several infinitely small quantities of orders 


(where n', n", ... denote numbers larger than n) is a new infinitely small quantity of 
order n. 


Proof. — Indeed, 


ka” (1 aE E) +k a" ( als é') +k on" (1 + e) = ee 
=ko" |Ite+ Fa" (1te') +a" (1be") +... 
= ka" (1+e1), 


where €; is anumber which converges with @ towards the limit zero. 

From the principles which we have just stated, we easily deduce, as we will 
see, several remarkable propositions concerning polynomials ordered according to 
increasing powers of an infinitely small quantity a. 
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Theorem IV. — Any polynomial ordered according to increasing powers of Q, 
for example 
at+ba+ca’+..., 


or more generally 


7 a 
aa" + ba" +ca" +..., 


(where the numbers n, n', n", ... form an increasing sequence), will eventually be 
constantly of the same sign as its first term 


a or aa’ 


for very small numerical values of @. 


Proof. — Indeed, the sum formed by the second term and those that follow is, in 
the first case, an infinitely small quantity of the first order, whose numerical value 
will eventually be smaller than the finite quantity a,+ and, in the second case, an 
infinitely small quantity [41] of order n’, which eventually takes a numerical value 
that is constantly smaller than that of the infinitely small quantity of order n. 


Theorem V. — When, in the polynomial 


f a 
aa" +ba" +ca" +..., 


ordered according to increasing powers of 0, the degree n' of the second term is 
an odd number, then for very small numerical values of Q, this polynomial is either 
greater than or less than its first term aa”, depending on whether the variable a 
and the coefficient b have the same or opposite signs. 


Proof. — Indeed, under the given hypothesis, the sum of the terms that follow 
the first, namely 


ba™ +ca™ +..., 
has the same sign as each of the two products ba” and ba, for very small numerical 
values of a. 
Theorem VI. — When, in the polynomial 


/ a 
aa" +ba" +ca" +..., 


ordered according to increasing powers of 0, the degree n' of the second term is 
an even number, then for very small numerical values of a, this polynomial will 
eventually become constantly greater than its first term whenever b is positive, and 
constantly less whenever b is negative. 


4 Here, Cauchy means the sum to be smaller than the numerical value of a, as a may be negative. 
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Proof. — Indeed, under the given hypothesis, the sum of the terms that follow 
the first has, for very small numerical values of a, the sign of the product ba”, and 
consequently the sign of b. 


Corollary. — Supposing in the preceding theorem that n = 0, we get the follow- 
ing proposition: 


Theorem VII. — Jf, in the polynomial? 


a+ba" +ca™ +..., 


ordered according to increasing powers of a, n' denotes an even number, [42] then 
among the values of this polynomial corresponding to infinitely small values of Q, 
the one that corresponds to & = 0, that is a, will always be the smallest whenever b 
is positive, and the greatest when b is negative. 

This particular value of the polynomial, either larger or smaller than all of its 
neighboring values, is what we call a maximum or a minimum. 

The properties of infinitely small quantities having been established, we deduce 
from them the analogous properties of infinitely large quantities by observing that 
any variable quantity of this last kind may be represented as i, where & denotes an 
infinitely small quantity. Thus, for example, when, in the polynomial 


an” pie ee te ete 


ordered according to decreasing powers of x, this variable becomes infinitely large, 
then substituting 4 for x we reduce the given polynomial to 


a b c h k 
— (14+-a+-a*+...4-a™!+-a™). 
am a a a a 

Thus we see immediately that for very small numerical values of @, or what amounts 
to the same thing, for very large numerical values of x, this polynomial has the same 
sign as its first term, 


a 
— =ax". 
a” 
As this remark applies even in the case where some of the quantities b, c, ..., h, k 


reduce to zero, we can state the following theorem: 


Theorem VIII. — When, in a polynomial ordered according to decreasing pow- 
ers of the variable x, we let the numerical value of this variable increase indefinitely, 
then the polynomial will eventually have the same sign as its first term. 


> In [Cauchy 1897, p. 41], there is a typographical error here, writing n where we write n’. This 
error was not in [Cauchy 1821, p. 32]. (tr.) 
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2.2 On the continuity of functions. 


[43] Among the objects related to the study of infinitely small quantities, we ought 
to include ideas about the continuity and the discontinuity of functions. In view of 
this, let us first consider functions of a single variable. 

Let f(x) be a function of the variable x, and suppose that for each value of x 
between two given limits, the function always takes a unique finite value. If, begin- 
ning with a value of x contained between these limits, we add to the variable x an 
infinitely small increment a, the function itself is incremented by the difference® 


f(x+a) — f(x), 


which depends both on the new variable @ and on the value of x. Given this, the 
function f(x) is a continuous function of x between the assigned limits if, for each 
value of x between these limits, the numerical value of the difference 


f(x+ a) — f(x) 


decreases indefinitely with the numerical value of a. In other words, the function 
f (x) is continuous with respect to x between the given limits if, between these limits, 
an infinitely small increment in the variable always produces an infinitely small 
increment in the function itself.’ 

We also say that the function f(x) is a continuous function of the variable x in 
a neighborhood of a particular value of the variable x whenever it is continuous 
between two limits of x that enclose that particular value, even if they are very close 
together. 

Finally, whenever the function f(x) ceases to be continuous in the neighborhood 
of a particular value of x, we say that it becomes discontinuous, and that there is 
solution of continuity® for this particular value. 

[44] Having said this, it is easy to recognize the limits between which a given 
function of a variable x is continuous with respect to that variable. So, for example, 
the function sinx, which takes a unique finite value for each particular value of 
the variable x, is continuous between any two limits of this variable, given that the 


numerical value of sin (5a) , and consequently that of the difference? 


> 


sin (x + ot) — sinx = 2sin (502) cos (x+ 5@) 


® Cauchy defines continuity only on the interior of a bounded interval, and for the whole interval, 
not just at a single point. See [Grabiner 2005, p. 87] for more on this point. This passage is also 
cited in [DSB Cauchy, p. 136]. 

7 [Grattan-Guinness 1970b] has suggested that Cauchy “stole” this and other ideas from Bolzano’s 
paper of 1817. See also [Freudenthal 1971b, Jahnke 2003, p. 161, Grabiner 2005, pp. 9-12]. 


8 This word “solution” takes an old meaning here; it means that continuity dissolves or disappears. 


° To verify this formula, let u =x + 50 and v = 50 , then apply the usual formula for sin(a +) to 


the expression sin(u + v) — sin(u—v). 
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decreases indefinitely with the numerical value of a@, whatever finite value is given 
to the variable x.'° In general, with respect to the 11 simple functions which we have 
considered above (Chap. I, § II), namely 


a+x, a—x, ax, $, 2x", A*, log(x), 


sinx, COSx, arcsinx, arccosx, 


if we consider the question of the continuity, we find that each of these functions 
remains continuous between two finite limits of the variable x whenever they are 
always real!! between these two limits and they are never infinite on the interval. 

It follows that each of these functions is continuous in the neighborhood of any 
finite value given to the variable x if that finite value is contained: 


For the 
functions 
a+x 
a-Xx 

ax 

AX 
sinx 


between the limits x = —ce and x = +o, 


COS X 


For the 
function 
a first, between the limits x = —co and x = 0, 
x second, between the limits x = 0 and x = ~», 
[45] For the 


functions 
A 


\ between the limits x = 0 and x = ©, 
log(x) 


and finally 


10 This proof is somewhat unsatisfying because it relies on the unspoken assumptions that sinx is 
continuous at zero and that cos.x is bounded. 

'l This is meant to rule out imaginary quantities that might arise from roots of negative numbers 
or complex values of logarithm functions. In modern terms, the content of this passage is that the 
11 simple functions are continuous on their domains of definition. 

'? Recall from the Preliminaries [Cauchy 1821, p. 9, Cauchy 1897, p. 23] that A is a number, hence 
positive, so there is no ambiguity about whether A* is well defined. Because a may be negative, 
Cauchy avoids problems with a" by restricting his interval of definition. His treatment of ¢ makes 
it clear that here Cauchy considers an interval not to contain its endpoints. 
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For the 
functions 
arcsinx ak 
\ between the limits x = —1 andx= +1. 
arccosx 
It is worth observing that in the case where a = +m (where m denotes an integer 


number), the simple function 


xe 


is always continuous in the neighborhood of a finite value of the variable x, as long 
as this value is contained: 


ifa=-+m, _ between the limits x = —oo and x = +o0, 
between the limits x = —co and x = 0 
ifa=—m, as well as 


between the limits x = 0 and x = ©. 


Among the 11 functions that we have just cited, only two become discontinu- 
ous for a value of x contained in the interval between whose limits these functions 
remain real.'? The two functions in question are 


“and xf (when a = —m). 
a 


Both become infinite and, as a consequence, discontinuous when x = 0. 
Now let 


of Teas) 


be a function of several variables, x, y,z,..., and suppose that in the neighborhood of 
particular values X,Y,Z,... of these [46] variables, f(x,y,z,...) is simultaneously 
a continuous function of x, a continuous function of y, a continuous function of z, 
.... We prove easily that if we let a, B, y, ... denote infinitely small quantities, and 
that if we give x, y, z, ... the values X, Y, Z, ... or values very near to these, the 
difference!* 


f(xt+a,y+B,z+y,...)—f (x,y,z...) 


is itself infinitely small. Indeed, it is clear from the previous hypothesis that the 
numerical values of the differences 


FRO Ss) — FJ OY Gewe) 
(OP oy Tt h.g J) — fete yZ-<.), 
FRE OY TBE HP TAY FB Zs) 


13 Cauchy does not have the notion of the “domain” of a function. For him, even functions like + 
or \/x are always defined, but sometimes the values of those functions are infinite or complex. 

'4 Tn [Cauchy 1821, p. 38, Cauchy 1897, p. 46], this was written f(x+a,y+B,z+7) — 
f (x,y,z,..-), with no ellipses in the first term. (tr.) 
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decrease indefinitely with those of the quantities a, B, y, ..., namely the numerical 
value of the first difference decreases with the numerical value of a@, that of the 
second difference with the numerical value of f, that of the third with the numerical 
value of y, and so on. We must conclude that the sum of all these differences, namely 


FRPOy they a) —fAReax) 


converges towards the limit zero if a, B, y, ... converge to the same limit. In other 
words, 


f(eto,y+B,z+y7,-..) 


has as its limit 


F(x,y,2,.-.). 
The proposition that we have just proven evidently remains true in the case where 
we have established certain relations among the variables a, B, 7, .... It is sufficient 


that these relations permit the new variables to converge all at the same time towards 
the limit zero. 

When, in the same proposition, we replace x, y, z, ... by [47] X, Y, Z, ..., and 
x+Q,y+B,z+y7, ... by x, y, z, ..., we obtain the following statement: 


Theorem [.!> — If the variables x, y, z, ... have for their respective limits the 
fixed and determined quantities X, Y, Z, ..., and the function f(x,y,z,...) is con- 
tinuous with respect to each of the variables x, y, z, ... in the neighborhood of the 
system of particular values 


HAS K VHX ZS, ey 
then f(x,y,z,-..) has f(X,Y,Z,...) as its limit. 


Because in the second statement, the variables a, B, y, ... are replaced by x—X, 
y—Y,z-—Z, ..., the relations that we were able to establish in the first statement 
among a, B, Y, ... may be established in the second statement among the quantities 
x—X,y—Y,z—Z,....'© As a result, the function f(x,y,z,...) has f(X,Y,Z,...) as 
its limit in the case where the variables x, y, z, ... are subject to certain relations, as 
long as these relations permit them to approach indefinitely the limits X, Y, Z, .... 

To clarify these ideas, suppose that x, y, z, ... are functions of the same variable 
t, considered to be independent and continuous with respect to this variable in the 
neighborhood of the particular value 


t= 


If for convenience we let 
FRM =H 


'S As stated, this theorem is not true. See [Gelbaum 2003, p. 115 ff] for counterexamples. 
'6 [Cauchy 1821, p. 39, Cauchy 1897, p. 47] omitted ellipses here, writing x— X, y—Y, z—Z. (tr) 
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then u is a composite function of the variable ¢. If 
XM Ly cea Us 
respectively, denote the values of 
Ky Vy Sy eae 5 


in the case where t = 7, it is clear, on the one hand, that a [48] value of t very 
close to T gives for u a unique and finite value. On the other hand, it is sufficient to 
let t converge towards the limit T for the variables x, y, z, ... to converge towards 
the limits X, Y, Z, ..., and consequently, the function u = f(x,y,z,...) towards the 
limit U = f(X,Y,Z,...). We prove in absolutely the same way that if we give t a 
value very close to T, the corresponding value of the function u is the limit towards 
which this function approaches indefinitely as t converges towards the given value. 
We must conclude that u is a continuous function of f in the neighborhood of t = T. 
We may therefore state the following theorem: 


Theorem II. — Let 
x, y, Zz; ae 


denote several functions of the variable t, which are continuous with respect to this 
variable in the neighborhood of the particular value t = T. Furthermore, let 


OY Fe 


be the particular values of x, y, z, ... corresponding to t = T. Suppose that in the 
neighborhood of these particular values, the function 


“= f(X,¥,Z;0+.) 


is simultaneously continuous with respect to x, continuous with respect to y, contin- 
uous with respect to z, .... Then u, considered as a function of t, is also continuous 
with respect to t in the neighborhood of the particular value t = T. 


If in the previous theorem we reduce the variable quantities x, y, z, ... to a single 
variable x, we get a new theorem, which can be stated as follows: 


Theorem III. — Suppose that in the equation 


the variable x is a function of another variable t. Imagine further that [49] the 
variable x is a continuous function of t in the neighborhood of the particular value 
t = T, and that u is a continuous function of x in the neighborhood of the particular 
value x = X corresponding to t = T. The quantity u, considered as a function of t, is 
also continuous with respect to this variable in the neighborhood of the particular 
value t =T. 
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Suppose, for example, 
u=ax and x=f", 


where a denotes a constant quantity and n an integer number. We conclude from 
theorem III that between any arbitrary limits of the variable r, 


u=at" 


is a continuous function of this variable. 
Similarly, if we let 


u=-, x=sint, and y=cost, 
y 


we conclude from theorem II that the function 
u = tant 


is continuous with respect to ¢ in the neighborhood of any finite value of this variable 
any time the value in question does not have the form 


Tv 
2’ 


t= t2kn 


where k denotes an integer number, that is to say any time that this value of f corre- 
sponds to a finite value of tant. On the contrary, the function tant admits solution of 
continuity, by becoming infinite, for each of the values of t given by the preceding 
formula. 
Now let us suppose 
u=a+x+yt+Z+..., 
x=bt, y=ct?, ..., 


[50] where a, b, c, ... denote constant quantities. Because uw is a continuous function 
of x, y, z, ... between any limits of these variables, and because x, y, z, ... are 
continuous functions of the variable t between arbitrary limits of t, we conclude 
from theorem III that the function 


u=atbt+ct?+... 


is itself continuous with respect to ¢ between arbitrary limits. As a consequence, 
because t = 0 gives u = a, if we make f converge towards the limit zero, then the 
function u converges towards the limit a and eventually takes the same sign as this 
limit, and this agrees with theorem IV of § I. 

A remarkable property of continuous functions of a single variable is that they 
may be used in Geometry to represent the ordinates of straight or curved continuous 
lines. From this remark we easily deduce the following proposition: 
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Theorem IV.!7 — /f the function f(x) is continuous with respect to the variable 
x between the limits x = xo and x = X, and if b denotes a quantity between f (xo) 
and f(X), we may always satisfy the equation 


f(x) =b 


by one or more real values of x contained between xo and X. 


Proof. — To establish the preceding proposition, it suffices to show that the curve 
that has as its equation 


y= f(x) 


meets the straight line that has for its equation 
y=P 


one or more times in the interval contained between the ordinates that correspond 
to the abscissas x9 and X. Now it is evident under the given hypothesis that this is 
what happens. Indeed, because the function f(x) is continuous between the limits 
xX = x9 and x = X, the curve which has y = f(x) as its equation and which passes 
[51] 1° through the point corresponding to the coordinates xo, f(x), and 2° through 
the point corresponding to the coordinates X and f(X), is continuous between these 
two points. Because the constant ordinate b of the straight line which has y = b as 
its equation is found between the ordinates f(x) and f(X) of the two points being 
considered, the straight line necessarily will pass between these two points, which 
it could not do without meeting the above-mentioned curve in the interval. 

Furthermore, as we will do in Note III, we can prove theorem I'V by a direct and 
purely analytic method, which also has the advantage of providing the numerical 
solution to the equation 


f(x) =b. 


2.3 On singular values of functions in various particular cases. 


When a function of one or several variables admits but a single value for a system 
of values attributed to the variables which it contains, this unique value is ordinarily 
deduced from the definition itself of the function. If a particular case arises in which 
the given definition cannot immediately give the value of the function under con- 
sideration, we seek the limit or limits towards which this function converges as the 
variables approach indefinitely the particular values assigned to them. If there exist 
one or more limits of this kind, they are regarded as the values of the function under 


'7 This is the Intermediate Value Theorem. Cauchy gives a rigorous proof of this theorem in Note 
Ill [Cauchy 1821, pp. 460-462, Cauchy 1897, pp. 378-380]. 
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the given hypothesis, however many there may be. We call singular values of the 
proposed function those values determined as we have just described. For example, 
such values are those which we obtain by attributing infinite values to the variables, 
and also those values which correspond to the solutions of continuity.'® Research 
on singular values of functions is one of the most important and most delicate ques- 
tions of Analysis: it offers more or less [52] difficulty depending on the nature of 
the functions and the number of variables which they contain. 

If we first consider simple functions of a single variable, we find that it is easy to 
determine their singular values. These values always correspond to one of the three 
cases 


x=-c0, x=0 or x=~%, 
and are, respectively, 
for the 
functions 
a+x aarbitrary a+(—0%)=—-c LL, a+co= oo 
a—x aarbitrary a—(—%)= %© ie, a — 00 = —oo 
a positive ax (—c0) =—0 aXco= oo 
ax : 
anegativeax(—%)= c% ee, a X co = —oo 
a a positive  =0 5 = te £=0 
Xx a negative + =0 5 = Fee 2=—Q 
a a positive ......... 0° =0 cot — co 
x ; 
a negative ......... 04% = 0 cof — () 
ae JA>t A ao AY = Ar ae 
A<1l A “=c0 A® A” =0 
ize base > 1 ......... log(0) = —elog(0) = 
8 base< 1 ........, log(0) = © log(0) = —c0 
SINX 1.2.22... sin(—cc) = M((—1,+1))......... sin(co) = M((—1,+1)) 
COS%- s.tcerene cos(—ec) = M((—1,+1))......... cos(co) = M((—1,+1)) 


Here, as in the preliminaries, the notation M ((—1,+1)) denotes one of the average 
quantities between the two limits 


—1 and +1. 


'8 Recall [Cauchy 1821, p. 35, Cauchy 1897, p. 43] that a “solution of continuity” is a point where 
continuity dissolves, what we would call a point of discontinuity. 
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It is worth observing that, in the case where we suppose that a = +m, [53] where 
mis an integer number, the simple function 


always admits three singular values, namely: 


when fmbeingeven (—co)"=o, 0O”=0, oo!” — 60, 
a=+m |mbeingodd (—co)” = —co, 0" =0, oo!” — 60, 

when {fmbeingeven (—o)""=0, 07" =09, oo” — 0), 
a=-—m | mbeing odd (—o)""=0, ((0))~"" = +00, 0 "= 0. 


Now let us consider functions composed of a single variable x. Sometimes it is 
easy to find their singular values. Thus, for example, if we denote by k any integer 
number, we recognize without trouble that the composite function 


has its singular values contained in the three formulas 


tan ((cc)) = M ((—22, 0) , 


tan ((2km+ $)) =+e0 and 


tan ((—e°)) = M ((—22,00)) , 


while the singular values of the inverse function 


arctan x = arcsin 
1422 


are, respectively, 


Tu Tu 
arctan (—co) = — and arctan (cc) = a 


Often such questions also present true difficulties. For example, we do not im- 
mediately see how to determine the singular value of the function 


x, 
[54] when we suppose that x = 0, or that of the function 


L 
xx, 
when we take x = oo. To give an idea of the methods which lead to the solution 
of questions of this kind, I am going to establish here two theorems by the aid of 
which we can, in a great number of cases, determine the singular values which the 
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two functions 


take when we suppose that x = ©. 
Theorem I. — [f the difference 


f(x+1)—f (a) 
converges towards a certain limit k, for increasing values of x, then the fraction 


f (x) 


x 
converges at the same time towards the same limit. 


Proof. — First suppose that the quantity k has a finite value, and denote by € a 
number as small as we wish. Because the increasing values of x make the difference 


f(x+1)—f() 


converge towards the limit k, we can give the number / a value large enough that, 
when x is equal to or greater than h, the difference in question is always contained 
between the limits 

k—e and k+ée. 


Given this, if we denote by n any integer number, each [55] of the quantities 
fa+l)—f(h), 
f(a+2)—f(h+1), 


Cece eee r eee seees bees 


f(h+n)—f(htn—1), 
and consequently their arithmetic mean, namely 


f(h+n)—f(h) 


s) 
n 


is contained between the limits k — € and k+ €. Thus we have 


f(h+n)—f(h) 


n 


=k+a, 
where @ is a quantity contained between the limits —€ and +e. Now let 
h+n=x. 


The preceding equation becomes 


36 2 On infinitely small and infinitely large quantities and on continuity. 


f(x) — f(A) 


x—h 


(1) =k+a, 


and we thus conclude 


f(x) = f(A) + (A) (k+a@), 


Moreover, to make the value of x increase indefinitely, it suffices to make the in- 
teger number n increase indefinitely without changing the value of h. Consequently, 
let us suppose that in equation (2) we consider h as a constant quantity and x as a 
variable quantity which converges towards the limit oo. The quantities 


f (h) h 


and — 
x 


i 


contained in the right-hand side, converge towards the limit zero, [56] and the right- 
hand side itself converges towards a limit of the form 


k+a, 
where & is always contained between —é and +€. Thus the ratio 


f(x) 


Xx 


has for its limit a quantity contained between k — € and k + €. This conclusion re- 
mains true however small the number € may be, and as a result the limit in question 
is precisely the quantity k. In other words, we have 
(3) in?) eee HF. 
x 

Second, let us suppose that k = co. Denoting by H a number however large we 
may wish, we can always find a number / so large that, for x equal to or greater than 
h, the difference 


f(x+h)—f (x), 


which converges towards the limit oo, becomes always greater than H. Reasoning as 
above, we establish the formula 


f(h+n)—f(h) 


n 


>#. 


Now, if we set h+n =x, we find the following formula instead of equation (2), 


2.3 On singular values of functions in various particular cases. St 


by making x converge towards the limit oo. The limit of the ratio 


f (x) 


Xx 


[57] is thus greater than the number H, however great it may be. This limit, larger 
than any assignable number, cannot be anything but positive infinity. 

Finally, let us suppose that k = —co. To reduce this last case to the preceding one, 
it suffices to observe that because the difference 


f(x+1)—f() 


has as its limit —oo, the following 
[—f (x+1)] -[-F()] 


has for its limit +co. We then conclude that the limit of =f) is equal to +c, and 
F(x) 


consequently the limit of —~ equals —co. 


Corollary I. — To give an application of the preceding theorem, let us suppose 
that 


F(x) = log(x), 


where log is the characteristic of logarithms in a system for which the base is greater 
than 1. We find that 


1 
f (x+ 1) —f (x) = log(x+ 1) —log(x) = log (1 + ~) ; 
and consequently 
1 
k = log (1 + ) = log(1) =0. 
We can thus affirm that as x grows indefinitely, the ratio 


log(x) 


Xx 


converges towards the limit zero, and it follows that in a system for which the base is 
greater than 1, the logarithms of numbers grow much less rapidly than the numbers 
themselves. 
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Corollary II. — Suppose, on the other hand, that 
f(x) =A", 
[58] where A denotes a number greater than 1. We find that 
F(x+1)—f(x) =A! -A¥ =A*(A-1), 
and consequently 
k= A” (A—1) =. 
We can thus affirm that when x grows indefinitely, the ratio 
AX 
ea 
converges towards the limit oo, and it follows that the exponential A*, when the 


number A is greater than 1, eventually grows more rapidly than the variable x. 


Corollary III. — We ought to observe, moreover, that it is not necessary to use 
theorem I to find the value of the ratio 


f (x) 


x 
corresponding to x = co except in the case where the function f (x) becomes infinite 


along with the variable x. If this function remains finite for x = 9, the ratio fe) 


evidently has zero as its limit. 
I pass to a theorem which serves to determine in many cases the value of 


[Ff (x)] 


for x = oo. It consists of this: 


Theorem II. — /f the function f (x) is positive for very large values of x and the 
ratio 
f(x+1) 
f(x) 
converges towards the limit k when x grows indefinitely, then the expression 
1 
[fF (x)]* 


converges at the same time to the same limit. 


[59] Proof: — First suppose that the quantity k, necessarily positive, has a finite 
value, and denote by € a number as small as we wish. Because increasing values of 
x make the ratio 
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f(x+1) 
f(x) 
converge towards the limit k, we can give the number / a value large enough that 
when x is equal to or greater than h, the ratio in question is always contained between 
the limits 
k—e and k+ée. 


Given this, if we denote by n any integer number, each of the quantities 


f(h+1) f(h+2) f (h+n) 
f (A) ‘ f(A+l)’ —s f(h+n-1) 


and consequently their geometric mean, namely 


cook 


is contained between the limits k + € and k — €. Thus we have 


1 
f(h+n) | : 
———| =k+a, 
| f(h) 
where @ is a quantity contained between the limits —€ and +€. Now let 
h+n=x. 
The preceding equation becomes 
1 
fe] 
(4) | =k+a, 
f(h) 


and we thus conclude 


x—-h 
fx)=fliajk+ay, 
il 1 _x 
(5) [f (x)]* = [F (ays (K+). 
[60] Moreover, to make the value of x increase indefinitely, it suffices to make the in- 
teger number n increase indefinitely without changing the value of h. Consequently, 


let us suppose that in equation (5) we consider h as a constant quantity and x as a 
variable quantity which converges towards the limit co. The quantities 


[f(a))? and 1-4, 


contained in the right-hand side, converge towards the limit 1, and the right-hand 
side itself converges towards a limit of the form 
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k+a, 


where & is always contained between —é and +¢€. Thus the expression 


Lf (n)]* 


has for its limit a quantity contained between k — € and k + €. This conclusion re- 
mains true however small the number €, and as a result the limit in question is 
precisely the quantity k. In other words, we have 


f(x+1) 
f(x) | 


On the other hand, let us suppose that the quantity k is infinite, that is to say, 
because this quantity is positive, that k = co. Then, denoting by H a number as large 
as we wish, we can always find a number / so large that when x is equal to or greater 
than h, the ratio 


(6) lim [f (x)]* =k =lim 


f (x+1) 
f(x) 
which converges towards the limit co, becomes always greater than H. Reasoning as 
above, we establish the formula 


[61] Now, if we set h+n = x, we find the following formula instead of formula (5) 


ele 


1h 
Lf (x)]* > [f(s Ht, 
from which we conclude that 


lim([f (x)]* > H, 


by making x converge towards the limit co. The limit of the expression 


[f(x] 


is thus greater than the number H, however great it may be. This limit, larger than 
any assignable number, cannot be anything but positive infinity. 


Note. — We can easily prove equation (6) by using theorem I to find the limit 
towards which the logarithm 


log[f (x)] 


Xx 


log[f(x)]* = 


converges and then returning from logarithms to numbers. 
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Corollary I. — To give an application of theorem II, let us suppose that 


F(x) =x. 
We have ‘ j i 
Fett) _xt1_ 5,1 
f (x) x x 
and consequently, by passing to the limits, 
k=1. 


Then, if we make the variable x grow indefinitely, the function 


converges towards the limit 1. 


[62] Corollary IT. — On the other hand, let 


f (x) = ax" + bx" +e? 40 = P, 


so that P denotes a polynomial in x of degree n. We find that 
1 n—1 =—2 
a(1+4)"+2(14+4)" +5 (14+4)" "4... 


f(e+l) _ ee 
f(x) at+2+S+ 
and, by passing to the limits, 
k= 1. 
a 


Thus, if P represents any integer polynomial, then P= has 1 as its limit. 


Corollary III. — Finally let 


f (x) =log(x). 
We find that 
F(t) _ log(x+1) _ log(x)+log(1+5) _ |, los (+3) 
f(x) log (x) log (x) log (x) 
and passing to the limits, 
k=1. 


L 
x 


Consequently, [log (x)]* also has 1 as its limit. 


Theorems I and II evidently remain true in the case where the variable x takes 
only integer values. Indeed, to make the proofs that we have given to these two 
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theorems apply in this particular case, it suffices to suppose that the quantity denoted 
by / in each of these proofs is a very large integer number. If in the same case we 
represent the successive values of the function f(x) corresponding to the various 
integer values of x, namely 


by 
Al, A2, A3, Silio | An; 


[63] we obtain the following propositions instead of theorems I and II: 


Theorem III. — /f the sequence of quantities 
Aj, Ad, A3;, ass, Any 
is such that the difference between two consecutive terms of this sequence, namely 
An+1 —An, 


converges constantly towards a fixed limit A for increasing values of n, then the ratio 


An 


n 

converges at the same time towards the same limit. 

Theorem IV. — [f the sequence of numbers 
Ai, Az, A3, .--, Any, 

is such that the ratio between two consecutive terms, namely 


An+1 
? 
An 


converges constantly towards a fixed limit A for increasing values of n, then the 


expression 
1 


(An)" 
converges at the same time towards the same limit. 
To give an application of this last theorem, let us suppose that 
An =1-2-3...n. 
The sequence Aj, Az, ... becomes 


By. SO, Ny. eee, eI, -se,, 
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and the ratio between two consecutive terms of this same series, namely 


An 1-2-3... 
+1 3 mn sod, 
An 1s2:3 000 


[64] evidently converges towards the limit oo for increasing values of n. Conse- 
quently, the expression 


(An)* = (1-2-3...n)# 


converges towards the same limit. 
On the other hand, we find that the expression 


1 
1 nu 
1-2-3...n 


converges, for increasing values of n, towards the limit zero. 

Often, with the aid of theorems I and II, we can determine the singular value of a 
composite function of the variable x when this variable vanishes. Thus, for example, 
if we wish to obtain the singular value of x‘ corresponding to x = 0, it suffices to 


1 
look for the limit towards which the expression (+) — 4. converges for increasing 
values of x. This limit, by virtue of theorem II (corollary 1), is equal to 1. 

Likewise, we conclude from theorem I (corollary I) that the function 


xlog (x) 


vanishes with the variable x. 

When the two terms of a fraction are infinitely small quantities, the numerical 
values of which decrease indefinitely with that of the variable a, the singular value 
of this fraction for & = 0 is sometimes finite, sometimes zero or infinite. Indeed, 
let us denote by k and k’ two finite constants that are not zero, and by € and €’ two 
variable numbers which converge with @ towards the limit zero. Two infinitely small 
quantities, one of order n, the other of order n’, can be represented, respectively, by 


ke"(1te) and ka” (1+e’), 


[65] and their ratio, namely 


n—-n _ 


+e’) ok ike ki 1l+e! 1 
+€) ~ kite ~ k l#e qr’ 


evidently has as its limit 


Pos 
‘if we suppose that n! =n, 


0, if we suppose that n’ >m, and 


-too, if we suppose that n’ <n. 
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Likewise, we can prove that the limit towards which the ratio of two infinitely large 
quantities converges when their numerical values increase indefinitely with that of 
a variable x can be zero, finite or infinite. But this limit has a determined sign, 
constantly equal to the product of the signs of the two quantities being considered. 

Among the fractions for which the two terms converge with the variable @ to- 
wards the limit zero, we ought to include the following!? 


f(x+a)~ f(a) 
a 
always attributing to the variable x a value in the neighborhood of which the function 
f (x) remains continuous.”° Indeed, under this hypothesis, the difference 


Sf (x+ a) — f (x) 


is an infinitely small quantity. We might also remark that in general it is an infinitely 
small quantity of the first order, so that the ratio 


f(x+a)— f(x) 
a 


ordinarily converges towards a finite limit different from zero as the numerical value 
of @ diminishes. This limit is, for example, 


2x, ifwetake f(x) =x" 


and 


a a 
= ifwe tak =4 
=z’ if we take f (x) - 


[66] In the particular case where we suppose that x = 0, the ratio 


f(x+a) — f(x) 


a 


reduces to 
f(a) — f (0) 
; : 
Among the ratios of this last kind, we will restrict ourselves to considering the fol- 
lowing 
sin 
a 


Because it can be put into the form 


'° This, and what follows over the next few pages, are as close as Cauchy gets to using the derivative 
in the Cours d’analyse. It highlights the fact that the book is about the foundations of calculus, and 
not about calculus itself. It is not until the third lesson of his Résumé [Cauchy 1823] that he takes 
the next step and defines the derivative as the limit of the difference quotient. 

20 Note that Cauchy does not seem to consider the necessary and sufficient conditions for a function 
f (x) to be differentiable at a point x. 
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sin (—@) 
—a 


? 


its limit will remain the same, whatever the sign of @ may be. Given this, suppose 
that the arc @ takes a very small positive value. Because the chord”! of the double arc 
2a is represented by 2sina@, we evidently have 2a > 2sin @, and as a consequence, 


a>sind. 


Moreover, the sum of the tangents taken at the endpoints of the arc 2@ is represented 
by 2tanq, and, by forming a portion of a polygon which encloses this arc, we now 
have 2tana@ > 2a,” and consequently 


tana > a. 
By combining the two formulas which we have just established, we find that?> 


sina <a < tana, 


then by replacing tan @ with its value 


. sina 
sina<a< ; 
COS 
and consequently we have 
a i! 
l<- < and 
sina cosa 
sina 
LS > cos a. 
Qa 
[67] Now, when a@ decreases, cos & converges towards the limit 1. Thus, a fortiori 
the ratio sue is always contained between | and cos a, and consequently we have** 
. sing 
(7) lim =, 


Because the study of the limits towards which the ratios f erat ® and £ (ef (0) 
converge is one of the principal objects of the infinitesimal Calculus, there is no 
need to dwell any further on this. 


?! The chord is an obsolete trigonometric function; see p. 10 or [Cauchy 1821, p. 11, Cauchy 1897, 
p. 24] for others. The chord of x is 2 sin ( 5 ). 

22 Following Lagrange, Cauchy does not supply diagrams in his text. Presumably, he expected the 
reader to supply any diagrams necessary for following the argument. 

3 [Cauchy 1897, p. 66] has “sina” instead of “sina.” This error is not in [Cauchy 1821, p. 63]. 
(tr.) 

°4 Cauchy is using what we call the Squeeze Theorem here. He considers it evident and sees no 
need either to state the theorem explicitly or to prove it. 
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It remains for us to examine the singular values of functions of several variables. 
Sometimes these values are completely determined and independent of the relations 
which we may establish among the variables. Thus, for example, if we denote by 


a, B, x and y 


four positive variables of which the first two converge towards the limit zero and the 
last two towards the limit co, we recognize without trouble that the expressions 
a 


ap, xy, a B oa” and x 


have for their respective limits 
0, », 0, o, O and o., 


But more often the singular value of a function of several variables cannot be entirely 
determined except in the particular case where, in making these variables converge 
towards their respective limits, we establish certain relations among them, and when 
these relations are not fixed, the singular value in question is a quantity either totally 
indeterminate, or only required to remain contained between known limits. Thus, 
as we have remarked above, the singular value to which the ratio of two infinitely 
small variables is reduced in the case where each of its variables vanishes can be 
any quantity, either finite, zero or infinite. [68] In other words, this singular value 
is completely indeterminate. If instead of two infinitely small variables we consider 
two infinitely large variables, we find that the ratio of these last ones, when their 
numerical values increase indefinitely, converge again towards an arbitrary limit, 
which may be positive or negative according to whether the two variables are of the 
same sign or of opposite signs. It is equally easy to assure ourselves that the product 
of an infinitely small variable by an infinitely large one has for its limit a quantity 
that is completely indeterminate. 

In order to present a final application of the principles which we have just estab- 
lished, let us look for the values that must be attributed to variables x and y in order 
that the value of the function 


L 
y* 
become indeterminate. If A denotes a number greater than | and if log is the char- 
acteristic of logarithms in the system for which the base is A, we evidently have 


y= Ales), 


and consequently 


Now, it is clear that the expression 
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converges towards an indeterminate limit whenever the ratio 


log(y) 


itself converges towards such a limit. This may arise in two different cases, namely: 
1° when log(y) and x are two infinitely large quantities, that is to say when x and y 
have for their respective limits 0 and 1; and 2° when log(y) and x are two infinitely 
large quantities, that is to say when x has an infinite limit and y has [69] 0 or 
as its limit. In either case, it is worth observing that the indeterminate limit of the 
expression 


1 
Ax =y*x 


is necessarily positive. It may even happen that this limit must remain contained 
between the extreme values of 0 and 1, or else between | and o. Suppose, for ex- 
ample, that each of the variables x and y converges towards the limit oo. In this case, 


because the limit of the ratio 
log(y) 
x 


log(y) 


can be any positive quantity, the limit of yr =A™*~ must be an average quantity 
between | and oo. Moreover, this average is indeterminate as long as we do not 
establish a particular relation between the infinitely large variables x and y. But if 
we suppose that 


y=f (x) ’ 
where f(x)> denotes a function which increases indefinitely with the variable x, 
then the average value in question, which is none other than the limit of 


f(x], 


takes a determinate value, which we can always calculate with the aid of theorem II. 
If, in place of the function yr, we consider the following 


y* 


we find that this last one becomes indeterminate: 1° when the variable y converges 
towards the limit 1 and the variable x towards —o or +o, and 2° when the variable 
x has zero for its limit and y converges towards zero or positive infinity. 

In calculation, we sometimes encounter singular expressions which cannot be 
considered except as limits towards which functions of several variables converge, 
as these same [70] variables become infinitely small or infinitely large, or even more 
generally, converge towards fixed limits. Examples of such expressions are 


°5 This was incorrectly written as f(y) in [Cauchy 1897, p. 69], but was correctly given as f(x) in 
[Cauchy 1821, p. 67]. (tr.) 
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foe) 0 ay 
~? 0x co, 0) 4 1 5 wees 


among which we ought to consider the first two as the limits towards which the 
product and the ratios of two infinitely small variables converge, the next two as the 
limits of the product and of the ratio of two infinitely large positive variables, etc. In 
particular, if we consider the singular expressions which the functions 


L 
x 


x+y, xy, =. y* and y 
y 


produce, we find that when the variables remain independent, the values of these 
same expressions can be easily determined by that which precedes. The equations 
which serve to determine these values are, respectively, 


For the 


functions 


0x0=0, 0 x co = 0 x —oo = M((—00, +00)), 
y co X co = —oo X —0o = 00, CO XK —co = —00} 


2 { 0 =M (—oe, +00), - + 0, 0 7 =, 
y | S=s3=M@~), B= =m(—=.0); 
. 0° = oo9 = M( 0,-)), 0° =o” = 0, 
y = 00) gg? ae a 
0) = oo” = 00, 1 1 = M((0,)); 
a 00 = 005 =Oore, 0= === =M((0,1)), 


Chapter 3 

On symmetric functions and alternating 
functions. The use of these functions for the 
solution of equations of the first degree in any 
number of unknowns. On homogeneous 
functions. 


3.1 On symmetric functions. 


[71] A symmetric function of several quantities is one which conserves the same 
value and the same sign after any exchange made among its quantities. Thus, for 
example, each of the functions 


x+y, ©+y", xyz, sinx+siny+sinz, 
is symmetric with respect to the variables which it contains, while 
x-y, »¥, 
are not symmetric functions of the variables x and y. Likewise, 
b+c, be se be; 
are symmetric functions of the two quantities b and c, and 


b+c+d, b*+c?4+d?, be+bd+cd and bcd 


are symmetric functions of the three quantities b, c and d, etc. 

Among the symmetric functions of several quantities b, c, ..., g and h, we ought 
to distinguish those which serve as the coefficients of the various powers of a in the 
expansion of the product 


(a—b) (a—c)...(a—g)(a—h), 


and whose properties lead to a very elegant solution to several [72] equations of the 
first degree among n variables x, y, z, ..., u, v, when the equations are of the form 
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x+ y+ ha ut v= ko, 
ax+ — by+ cZ+...+ 9 gut v= ky, 
(1) ax+ byt zt...+ gut v= hk, 
aay pty cl van i gr ly LL h-ly =ky-1 
Indeed, let 
An-2 = —(b+c+...+¢g+h), 


An-3 = be+...+bg+bh+...+ceg+ch+...+gh, 


be the symmetric functions in question, so that we have 
a”! +A, .a"? +...4A,a+Ay = (a—b) (a—c) (a—d).... 


If, in this last formula, we replace a successively by b, by c, ..., by g, and by h, 
we have 


b"-1 4A, ob"? +... 4A b+ ao = 0, 
cial +An,—oc"? +...+Aic+ado = 0, 
g” 1 +An_2g" 7 +...+Aig+ao = 0, 
hl +A, oh"? +...+Ajh+ao = 


Then, if we add equations (1) term by term, after multiplying the first one by Ag, 
the second by Aj, ..., the next-to-last by A,—2, and the last by one, we obtain the 
following, 
Ce +An2a" 2 +...+Ala + Ao) x 
= ky—1 + An—2kn—-2 +... + Aik, +Aoko, 


and we conclude that 


Kyat (b FO+...+g4 h) kn—2 
+(be+...+bg+bh+...t+-cg+ch+...+ gh) ky-3 
—...tbe...gh-ko 
(a—b)(a—c)...(a—g) (a—h) 


[73] By an analogous process, we can determine the values of the other unknowns 
Y, 2, «++, U,V. 
When we substitute for the constants 


(2) x= 


ko, ky, ko, siachig Kn-1 
in equations (1), the successive integer powers of a particular quantity k, namely 


n—1 
ke, 


5 seey 
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the value found for x reduces to 


(k —b) (k—c)...(k—g) (kh) 


(3) *~ (a—b) (a—c)...(a—g)(a—h) 


3.2 On alternating functions. 


An alternating function of several quantities is one which changes sign, but keeps 
the same value next to the sign, when we interchange two of these quantities. Conse- 
quently, by a series of such exchanges, the function becomes alternatingly positive 
and negative. According to this definition, 


2 2 x : : 
x—-y, xy —xy, log-, sinx—siny, 
y 
are alternating functions of the two variables x and y, 


(x—y) (*#—-z)(y—-z) 


is an alternating function of the three variables x, y and z, and so forth. 
Among the alternating functions of several variables 


X, YY, &Z; ae] U, V, 

we ought to distinguish those which are rational and integer with respect to each of 
these same variables. Suppose that such a function [74] is expanded and put into the 
form of a polynomial. One of its terms, taken at random, has the form 


kxPyfz" .. uv, 
where p, g, r, ..., 5, denote integer numbers and k denotes any coefficient whatso- 
ever. Moreover, because the function ought to change sign, but keep the same value 
next to the sign after interchanging the variables x and y, it is necessary that there 
correspond to the term in question another term of contrary sign, 

—kxtyPz".. uv’, 
derived from the first by virtue of this exchange. Thus the function is composed 
of terms, alternately positive and negative, which, combined two by two, produce 
binomials of the form 

kxPytz" .. uv! — kxtyP 2". uv = k (xP yt —xtyP) 2". uv. 

In each binomial of this kind, p and q will necessarily be two integer numbers, 
distinct from each other. Because the difference 
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xP yd — x4yP 


is evidently divisible by y—.x, or what amounts to the same thing, by x — y, it follows 
that each binomial, and consequently the sum of the binomials, or the given function, 
is divisible by 


+(y—x). 
Moreover, by the reasoning above, we can substitute any two other variables x and 
z, or y and z, ..., for the two variables x and y. Consequently, we definitively obtain 
the following conclusions: 

1° An alternating but integer function of several variables x, y, z, ..., u, Vv, iS 
composed of terms alternately positive and negative, in each of which the various 
variables all have different exponents; [75] 

2° Such a function is divisible by the product of the differences 


+(y—x), #(z—x),..., H(u—x), £(v—x), 

+(z—y),..., H(u—y), £(v—y), 

(1) we) £H(u-—z), £(v—-z), 
esgee van ; ee | 


each taken with whichever sign we please. 

The product in question here, as we can easily recognize, is itself an alternating 
function of the variables which we are considering. To prove this, it suffices to ob- 
serve that this product changes sign, but keeps the same value next to the sign, after 
interchanging two variables, x and y for example. But indeed, according to whether 
we adopt for each difference the sign + or the sign —, this product is found to be 
equal either to +9 or to —@, the value of @ being determined by the equation 


(2) @ = (y—x) (<—x).--(u—x) (vx) 
x (z—y)...(u—y) (v—y) x... x (v—H). 


Because it is evident that this value of @ changes only its sign by virtue of in- 
terchanging the variables x and y, we can conclude that it will be the same for a 
function equivalent either to +@ or to —@. 

In order to fix these ideas, imagine that we take each of the differences (1) with 
the sign +. The product of all these differences will be the function @ determined by 
equation (2), or what amounts to the same thing, by the following 


(3) @ = (y—x) x (z—x) (z—y) x... 
x (v—x) (v—y) (v—z)...(v—u). 
If additionally we let n be the number of variables x, y, z, ..., u, v, then n — | is evi- 


dently the number of differences which contain a particular variable. Consequently, 
in each term of the function @ expanded and put into the form of a polynomial, the 
exponent of any variable [76] cannot surpass n — 1. Finally, because in any particular 
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term, the different variables ought to have different exponents, it is clear that these 
exponents will be respectively equal to the numbers 


O. Ay Be, By whey. Wl 


Each term, disregarding the sign and the numerical coefficient, is thus equivalent to 
the product of the various variables arranged in some order, and respectively raised 
to powers 0, 1, 2, 3, ...,n— 1. We ought to add that each product of this kind is found 
only once, sometimes with the sign +, sometimes with the sign —, in the expansion 
of the function @. For example, the product 
x°yl 2? a yl zr! 

cannot be formed except by the multiplication of the first letters of the binomial 
factors which compose the right-hand side of equation (3). 

With the aid of the principles that we have just established, it is easy to construct 
in its entirety the expansion of the function @ and to demonstrate its various proper- 
ties (on this subject see Note IV). We are now going to show how one is led, by the 
consideration of such an expansion, to the solution of general equations of the first 
degree of several variables. 


Let 
aox +boy +coz +...+g0u +hov =ko, 
ax +byy +cz +...¢g1u +hiv =k, 
(4) ax +boy +c2z +...+g2u +hov =khkp, 
An—1X+ byt Cn—1Z «+ BU gv = kn 


X,Y, &, very UY, 
[77] and the constants 
ao, bo, Co, -+-,80, ho, ko, 
mM, bi, C1, +6381, At, ki, 
a2, bo, C2, -.-, 82, Ia, ka, 
ag the Behe Hie, a eas 
Gn—1; Pn—15 Cnty +++ Bn—1 Mn-1; Kn-1, 


chosen arbitrarily. Moreover, let P represent the result of replacing the variables 
x Veo Zp Say oy V 

in the function @ by the letters 
a 


’ b, Cc, Pee 8; h, 


considered as new quantities. Consequently we have 
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(5) P = (b—a) x (c—a)(c—b)x... 
x (h—a)(h—b)(h—c)...(h—g). 


The product P is the simplest alternating function of the quantities a, b, c, ..., 
g, h, and if we expand this function by algebraic multiplication of these binomial 
factors, each term of the expansion will be equivalent, except for the sign, to the 
product of these same quantites arranged in a certain order, and respectively raised 
to the powers 0, 1, 2, 3, ..., 7 — 1. Given this, imagine that in each term we replace 
the exponents with letters for their indices, by writing, for example, 


agb\ cz... 8n—2hn—-1 


in place of the term 
ab! 2 7 ay, 


and denote by D the expansion of the product P. The quantity D, just like the product 
P, evidently has the property of changing its sign whenever we interchange two [78] 
of the given letters, for example, the letters a and b. From this, it is easy to conclude 
that the value of D is reduced to zero if in all of its terms we write the letter b 
in place of the letter a without writing at the same time a in place of b. It is the 
same if everywhere we write one of the letters c, ..., g, h in place of the letter a. 
Consequently, suppose that in the polynomial D we denote the sum of all the terms 
that have ap as their common factor by Agao, the sum of the terms which contain 
the factor a; by Aq, ..., and finally the sum of the terms that have the factor a,_ 
by A,—14n—1, So that the value of D is given by the equation 


(6) D= Apdo + A1a) + A2a2 +... + An—14n-1- 
Then we find, by writing successively in the right-hand side of this equation the 
letters b, c, ..., g, hin place of the letter a, 
0 = Aopbop + A1b, +A2b2 +... +An—1Pn-1; 
0 =Aoco +Aici +A2c2+...+An—1Cn-1, 
(72) «§ "Ke Banas peeuaanaanaeeesneacdteeraneescaa ; 
0 = Aogo + A1gi +A2g2 +... +An-18n-1, 
0 = Aoho + Athy +Anh2+...+Apn—1hy-1. 


Now suppose that we add equations (4) together term by term, after multiplying 
the first by Ap, the second by A}, the third by Ao, ..., the last by A,_,. In this sum, 
we see that the coefficients of the unknowns y, z, ..., u, v disappear by virtue of 
formulas (7), and we obtain definitively the equation 


Dx = Aoko + Aiki +Az2ko +...+An—1kn-1, 


from which we conclude 


oa Aopko +A,ki +Azko +... +An—1kn—1 


(8) D 
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Moreover, of the two quantities 
D and Agky+Ayki +Aok2 +...+An—1kn-1, 


[79] the first is what arises from the expansion of the product 


(b—a) x (c—a) (c—b) x... x (h—a) (h—b) (h—c)...(h—8), 


when we replace the exponents of the letters in this expansion with the indices, and 
the second is what becomes of the quantity D, equivalent to the right-hand side of 
formula (6), when we substitute the letter k for the letter a. Consequently, we can 
consider the value of x to be determined by the equation 


(b—k) x (c—k)(c—b) x... x (h—k) (h—b) (h—c)...(h—g) 


- ** (b= a) x (c—a) (c—b) x... x (h—a) (h—b) (h—c)... (hg) 


provided that we agree to expand the two terms of the fraction that forms the right- 
hand side and to replace in each expansion the exponents of the letters by their 
indices. Taken literally, the value which equation (9) seems to give to the unknown 
x is not exact and not capable of being made exact without the stated modifications. 
This is what we call a symbolic value of this unknown. 

The method which has led us to the symbolic value of x furnishes equally the 
symbolic values of the other unknowns. To give an application of this method, sup- 
pose that we wish to solve the linear equations 


aox + boy + coz = ko, 
(10) axtbyt+ez=k, 
anx + boy + coz = kp. 


Under this hypothesis, we find the symbolic value of the unknown x to be,! 


_ (b=k)(c~k) (c—>) 
~ (b-a)(c—a)(c—b) 
_ Bole 2, — 9p 1 pl pe O k'p? 2 | k2p9 1_ 72p1,0 
@b\e2 — A b2c! + a) b2e9 — ql b%c2 + q2b%! — a2b 9’ 


(1) 


[80] and consequently, the true value of the unknown is? 


(12) _ Kkob\c2 — koboc, + ki b2c9 — ki boc2 + koboc — kobico 


agbc2 — agb2c1 + ayb2c9 — ay boc2 + azboc1 — arbico 


Note. — When, in equations (4), we replace the indices of the letters a, b, c, ..., 
g, h, k by the exponents, the symbolic value of x given by equation (9) evidently 


' In [Cauchy 1897, p. 79], there are typographical errors in the second line of (11), with co written 
in place of c° in two instances. These errors were not present in [Cauchy 1821, p. 81]. (tr) 


2 We recognize this as Cramer’s Rule, named for Gabriel Cramer (1704-1752); see [Cramer 1750]. 
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becomes the true value, and coincides, as we ought to expect, with that furnished by 
formula (3) of § 1. 


3.3 On homogeneous functions. 


A function of several variables x, y, z, ... is homogeneous when changing x to tx, 
y to ty, z to tz, ..., where ¢ is a new variable independent of the others, makes this 
function vary in the ratio of 1 to some fixed power of t. The exponent of this power 
is called the degree of the homogeneous function. In other words, 


F(Z -+-) 
is a homogeneous function of degree a with respect to the variables x, y, z, ..., if for 
any t, we have 
(1) FI oo LHP Pl EIS <x): 


Thus, for example, 
ad +xyty’, xy and Inx—Iny 


are three homogeneous functions of the variables x and y, the first of the second de- 

gree, the second of the first degree and the third of degree zero. An integer function 

of the variables x, y, z, ... composed of terms chosen so that the sum of the exponents 

of the various [81] variables is the same in all the terms is evidently homogeneous. 
If we let t = 1 in formula (1), we conclude that 


Zz 
(2) f (XYZ) ++.) =x" ye ws): 
KX 
This last equation establishes a property of homogeneous functions that we can state 
in the following manner: 


Whenever a function of several variables x, y, z, ... is homogeneous, it is equiva- 
lent to a product of any one of the variables raised to a certain power by a function 
of the ratios of these same variables combined in pairs. 


We can add that this property applies exclusively to homogeneous functions. 
And, indeed, suppose that f(x, y,z,...) is equivalent to the product of x“ by a func- 
tion of the ratios among the variables x, y, z, ... combined in pairs. Because we can 
express each of these ratios by means of those which have x for their denominators 
by writing, for example, in place of <, 
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it follows that the value of f(x, y,z,...) is given by an equation of the form 


This equation remains true, whatever the values of x, y, z, ... may be, and if we 
replace 
xbytx, ybyty, zbytz, ..., 


it becomes 


f (tx, ty,tz,...) = tx" (=, = ea) : 


? 
X X 


[82] Consequently, under the given hypothesis, we have, 


FRM. J HP i ase), 


whatever ¢ may be. In other words, 


FORE) 


will be a homogeneous function of degree a with respect to the variables x, y, z, .... 


Chapter 4 


Determination of integer functions, when a 
certain number of particular values are known. 
Applications. 


4.1 Research on integer functions of a single variable for which a 
certain number of particular values are known. 


[83] To determine a function when a certain number of particular values are taken 
to be known is what we call to interpolate. When it is a matter of a function of one 
or two variables, this function can be considered as the ordinates of a curve or of a 
surface, and the problem of interpolation consists of fixing the general value of this 
ordinate given a certain number of particular values, that is to say, to make the curve 
or the surface pass through a certain number of points. This question can be solved 
in an infinity of ways, and in general the problem of interpolation is indeterminate. 
However, the indeterminacy will cease if, to the knowledge of the particular values 
of the desired function, we add the expressed condition that this function be integer, 
and of a degree such that the number of its terms becomes precisely equal to the 
number of particular values given. 

To fix these ideas, suppose that we consider first the integer functions of a single 
variable x. We establish easily in this regard the following propositions: 


Theorem I. — /f an integer function of the variable x vanishes for [84] a par- 
ticular value of this variable, for example for x = xo, it is algebraically divisible by 
X— XQ. 


Theorem II. — /f an integer function of the variable x vanishes for each of the 
values of x contained in the series 


X0; Xx), x2, aa) Xn-1; 
where n denotes any integer, it will necessarily be divisible by the product 


(x — x0) (x — x1) (x — 4x2)... (%—Xn-1). 
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Now let @ (x) and y (x) be two integer functions of the variable x, both of degree 
n—1, and which become equal to each other for each of the n particular values 
of x contained in the series xo, x1, X2, ..., X»-1. I say that these two functions are 
identically equal, that is to say that we have, 


whatever x may be. Indeed, if this equality did not occur, we would find in the 
difference 


W(x) = 9 (x), 
an integer polynomial for which the degree does not surpass n — | but which van- 
ishes for each of the values of x mentioned above, and is still divisible by the product 


(x — x0) (x — x1) (x —x2)...(%-Xn-1), 


that is to say by a polynomial of degree n, which is absurd. We are assured a fortiori 
of the absolute equality of the two functions @ (x) and w(x) if we know that they 
become equal to each other for a number of values of x greater than n. We can thus 
state the following theorem: 


Theorem III. — /f two integer functions of the variable x become [85] equal 
for a number of values of this variable greater than the degree of each of these two 
functions, they are identically equal, whatever x may be. 


We thereby deduce as a corollary this other theorem: 


Theorem IV. — Two integer functions of the variable x are identically equal 
whenever they become equal for all integer values of that variable, or even for all 
integer values which surpass a given limit. 


Indeed, in this case the number of values of x for which the two functions become 
equal is indefinite. 

It follows from theorem III that an integer function u of degree n — 1 is completely 
determined if we know its particular values 


uo, Ul, U2 
corresponding to the values 
XO, 41, X2, +++, AXn-1 


of the variable x. Under this hypothesis, we look for the general value of the function 
u.! If we suppose first that the particular values uo, uj, ..., Un—1 all reduce to zero 


' The interpolation technique that Cauchy is about to describe is known as Lagrange interpolation. 
See, for example, [Burden and Faires 2001, pp. 107-118]. 
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with the exception, uo, then the function u ought to vanish for x = x;, forx = x2, ..., 
and finally for x = x,_1, and it is divisible by the product 


(x— x1) (x—2x2)...(X—%n_-1), 
and consequently it is of the form 
u=k(x—x)(x—x2)...(x—Xn-1), 


where k must be a constant quantity. Moreover, because u must reduce to ug for 
X = xg, we conclude that 


ug =k (x—x1) (x—x2)...(% —Xy_-1) 
[86] and consequently 


(x — 2x1) (x— x2)... (% —Xy-1) 


"y= 1) (R042) --- (KO An—1) 


Likewise, if the particular values ug, uj, U2, ..., Up—1 all reduce to zero with the 
exception of the second one, u;, we find that 


(x —x0)(x — x2)... (%—Xn-1) 
(x1 — x0) (x1 —x2)...(%1 —Xn-1)’ 


Finally, if they all reduce to zero with the exception of the last one, u,_1, we find 


(x — x9) (x — x1)... (x —xXp_2) 
(Si 0) (Wa — 81) e222) 


u = Un—-| 


In adding together these various values of u corresponding to the various hypotheses 
that we have just made, we obtain for the sum a polynomial in x of degree n — 1 
which evidently has the property that it reduces to ug when x = xo, to uy; when 
xX=xXj,...,and to u,»_; when x = x,_;. Thus this polynomial is the general value of 
u which solves the given question, so that this value is found to be determined by 
the formula 


(x —x1)(x — x2)... (%—Xn_-1) 
(x9 — x1) (x9 — X2)--- (X90 —Xn—-1) 
; (x—x9)(x — x2)... (%—Xn—-1) 
(1) (x1 —x0)(x1 — x2)... (X41 —Xn—1) 


u= Uo 


(x—x0)(x — x1)... (*%—Xn_2) 
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We could have deduced the same formula directly from the method which we em- 
ployed above (Chap. III, § I) to solve linear equations of several variables in a par- 
ticular case (on this subject, see Note V). 

Denoting by a a constant quantity, if we replace in formula (1) the function u by 
the function u— a, which evidently is [87] of the same degree, and the particular 
values of u by the particular values of u — a, we obtain the equation” 


(x— 2x1) (x—x2)...(%—Xn—-1) 


a (x0 — 1) (x9 — x2)... (X09 —Xn—-1) 
+ (1 (x— x0) (x — x2)... (4% xn-1) 
(2) (x1 — x0) (x1 — x2)... (%1 —Xp_1) 
sah, (Un—1 a) (4—29) (4=21) 2( —ep-2) 


and by comparing this equation to formula (1), we find the following 


(x — x1) (x — x2)... (x —Xn_-1) 


[ (x9 — x1) (x9 —X2)---(X0 —Xn—-1) 
x0) (x42) ...(4—In-1) 
(3) (x1 —x0) (x1 —X2)... (41 —Xn—-1) 


This last equation is an identity and remains true whatever x may be. 

Equations (1) and (2) can both serve to solve the problem of interpolation for 
integer functions, but in general it is advisable to prefer equation (2), considering 
that we can make one of the terms of the right-hand side disappear by taking the 
constant a to be equal to one of the quantities 


uo, U1, U2, eeg Un—-|- 


Suppose, for example, that we are trying to make a straight line pass through two 
given points. Denote by xo and yo the rectangular coordinates of the first point, by x 
and y, the those of the second, and by y the ordinate variable of the straight line. By 
replacing the letter u in formula (2) by the letter y, then making n = | and a = yo, 
we find the equation of the line to be 


x —X9 


(4) y—yo = (v1 —yo) 
x1 — x0 


? In both [Cauchy 1821, p. 91] and [Cauchy 1897, p. 87], there is a typographical error in the last 
line of formula (2), in which the denominator contains an x2 where it should be xj. (tr.) 
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[88] On the other hand, suppose that we are trying to make a parabola whose axis 
is parallel to the y axis pass through three given points. Let 


x,andy;, x2.andy2, and x3 and y3 


be the rectangular coordinates of the three points. Also, let y be the ordinate variable 
of the parabola. By replacing the letter u in formula (2) by the letter y, then making 
n= 2 and a= yg, we find the equation of the parabola to be 


)( 
(5) X0 — X1) (x0 — x2) 
(x — x0) (x — x1) 
eT) Ga Ge 


or what amounts to the same thing, 


X—X] 


(6) y-n= (yo —y1) + (y2—-y1) 


x2 —X0 X1 — X0 X2—X] , 


X— XO 


When in equation (1) we take u = x” (m denoting an integer number less than 7), 
the particular values of u represented by 


evidently reduce to 


m 


m mn i 
Xo; xX); x2; eee X 


n—1° 


Thus we have, for integer values of m which do not surpass n — 1,3 


gn GH) (M2) lege) 

® (x9 — x1) (xo — x2)... (X0 —Xn-1) 

4 yn (x — x9) (x— x2)... (x —Xn-1) 

(7) : (x1 — x0) (41 — x2)... (41 —Xn—-1) 


ai (x—x0) (x—41)...(%—Xn_-2) 
"! Ota—1 — x0) (fn—1 — 2X1) --» Xn—1 —An—2) | 


This last formula contains equation (3) as a particular case. Moreover, if we observe 
that each power of x, and in particular [89] the power x”~!, ought necessarily to have 
the same coefficient on both sides of formula (7), we find: 

1° by supposing that m <n—1, 


3 [Cauchy 1897, p. 88] has an unbalanced parenthesis in the last denominator of this formula. This 
typographical error is not in [Cauchy 1821, p. 92]. (tr.) 
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m 


0= = 
(x9 — x1) (x9 —X2).--(X0 —Xn—-1) 
+ x 
(8) (x1 — x0) (x1 — x2)... (X41 —Xn—-1) 
xn 


2° By supposing that m= n-—1, 


n—1 
l= “0 
(xo —x1) (xo —x2) see (xo —Xn—-1) 
(9) (x1 — x0) (x1 — x2)... (41 —Xn—-1) 
Gea)" 1 


" (Xn-1 — x0) (Xn-1 =*i) tee (Xn-1 —Xn_2) 


It is worth remarking that formula (8) remains true in the case where we suppose 


that m = 0 and then it becomes* 
1 
@) = 
(xo — x1) (xo — x2)... (X0 —Xn-1) 
1 
(10) (x1 — x0) (x1 —X2)...(%1 —Xn-1) 


(Xn—1 —x0) (Xn—1 —x1) tee (Xn—1 —Xn_2) 


4.2 Determination of integer functions of several variables, when 
a certain number of particular values are assumed to be 
known. 


The methods by which we determine functions of one variable when a certain num- 
ber of particular values are assumed to be [90] known can be easily extended, as we 
are going to see, to functions of several variables. 

To fix these ideas, let us first consider functions of two variables, x and y. Let 
@ (x,y) and y (x,y) be two such functions, both of degree n — | with respect to each 
of the variables, and which become equal to each other whenever, by attributing to 


4 This result is due to Euler [Euler 1769, vol. 2, § 1169]. See also [Sandifer 2007, pp. 133-137]. 
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the variable x one of the particular values 

XO; 1, 2; esey Xn—] 
at the same time we attribute to the variable y one of the following 


YO; Yi; y2; aie Yn-1- 


Then @(xo,y) and w(xo,y) are two functions of the single variable y, which ought 
to be equal to each other for n particular values of this variable. Consequently (by 
virtue of theorem III, § I), these two functions are constantly equal, whatever y may 
be. Then we have identically 


Likewise we find 


Q (Xn—1,)) = W (xn-1,Y) - 


Moreover, the left-hand sides of the preceding n equations are particular values 
of the function (x,y) in the case where we consider just x as the variable, and 
the right-hand sides represent the corresponding particular values of the function 
y (x,y). The two functions 


g(x,y) and w<(x,y), 


when we attribute to y a constant value chosen arbitrarily, thus become equal for 
particular values of x, and because they are both of degree n — 1 with respect to x, it 
follows [91] that they remain equal, not only for any value attributed to the variable 
y but also for any value of x. We are assured, a fortiori, of the absolute equality of 
the two functions @ (x,y) and y (x,y) if we know that they become equal whenever 
the values of x and y are respectively taken in two series each composed of more 
than n different terms. Thus we can state the following proposition: 


Theorem I. — /f two integer functions of the variables x and y become equal 
whenever the values of these two variables are respectively taken from two series 
both of which contain a number of terms greater than the highest exponents of x and 
y in these same functions, then they are identically equal. 


We thereby deduce as a corollary this other theorem: 
Theorem II. — Two integer functions of the variables x and y are identically 


equal whenever they become equal for all integer values of these variables, or even 
for all integer values which surpass a given limit. 
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Indeed, in this case the number of values of x and y for which the two functions 
become equal is indefinite. 

It follows from theorem I that, if we suppose that the function @ (x,y) is integer 
and of degree n — | with respect to each of the variables x and y, this function is 
completely determined when we know the particular values which it receives when, 
in taking for the values of x one of the quantities 


XO, X1, %2, +++, Xn-1; 
we take at the same time for the value of y one of the following 


YO; Yi; y2; fete) Yn-1- 


Under the same hypothesis, the general value of the function can [92] be easily 
deduced from formula (1) of the preceding section.> Indeed, if we replace u by 
@ (x,y) in this formula, we get 


(x — x1) (x — x2)... (x —Xy_-1) 


9 (x,y) = a | Coes I Pm 
(x — x9) (x — x2)... (x —Xn-1) 
(1) by) Git). eae 
(x— x0) (x—2x1)...(% —Xn_2) 
ae ee ee ee Gn19)s 
and we have, moreover, denoting by m one of the integer numbers 1, 2, 3,...,n—1, 
(y—yi) (Y—y2)---(¥—Yn-1) 
Xm) = Xm; 
9Gm,y) G91) 0 92)-0-Jea) Yo) 
(y—yo) (y—y2)---(¥—Yn-1) 
Xm; 
(2) (v1 — yo) (v1 —y2)---O1 =a) 1) 


(y—yo) (y—y1)---(Y—Yn-2) 
" (yn—1 —Yo) (Yn—1 —Y1) «++ (Ya—-1 — Yn—2) (Xm, Yn-1) + 


We draw the general value of @ (x,y) immediately from the two preceding equations. 
For example, by supposing that n = 2, we find 


2 Cauchy used the word paragraphe, which we will consistently translate as “section.” (tr.) 
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x—-X1 y-YyIi 
Xo —%1 Yo ¥1 
x—-xX0 yY-YI 
X1 —X0 Yo V1 

(3) a 
1 Y—yo 
1) 
XQ —X1 Y1 — Yo 
xXx—X9 Y—yo 
X1 —X0 Y1 — Yo 


9 (x,y) = (x0, Yo) 


P (x1, Yo) 


P(x1,¥1)- 


If we consider functions of three or more variables, we obtain results entirely 
similar to those which we have just found for functions of [93] only two variables. 
We find, for example, in place of theorem II the following proposition: 


Theorem III. — Two integer functions of several variables x, y, z, ... are identi- 
cally equal to each other whenever they become equal for all integer values of these 
variables, or even for all integer variables which surpass a given limit. 


4.3 Applications. 


To apply the principles established in the preceding sections, let us consider in par- 
ticular products formed by the multiplication of successive factors for which each 
surpasses the following one by one, the first factor being one of the variables x, y, z, 
.... By means of these kinds of products, we seek to express the very similar prod- 
uct that we would obtain by taking for the first factor to be the sum of the given 
variables, namely 

XYZ... 


If we reduce the number of variables to two, the problem at hand can be stated as 
follows: 


Problem I. — To express the product 
(1) (a+y) @+y—1)@+y—2)...@+y—n4+1), 
in which n denotes any integer number, by means of the following products 


x(x—1)(x-—2)...@—n+1) and 
y(y-1)Q—2)...-n +1) 


and all such products which arise by changing the value of n. 


Solution. — To solve the preceding question more easily, let us first suppose 
that x and y are integer numbers greater than or equal to n. Then the product (1) is 
nothing other than the numerator [94] of the fraction that expresses the number of 
possible combinations of x + y letters taken n at a time. This number is precisely 
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(xty)(«+ty—1)(x+y—2)...+y—n+1) 
1-2-3...n 


Given this, imagine that 


Qj) Ds 8S ssey (D8 “Gs 

are x+ y letters, and that we divide them into two groups so that there are x letters, 
a, b,c, ..., in the first group and y letters, p, g, r, ..., in the second group. Among 
the combinations formed with these different letters, some contain only letters taken 
from the first group. The number of combinations of this kind is 


x(x—1)(x—2)...(a-—n+1) 
1:2°3...n 


Others contain n — | letters taken from the first group and one letter taken from the 
second. We easily determine the number of combinations of this second kind and 
we See that it is equal to 


x(x—1)(x—2)...(x-n+2) y 
12S tee T) i: 


Likewise, we find that the number of combinations which contain n — 2 letters taken 
from the first group and two letters from the second group is 


x(x—1)(x-2)...(x-—n+3) y(y—-1) 
23S 4c) bo 


etc. Finally, the number of combinations which contain only letters taken from the 
second group is 
y(y—1)(y—2)...—-nt]) 
1-2-3...n 
The sum of the numbers of combinations of each kind ought [95] to produce the 
total number of combinations of x + y given letters taken n at a time. We conclude 
that® 


(x+y) (x+y—1)...@+y—n+]1) 


12-3...0 
_ x1)... @=n+)) x(x—1)...(x—n+2)y 
123.0 123 net 1 
(2) x(x—1)...(x—n+3) y(y—1) 


a ror ee | eae 


xy(y—1)...(y-n+2) y(y—1)...(y—n4+1) 
| t24..@=0 i an 


© The numeral 3 was missing from the denominator in the third line of equation (2) in [Cauchy 
1897, p. 95], but present in [Cauchy 1821, p. 100]. (tr.) 
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The preceding equation, being thus proved in the case where the variables x and 
y take integer values greater than n,’ remains true, by virtue of theorem II (8 ID, 
for all values of these variables, and the value of product (1) derived from the same 
equation is 

(x+y) (w+y—1)...@+y—n+1) 
=x(x—-1)...(a—n+1) 
+52 (x— 1)...(x—n+2)y 
(3) 24 
alice 


+Fxy (y= 1)... (y—m+2) 
+y(y—1)...(Qv-n4+1). 


Corollary I. — If we replace x by —x and y by —y, in equation (2) we obtain the 
following:® 


(x+y) (w+y41)...@+y+n-1) 
123 aN 

_ x(x+1)...@+n—-1) pee alin 2) y 
123.27 LO Sciaty 1 
_x@+1)...@+n-3) y0+) 

12S.4n=—2) 192 
ayy+))...y+n-2)  yQt+l)...+a-1) 
1 1-2-3...(n—1) 1-2-3...n : 


(4) 


Wes4 


Corollary II. — If we replace x by 5 and y in equation (2) [96] by an we find 


(x+y) (x+y—2)...Q@a+y—2n+2) 


2-4-6... (2n) 
= 8102) one 204-2) g RO Buel 2a hy 
(5) 2-4-6... (2n) 2-4-6...(2n—2) 2 


xy—2)...y—2n+4) | y(y—2)...(Qy—2n +2) 
2 2-4-6...(2n—2) 2-4-6...(2n) 


7 Cauchy has modified, perhaps inadvertently, the condition “greater than or equal to” stated at the 
beginning of this solution. 


8 We have restored parentheses to the second line of equation (4) that were missing in [Cauchy 
1897, p. 95]. They had been present in [Cauchy 1821, p. 100]. (tr.) 
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Corollary III. — By expanding both sides of equation (2) and keeping on each 
side only the terms in which the sum of the exponents of the variables is equal to n, 
we obtain the formula 


Co a 
(Odum PO8sH” bOGudn=H | 
xn-2 y’ 
6 + was 
(6) 103. D 12” 
x yo y" 


- 11231) eo uan 


The value of (x+y)” taken from this last formula is precisely that given by the 
Newton binomial. 

The formulas that we have just derived can easily be extended to the case where 
we consider more than two variables, and the method which has brought us to the 
solution of problem I is equally applicable to the following question: 


Problem II. — With x, y, z, ... denoting any number of variables, to express the 
product 


(x+tytzt...)(@ty+z+...-I(+tytzt...-—2)...(at+ytzt...—n4+1) 
as a function of the following ones 
x(x—1)(x-2)...(x-n4+]1), 


yy=1D Y=2)..Qy=n+1), 
z(z—1)(z—2)...(z-n+1), 


and all such products which arise by changing the value of n. 


[97] We begin by solving the problem in the case where x, y, z, ... denote integer 
numbers greater than n, and on the basis of this principle, the fraction 


(xty+zt...)~+y+z+...-—1)~+y4+z4+...—2)...(xty+z+...-—n4+1) 
1:2-3...n 


is equal to the number of combinations that we can form with x+y+z+... letters 
taken n at a time. Then we pass to the case where the variables x, y, z, ... become 
any quantities based on theorem III of § II. When we have thus proved the formula 
which solves the given question, we deduce without trouble the value of the power 


(x+y+zt+...)”. 


We then solve the problem, indeed, by expanding both sides of the formula we 
found, and keeping on each side only the terms in which the combined exponents of 
the variables x, y, z, ... form a sum equal to n. 


Chapter 5 


Determination of continuous functions of a 
single variable that satisfy certain conditions. 


5.1 Research on a continuous function formed so that if two such 
functions are added or multiplied together, their sum or 
product is the same function of the sum or product of the 
same variables. 


[98] When, instead of integer functions we imagine any functions, so that we leave 
the form entirely arbitrary, we can no longer successfully determine them given a 
certain number of particular values, however large that number might be, but we 
can sometimes do so in the case where we assume certain general properties of 
these functions. For example, a continuous function of x, represented by @ (x), can 
be completely determined when it is required to satisfy, for all possible values of the 
variables x and y, one of the equations 


(1) g(x+y) =9(x)+Q(y) or 
(2) gp (x+y) = P(x) x gy), 


as well as when, for all positive real values of the same variables, one of the follow- 
ing equations: 


(3) 9 (xy) = P(x)+(y) or 
(4) 9 (xy) = P(x) x p(y). 


The solution of these four equations presents four different problems, which we will 
treat one after another. 


[99] Problem I. — To determine the function (x) in such a manner that it 
remains continuous between any two real limits of the variable x and so that for all 
real values of the variables x and y, we have 


(1) 9 (x+y) =9(x)+@(y). 
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Solution. — If in equation (1) we successively replace y by y+ z, z by z+u, ..., 
we get 
O(xt+y+ztut...)=9(x)+9()+0(z)+O(u)+..., 


however many variables x, y, z, u, ... there may be. Also, if we denote this number 
of variables by m and a positive constant by @, and then we make 


KSSH LSS = O; 


then the formula which we have just found becomes 
(ma) = mp (a). 


To extend this last equation to the case where the integer number m is replaced by a 
fractional number “, or even by an arbitrary number j, we set, in the first case, 


n 


m 
p= —a, 


n 


where m and n denote integer numbers, and we conclude that 


np = ma, 
np (B)=mep(a) and 
9(B)=9 (Fa) = 79(a). 


; Oe ee er 
Then, by supposing that the fraction ~ varies in such a way as to converge towards 


any number Ll, and passing to the limit, we find that 


9 (Ua) = Ue(a). 


[100] If we now take a = 1, then we have, for all positive values of j, 


(5) P(H) =He (1), 
and consequently, by making 1 converge towards the limit zero, 
9 (0) =0. 
Moreover, if in equation (1) we set x = and y = —, we conclude that 


9(—H) = 9 (0)—9(H) =—H@ (1). 


Thus, equation (5) remains true when we change yl to —. In other words, we have, 
for any values, positive or negative, of the variable x, 


(6) @ (x) =x@ (1). 
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It follows from formula (6) that any function g(x) which remains continuous 
between any limits of the variable and satisfies equation (1) is necessarily of the 
form 
(7) @ (x) =ax, 


where a denotes a constant quantity. I add that the function ax enjoys the stated 
properties whatever the value of the constant a may be. Indeed, between any limits 
of the variable x, the product ax is a continuous function of that variable, and what’s 
more, the assumption that @ (x) = ax changes equation (1) into this other equation, 


a(x+y) =ax-+ay, 


which is evidently always an identity. Thus formula (7) gives a solution to the pro- 
posed question, whatever value is attributed to the constant a. Because we have the 
ability to choose this constant arbitrarily, we call it an arbitrary constant. 


Problem II. — To determine the function @ (x) in such a manner that it remains 
continuous between any two real limits of the variable x and so that {101] for all 
real values of the variables x and y, we have 


(2) 9 (x+y) = g(x) g(y). 


Solution. — First, it is easy to assure ourselves that the function @ (x) required 
to satisfy equation (2) will admit only positive values. Indeed, if we make y = x in 
equation (2), we find that 

2 
@ (2x) = [p(x)]", 


and then, writing 5x in place of x, we conclude that 


Thus the function @ (x) is always equal to a square, and consequently it is always 
positive. Given this, suppose that in equation (2) we successively replace y by y+ z, 
zby z+u, .... We then get 


p(xtytzturt...)=9(x) Py) P(zZ) Plu)... 


however many variables x, y, z, u, ... there may be. Also, if we denote this number 
of variables by m, and a positive constant by a, and then we make 


SV HSH 2S j=, 


then the formula we have just found becomes 


m 


(ma) = [9 (@)| 
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To extend this last formula to the case where the integer number mm is replaced by 
a fractional number “, or even by an arbitrary number , we set, in the first case, 


m 
B=—a, 


n 


where m and n denote two integer numbers, and we conclude that 


np = ma, 
[p (B)]" =[e(a)!" and 


m 


9(B) = 9 (7a) =[9(a)]". 


[102] Then, by supposing that the fraction “ varies in such a way as to converge 


towards any number and passing to the limit, we find that 
@ (war) = [9 (a). 

Now if we take a = 1, we have for all positive values of u 

(8) e(u)=[P QI", 


and consequently, by making 1 converge towards the limit zero, 


p (0) =1. 
Moreover, if in equation (2) we set x = WU and y = —, we conclude that 
9 (0) -u 
(—H) ofa) [e(1)] 


Thus, equation (8) remains true when we change kl to —. In other words, we have, 
for any values, positive or negative, of the variable x, 


(9) e(x)=[e (I. 


It follows from equation (9) that any function @ (x) that solves the second problem 
is necessarily of the form 


(10) 9 (x) =A", 


where A denotes a positive constant. I add that we can attribute to this constant any 
value between the limits 0 and oo. Indeed, for any positive value of A, the function 
A* remains continuous from x = —° to x = +e, and the equation 


AttY = A*A’ 


is an identity. The quantity A is thus an arbitrary constant that admits only positive 
values. 
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[103] Note. — We can get equation (9) very simply in the following manner. 
If we take logarithms of both sides of equation (2) in any system, we find that 


log 9 (x+y) = log @ (x) +logg@ (y), 


and we conclude (see problem I) that 


log 9 (x) =xlog@ (1), 


then, by passing again from logarithms to numbers, 


Problem III. — To determine the function @ (x) in such a manner that it remains 
continuous between any two positive limits of the variable x and so that for all 
positive values of the variables x and y we have 


(3) 9 (xy) = P(x) + O(y). 


Solution. — It would be easy to apply a method similar to the one we used to 
solve the first problem to the solution of problem III. However, we will arrive more 
promptly at the solution we seek by putting equation (3) into a form analogous to 
that of equation (1), as we are going to do. 

If A denotes any number and log denotes the characteristic of logarithms in the 
system for which the base is A, then for all positive values of the variables x and y 
we have 

x=Ale* and y= Ale, 


so that equation (3) becomes 


0 (alvetoey =o (ae*) 49 (a) 


Because in this last formula the variable quantities logx and log y admit any values, 
positive or negative, it follows [104] that we have, for all possible real values of x 
and y, 


g (A**”) = @(4*) + (4). 
We conclude that [see problem I, eqn. (6)] 
9 (A*) =x (A') =x (A), 
and consequently 
9 (A) = 9 (A)logx, 


or what amounts to the same thing 
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(1) 9 (x) = 9 (A) logx. 


It follows from formula (11) that every function @ (x) that solves problem III is 
necessarily of the form 


(12) @ (x) = alog(x), 


where a denotes a constant. Moreover, it is easy to assure ourselves: 1° that the 
constant a remains entirely arbitrary; and 2° that by choosing the number A suitably, 
which is itself arbitrary, we can reduce the constant a to one. 


Problem IV. — To determine the function @ (x) in such a manner that it remains 
continuous between any two positive limits of the variable x and so that for all 
positive values of the variables x and y we have 


(4) 9 (xy) = 9 (x) @(y). 


Solution. — It would be easy to apply a method similar to that which we used 
to solve the second problem to the solution of problem IV. However, we will ar- 
rive more promptly at the solution we seek if we observe that, by denoting by log 
the characteristic of logarithms in the system for which the base is A, we can put 
equation (4) into the form 


0 (atoe=teer) =9 (aise) 0 (a) 


Because in this last equation the variable quantities log x [105] and logy admit any 
values, positive or negative, it follows that we have, for all possible real values of 
the variables x and y, 


9 (A) = 9 (A) 9 (4). 
We conclude that [see problem IJ, eqn. (9)] 
9 (A*) = [gp (A)}" 


and consequently 
o (at) tg taymet <a 


or what amounts to the same thing, 
(13) C= rel, 


It follows from equation (13) that any function @ (x) that solves problem IV is 
necessarily of the form 


(14) p(x) =x", 


where a denotes a constant. Moreover it is easy to assure ourselves that this constant 
ought to remain entirely arbitrary. 
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The four values of @ (x) which respectively satisfy equations (1), (2), (3) and (4), 
namely 
ax, A*, alogx and x‘, 


have this much in common, that each of them contains an arbitrary constant, a or 
A. Thus we ought to conclude that there is a great difference between the questions 
where it is a matter of calculating the unknown values of certain quantities and the 
questions in which we propose to discover the unknown nature of certain functions 
that have given properties. Indeed, in the first case, the values of unknown quantities 
are ultimately expressed by means of other known and determined quantities, while 
in the second case the unknown functions can, as we have seen here, admit arbitrary 
constants into their expression. 


5.2 Research on a continuous function formed so that if we 
multiply two such functions together and then double the 
product, the result equals that function of the sum of the 
variables added to the same function of the difference of the 
variables. 


[106] In each of the problems of the preceding section, the equation to be solved 
contained, along with the unknown function (x), two other similar functions, 
namely @(y) and @ (x+y) or @ (xy). Now we are going to propose a new prob- 
lem of the same kind, but in which the equation of the condition that the function 
© (x) must satisfy contains four such functions in place of three. It consists of the 
following: 

Problem. — To determine the function @ (x) in such a manner that it remains 
continuous between any two real limits of the variable x and so that for all real 
values of the variables x and y we have 


(1) 9 (y+x)+ 9(y—x) =29 (x) p(y). 


Solution. — If we make x = 0 in equation (1), we get! 


9 (0) =1. 


The function @ (x) thus reduces to | for the particular value x = 0, and because we 
suppose that it is continuous between any limits, it is clear that, in the neighborhood 
of this particular value, it is only very slightly different from 1, and consequently is 
positive. Thus, by denoting a very small number by @, we can choose this number 
in such a way that the function @ (x) remains constantly positive between the limits 


' Cauchy does not mention the trivial solutions g(x) = 0 and g(x) = 1. 
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x=0 and x=a. 


Given this, two things could happen: either the positive value of @(@) will be con- 
tained between the limits 0 and 1, or this value will be [107] greater than 1. We will 
examine successively these two hypotheses. 

Now suppose that @ (a) has a value contained between the limits 0 and 1. We 
can represent this value by the cosine of a certain arc @ contained between the limits 
0 and 5, and as a consequence we can set 


9 (a) =cosé. 
Moreover, if equation (1) is put into the form 
PV +x) = 29(x) Py) -—@—), 
and we successively make 
x=Qandy=@, 


x=aQand y=2a, 
x=aandy=34a, 


then we deduce the formulas 


” (2a) = 2cos* 6 —1 =cos20, 
@ (3a) = 2cos@cos20 —cos 6 = cos30, 
0 (4a) = 2cos@cos30 —cos20 = cos40, 


one after another and in general, 
(ma) = 2cos O cos (m— 1) @ —cos (m—2) 0 =cosmO, 
where m denotes any integer number. I add that the formula 
(ma) =cosmd 


remains true even if we replace the integer number m by a fraction or even by any 
number jl. We will prove this easily as follows. 
If we make x = 50 and y = 50 in equation (1), then we get 


| Oe see 


Then, by taking the positive roots of both sides and [108] observing that the two 
functions @(x) and cosx remain positive, the first between the limits x = 0 and 
x = a and the second between the limits x = 0 and x = 9, we find 
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Likewise, if we make 


in equation (1), then we get” 


(42)} - 9(0)+ (4a) _ 1+cos50 _ (costo) 


4 2 2 


Then, by extracting the positive roots of the first and last parts, we get 


and in general 
1 1 
=a) =cos—@, 
@ (5 ) C08 5, 
where n denotes any integer number. If we operate on the preceding expression for 


Q (ar) to deduce that for ~ (40) as we operated on the expression for @ (a) to 
deduce that for @ (ma), then we find 


(Fa) =cos ” 9 
9 Qn —_ Qn . 


Then, by supposing that the fraction 5, varies in such a way as to approach [109] 


indefinitely the number LL, and passing to the limit, we obtain the equation 
(2) (ua) =cos ue. 


Moreover, if we make? 
x=pa and y=0 


in formula (1), then we conclude that 


? In [Cauchy 1897, p. 108], the numerator of the second part contains the expression @ (5) Q@ in 
place of @ (5a). This error did not appear in [Cauchy 1821, p. 116]. (tr.) 

3 In [Cauchy 1897, p. 109], this reads x = wa. It is correctly written x = wa in [Cauchy 1821, 
p. 117]. (tr) 
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9 (—pa) = [2— (0) — 1] p(ua) = cos" =cos(—p@). 


Thus, equation (2) remains true when we replace ju by —. In other words, we have, 
for any values, positive or negative, of the variable x, 


(3) @ (ax) = cos Ox. 


If we change x to * in this last formula, we get? 


6 6 
(4) @ (x) =cos ar = £08 (-3:) 


The preceding value of @ (x) corresponds to the case where the positive quantity 
(() remains contained between the limits 0 and 1. 

Now let us suppose that this same quantity is greater than 1. It is easy to see 
that under this second hypothesis we can find a positive value of r that satisfies the 


equation 
Oe 1 ce 1 
? 2 r)- 


Indeed, it suffices to take 


r=9(a)+{[p(a)P-1} 
Given this, if we successively make 
x=Qandy=@, 


x=aandy=2a, 
x=aqaandy=3a, 


In general, 


4 The trivial solution g(x) = 1 is included in equation (4) as the case @ = 0. 
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“3(r+3). 
where m denotes any integer number. I add that the formula 
1 1 
o (ma) = 5 (r+ =) 
remains true even if we replace the integer number m by a fraction or even by any 


number jl. We will prove this easily as follows. 
If we make x = 50 and y = 50 in equation (1), we get 


[o(ga)] = 20 tot ea) F tardy 


Then, by taking the positive roots of both sides and observing that the function @ (x) 
remains positive between the limits x = 0 and x = @, we find 


) (52) = ; (3 +14) ‘ 


Likewise, if we make 


ee d Uy 
x=- an =- 
4 ¥=*4 


in equation (1), then we get? 


Cte!) a) ps 
> 3 ee) 


[111] Then, by taking the positive roots of the first and the last parts, we get 


Q (42) = ; (r +14) : 


By similar reasoning, we successively obtain the formulas 


> The negative signs were missing from the exponents 5 and -j in [Cauchy 1897, p. 110]. They 
were present in [Cauchy 1821, p. 119]. (tr.) 
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no) =5 (rr +r) 
cae ar a 


where n denotes any integer number. If we operate on the preceding expression for 
cy) (47) to deduce that for @ (ta) as we operated on the expression for @ (a) to 
deduce that for® @ (ma), then we find 


(Be) =2(4 +8) 
Q an ~ 5 Fe i : 


Then, by supposing that the fraction 5; varies in such a way as to approach indefi- 


nitely the number J, and passing to the limit, we obtain the equation 


and in general 


(rt + rh) . 


Nie 


(5) Q (Ma) = 


Moreover, if we make 
x=pa and y=0 


in formula (1), then we conclude that 


9 (Har) = [29 (0) — 1] @ (qe) = 5 (H+ rH). 


[112] Thus, equation (5) remains true when we replace 1 by —w. In other words, 
we have, for all values, positive or negative, of the variable x, 


te + r*) : 


NIRe 


(6) 9 (ax) = 
If we change x to % in this last formula, we get 


(7) p= 5 (rete). 


When we make +2 = a in equation (4) and ra =A in equation (7), these equations 
give, respectively, the following forms: 


(8) Q(x) =cosax and 
1 ; 
(9) o(x) = 5 (A*+A~). 


Thus, if we denote a constant quantity by a and a constant number by A, then any 
function @ (x) that remains continuous between any limits of the variable and that 
satisfies equation (1) is necessarily contained in one of the two forms that we have 
just described. Moreover, it is easy to assure ourselves that the values of @ (x) given 


6 This word “for” is the translation of the word “de,” which was present in [Cauchy 1821, p. 120], 
but absent from [Cauchy 1897, p. 111]. (tr.) 
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by equations (8) and (9) solve the proposed question, whatever values may be at- 
tributed to the quantity a and the number A. This number and this quantity are two 
arbitrary constants, of which one admits only positive quantities. 

From what we have just said, the two functions’ 


cosax and ; (A*+A~*) 


have the common property of satisfying equation (1), and this establishes a remark- 
able analogy between them. Both of these two [113] functions still reduce to one 
for x = 0. But one essential difference between the first and the second is that the 
numerical value of the first is constantly less than the limit 1, whenever it does not 
reach this limit, while, under the same hypothesis, the numerical value of the second 
is constantly above the limit 1. 


7 Using modern notation, we observe that the second solution may be written as coshax, where 
a = 1nA. Lambert (1728-1777) was the first to note such parallels between the trigonometric and 
hyperbolic functions in [Lambert 1768]. 


Chapter 6 


On convergent and divergent series. Rules for 
the convergence of series. The summation of 
several convergent series. 


6.1 General considerations on series. 


[114]! We call a series an indefinite sequence of quantities, 
Ud, U1, U2, U3, ..., 


which follow from one to another according to a determined law. These quantities 
themselves are the various terms of the series under consideration. Let 


Sy =Up + uy +uo+...+Uy_] 


be the sum of the first n terms, where n denotes any integer number. If, for ever 
increasing values of n, the sum s, indefinitely approaches a certain limit s, the series 
is said to be convergent, and the limit in question is called the sum of the series. 
On the contrary, if the sum s, does not approach any fixed limit as n increases 
indefinitely, the series is divergent, and does not have a sum. In either case, the term 
which corresponds to the index n, that is u,, is what we call the general term. For 
the series to be completely determined, it is enough that we give this general term 
as a function of the index n. 
One of the simplest series is the geometric progression, 


2 gd 
LX Kg es. oleiag 


which has x” for its general term, that is to say the nth power of the quantity [115] 
x. If we form the sum of the first m terms of this series, then we find 


ltxte?+...tx ta 


' Both [Cauchy 1821, p. ix] and [Cauchy 1897, p. 473] use the title “On convergent and divergent 
(real) series. ...” in the table of contents. (tr.) 
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n 


As the values of n increase, the numerical value of the fraction is converges to- 
wards the limit zero, or increases beyond all limits, according to whether we suppose 
that the numerical value of x is less than or greater than 1. Under the first hypothesis, 
we ought to conclude that the progression 


iP x, x, hes 


is a convergent series which has faa as its sum, whereas, under the second hypoth- 
esis, the same progression is a divergent series which does not have a sum. 
Following the principles established above, in order that the series 


(1) Uo, U1, U2, ..-, Un, Until; --- 


be convergent, it is necessary and it suffices that increasing values of n make the 
sum 
Syn =Up+uy+uo+...+Uy_1 


converge indefinitely towards a fixed limit s. In other words, it is necessary and it 
suffices that, for infinitely large values of the number n, the sums 


Sny Snt1, Sn+2, +++ 


differ from the limit s, and consequently from one another, by infinitely small quan- 
tities. Moreover, the successive differences between the first sum s, and each of the 
following sums are determined, respectively, by the equations 


Sntl—Sn = Un, 


Snt2— Sn = Unvr Unt+i, 


Snt3 — Sp = Unt Unt +Un4+2, 


Hence, in order for series (1) to be convergent, it is first of all necessary [116] 
that the general term u, decrease indefinitely as n increases. But this condition 
does not suffice, and it is also necessary that, for increasing values of n, the 


different sums, 
Un + Un+1,; 


Un + Unt) + Un42, 


that is to say, the sums of as many of the quantities 


Un, Un+1; Un42; +++ 
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as we may wish, beginning with the first one, eventually constantly assume nu- 
merical values less than any assignable limit. Conversely, whenever these various 
conditions are fulfilled, the convergence of the series is guaranteed.” 

Let us take, for example, the geometric progression 


(2) eo ae ee 
If the numerical value of x is greater than 1, that of the general term x” increases 
indefinitely with n, and this remark alone suffices to establish the divergence of the 
series. The series is still divergent if we let x = +1, because the numerical value of 
the general term x”, which is 1, does not decrease indefinitely for increasing values 
of n. However, if the numerical value of x is less than 1, then the sums of any number 
of terms of the series, beginning with x”, namely: 


x ’ 
2 
xt yl = gs 
1-x’ 
3 
xi ttl yt t2 = gl=% 
1—x’ 


are all contained between the limits 


n 
d 
x" and 7 


=X 


[117] each of which becomes infinitely small for infinitely large values of n. Conse- 
quently, the series is convergent, as we already knew. 
As a second example, let us take the numerical series 


(3) 1 


The general term of this series, namely a: decreases indefinitely as n increases. 


Nevertheless, the series is not convergent, because the sum of the terms from aI 


up to t inclusive, namely 


1 & 1 decile 1 i! 
n+1 n+2 ~" Qn-1— 2n’ 


is always greater than the product 


1 1 


ee 
2n 2 


> This is the Cauchy Convergence Criterion. It is still one of the few necessary and sufficient 
conditions for convergence of series. 
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whatever the value of n. As a consequence, this sum does not decrease indefinitely 
with increasing values of n, as would be the case if the series were convergent. Let 
us add that, if we denote the sum of the first m terms of series (3) by s, and the 
highest power of 2 bounded by n+ 1 by 2”, then we have 


1 1 1 
Se Tg Pt ag 
>1sg+(54t)+(S4e4745)+ 

a7 43° 4 5 6 7. S 

1 1 1 
+(ser tpt tae) 
and, a fortiori, 
ote et ee 

a ee 2 2 


We conclude from this that the sum s,, increases indefinitely with the integer number 
m, and consequently with n, which is a new proof of the divergence of the series.* 
[118] Let us further consider the numerical series 


1 1 1 1 


(4) lo ’ panne eee 
1° 1-2° 1-2-3 1-2-3...n 


The terms of this series with index greater than n, namely 


1 1 1 
1-2-3...n' 1-2-3...n(n+1)’ 1-2-3...n(n4+1)(n+2)? 0” 


are, respectively, less than the corresponding terms of the geometric progression 


1 1 1 1 1 
1-2-3...n’ 1-2-3...nn’ 1-2-3...nn? 7" 


As a consequence, the sum of however many of the initial terms as we may wish is 
always less than the sum of the corresponding terms of the geometric progression, 
which is a convergent series, and so a fortiori," it is less than the sum of this series, 
which is to say 


1 1 1 1 
1-2-3..21—-1  1-2-3...(n—1)a-1 


Because this last sum decreases indefinitely as n increases, it follows that series (4) 
is itself convergent. It is conventional to denote the sum of this series by the letter e. 
By adding together the first n terms, we obtain an approximate value of the number 
e, 


3 Cauchy may not be claiming originality for this “new” proof. It was first given by Oresme (see, 
for example, [Dunham 1990, pp. 202—203]), but Cauchy was probably not aware of it. 


4 This is an implicit use of the Comparison Test. Cauchy never states this test explicitly. 
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joie ee ee ee ! 
fa ee ee ina 


According to what we have just said, the error made will be smaller than the product 
of the mth term by a. Therefore, for example, if we let nm = 11, we find as the 
approximate value of e 

(5) e = 2.7182818..., 


and the error made in this case is less than the product [119] of the fraction 
SFESeT ESI by O° that is WORT: so that it does not affect the seventh dec- 
imal place. 

The number e, determined as we have just said, is often used in the summation 
of series and in the infinitesimal Calculus. Logarithms taken in the system with this 
number as its base are called Napierian, for Napier, the inventor of logarithms, or 
hyperbolic, because they measure the various parts of the area between the equilat- 
eral hyperbola and its asymptotes.° 

In general, we denote the sum of a convergent series by the sum of the first terms, 
followed by an ellipsis. Thus, when the series 


Uo, Uj, U2, U3, ... 
is convergent, the sum of this series is denoted 
Uo +uy+u2+U3+.... 


By virtue of this convention, the value of the number e is determined by the equation 


1 1 1 1 
(6) eal TT io Le (od 


and, if one considers the geometric progression 


2 cage 
| ee cates caer 


we have, for numerical values of x less than 1, 


1 


l—-x 


(7) I4e4+7 42 4...= 
Denoting the sum of the convergent series 

Uo, Uy, U2, U3, «.-- 

by s and the sum of the first 1 terms by s,, we have 


S=uUgtuy+u2+...FUn—1 +Un Fun t+... 
= Sp Un FUnpit---, 


5 Te., the area under the curve y= uy 


x 
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and, as a consequence, 
S— Sy =Untunzit..-- 


[120] From this last equation, it follows that the quantities 


Un, Un+1; Un+2, --- 


form a new convergent series, the sum of which is equal to s — s,. If we represent 
this sum by r;, we have 
S=S5ntTn, 


and r,, is called the remainder of series (1) beginning from the nth term. 

Suppose the terms of series (1) involve some variable x. If the series is conver- 
gent and its various terms are continuous functions of x in a neighborhood of some 
particular value of this variable, then 


Sn, Ty and s 


are also three functions of the variable x, the first of which is obviously continu- 
ous with repect to x in a neighborhood of the particular value in question. Given 
this, let us consider the increments in these three functions when we increase x by 
an infinitely small quantity a. For all possible values of n, the increment in s, is 
an infinitely small quantity. The increment of r,, as well as r, itself, becomes in- 
finitely small for very large values of n. Consequently, the increment in the function 
s must be infinitely small.° From this remark, we immediately deduce the following 
proposition: 


Theorem I. — When the various terms of series (1) are functions of the same 
variable x, continuous with respect to this variable in the neighborhood of a partic- 
ular value for which the series converges, the sum s of the series is also a continuous 
function of x in the neighborhood of this particular value.! 


By virtue of this theorem, the sum of series (2) must be a continuous function 
of the variable x between the limits x = —1 and x = 1, [121] as we may verify by 
considering the values of s given by the equation 


1 


1 %- 


6.2 On series for which all the terms are positive. 


Whenever all the terms of the series 


© This passage is quoted in [Liitzen 2003, p. 168]. 

7 This theorem as stated is incorrect. If we impose the additional condition of uniform convergence 
on the functions s,,, then it does hold. This theorem is controversial. Some have argued that Cauchy 
really had uniform convergence in mind. See [Liitzen 2003, pp. 168-169] for further discussion. 
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() Ud, U1, U2, --+5 Un; +. 


are positive, we may usually decide whether it is convergent or divergent by using 
the following theorem: 


Theorem 1.8 — Consider the limit or limits towards which the expression (un) 
converges as n increases indefinitely, and let k denote the largest of these limits, or 
in other words, the limit of the largest values of the expression in question. Series 
(1) converges whenever k < 1 and diverges whenever k > 1. 


Proof. — First of all, suppose that k < 1 and choose an arbitrary third number U 
between the two numbers | and k, so that we have 


k<U<il. 


As n increases beyond assignable limit, the largest values of (un)? cannot approach 
indefinitely the limit k without eventually being constantly less than U. Conse- 
quently, it is possible to assign an integer value to n large enough so that when n 
is greater than or equal to this value, we constantly have? 


J n 
(un)" <U, or un, <U". 
It follows that the terms of the series 


Ug, Uj, UZ, ---, Un+1, Un42; --- 


[122] are eventually always smaller than the corresponding terms of the geometric 
progression 
10 Ss ciara Ss 6 cae Sage ee 


As this progression is convergent (because U < 1) we may, by the previous remark, 
conclude a fortiori the convergence of series (1). 

On the other hand, suppose that k > 1 and again pick a third number U between 
the two numbers 1 and k, so that we have 


k>U>1. 


As n increases without limit, the largest values of (u,,)” in approaching k indefinitely 
eventually become greater than U. We may therefore satisfy the condition 


(un) i >U 


or, what amounts to the same thing, the following condition 


8 This theorem is now known as the Root Test. It is cited as the definition of upper and lower limits 
in [DSB Cauchy, p. 136]. 

° In [Cauchy 1897, p. 121], the subscript is missing in the term (un)". It is present in [Cauchy 
1821, p. 133]. (tr.) 
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Un > U", 
for values of n as large as we might wish. As a consequence, we find in the series 


ug, Uj, U2, .--, Un, Un+1; Un+2,--- 


an indefinite number of terms greater than the corresponding terms of the geometric 
progression 
LTT, atti TIO Te ses 


As this progression is divergent (because U > 1) and, as a consequence its various 
terms increase to infinity, the remark that we have just made suffices to establish the 
divergence of series (1). 

In a great number of cases we may determine the values of the quantity k with the 
assistance of theorem IV (Chap. II, § II). Indeed, [123] by virtue of this theorem, 
any time the ratio Ent converges towards a fixed limit, that limit is precisely the 
value of k. We may therefore state the following proposition: 


Theorem II.!° — /f, for increasing values of n, the ratio 


Un+1 
Un 


converges towards a fixed limit k, series (1) converges whenever k < 1 and diverges 
whenever k > 1. 


For example, if we consider the series 


i 1 1 1 
77? 1-27 1-2-3? 7 1-2-3...n7 0" 
then we find 
Un+1 1-2-3...n 1 1 
im D23.natl) afl? ~*~ o ” 


and consequently the series is convergent, as we already knew. 

The first of the two theorems that we have just established leaves no doubt about 
the convergence or divergence of a series whose terms are positive, except in the 
particular case where the quantity k becomes equal to one. In this particular case, 
it is not always easy to answer the question of convergence. However, we will now 
prove two new propositions, which frequently help us to decide the issue. 


Theorem III.'!! — Whenever each term of series (1) is smaller than the one 
preceding it, that series and the following one 


10 This is the Ratio Test; see [DSB Cauchy, p. 136]. 
'l This is known as the Cauchy Condensation Test. 
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(2) ug, 2U,, 4u3, 8u7, 16u45,... 


are either both convergent or both divergent. 


Proof. — First of all, suppose that series (1) is convergent and [124] let s denote 
its sum. Then 


uo = Uo, 

2u; = 2uy, 

4u3 < 2u2+2u3, 

8u7 < 2u4+2u5+2uU6 + 2u7, 


and consequently, the sum of as many of the terms of series (2) as we may wish is 
smaller than 
Ug + 2uy + 2u2 + 2u3+2ug+...=2s—Ug. 


It follows that series (2) converges. 
On the other hand, suppose that series (1) diverges. The sum of its terms, taken 
in great number, eventually surpasses any assignable limit. Because we have 


uo = Uo, 


uj U2, 


= 
4u3 > U3+U4a+ Us + U6, 
> 


u7 + Ug + Ug + U9 + Uy +412 +443 +14, 


we must conclude that the sum of the quantities 
ug, 2U,, 4u3, 8u7, ..., 


taken in great number, is itself eventually greater than any given quantity. Series (2) 
is therefore divergent, conforming to the stated theorem. 


Corollary. — Let pt be any quantity. If series (1) is 


1 


(3) low? 3? gee? 


then series (2) becomes 
ane ae ee 


[125] This last series is a geometric progression, convergent whenever we have > 
1 and divergent in the opposite case. As a consequence, series (3) is itself convergent 
if U is anumber greater than 1, and divergent if u = 1 or pw < 1. For example, of the 
three series 
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1 1 1 

(4) 1, 92? 32° 42’ weg 
1 1 1 

5 lj) Sy Se 

(5) > 9? af 4’ ? 
1 1 1 

(6) 1; “T) _1°? ~.1? ) 
22 32 42 


the first is convergent and the other two divergent. 


Theorem IV.!? — Suppose that log denotes the characteristic of the logarithm 
in any system and that the ratio 


converges towards a finite limit h for increasing values of n. Series (1) is convergent 
ifh > 1 and divergent ifh < 1. 


Proof. — First of all, suppose 4 > | and choose any third quantity a between the 
two quantities | and h, so that we have 


h>a>1. 


The ratio me , or its equivalent 
oun 


log (2) 
log(n) 


eventually, for very large values of n, is constantly greater than a. In other words, if 
n increases beyond [126] a certain limit, we always have 


log (2) 


log(n) ~ “ 


? 


or what amounts to the same thing, 


1 
log (~) > alog(n), 
Un 


it se 1 
—>n, SO &<—. 
Un ne@ 


and, as a consequence, 


It follows that the terms of series (1) eventually are constantly smaller than the 
corresponding terms of the following series 


!2 This is the Logarithmic Convergence Test. 
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1 1 1 1 1 1 
u Qa’ 3a? 4a’ wees ne’ (n+1)2’ iio 


As this last series is convergent (because a > 1), we may, by the previous remark, 
conclude a fortiori the convergence of series (1). 
On the other hand, suppose that h < 1, and again pick a third quantity a between 
1 and h, so that we have 
h<a<l. 


Eventually, for very large values of n, we constantly have 


log (+) 


log(n) 


<a, 


or what amounts to the same thing, 


log (<-) < alog(n), 


Un 


and, as a consequence, 


1 a 
—<n, SO u,>—. 
Un ne 


It follows that the terms of series (1) eventually are constantly [127] greater than the 
corresponding terms of the following series 


1 1 1 1 1 
; Qa’ 3a? 4a’ pee n@’ (n+1)2’ a 


As this last series is convergent (because a < 1), we may, by the remark we have 
just made, conclude a fortiori the divergence of series (1). 

Given two convergent series, the terms of which are positive, we may, by adding 
or multiplying these same terms, form a new series, the sum of which results from 
the addition or the multiplication of the sums of the first two. On this subject, we 
establish the two following theorems: 


Theorem V. — Let 


(7) 0, 41, 42; > Yn, ; 
VG, Vig Ms sang Vay, x0 


be two convergent series composed only of positive terms, having s and s', respec- 
tively, as sums. Then 


(8) uo +vVo, Ui tv1, U2+V2, ..-,UntVn, --- 
is a new convergent series, which has s +s' as its sum. 


Proof. — If we let 
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Sy = Ugtuytuet+...+uyn—, and 


/ 
Sy = VotVy +v2+...+Vn-1, 


then s, and st, converge, for increasing values of n, towards the limits s and s’, 
respectively. As a consequence, s,, + sj,, that is the sum of the first 1 terms of series 
(8), converges towards the limit s +s’, which suffices to establish the stated theorem. 


Theorem VI. — Under the same hypotheses as the previous theorem, 


(9) UOV0, UNV1 + U1V0, UoV2 + UV +U2V0, «-- 
wees UQVy + U{Vy—1 +... + Un—1V1 +Unvo, --- 


is a new convergent series, which has ss’ as its sum. 


[128] Proof. — Once again, let s, and s/, be the sums of the first n terms of the 


two series (7), and additionally denote the sum of the first n terms of series (9) by 
si If we denote by m the greatest integer included in a that is to say al when 1 


is odd and a otherwise, we clearly have!3 


uovo + (uov1 +u1V0) +... + (UoVn—1 + UVn—2 +... + Un—2V1 + Un—1V0) 
< (up +uy+...+un_1)(Vo+V) +... +Vn-1) 


and 
> (up tuy+...+uUm)(vo Vi +...+¥m)- 


In other words, 
1 tj d if 
Sy <SnS, an > Sm+1Sm+1- 


Now suppose that we make n increase beyond all limit. The number 


NIK 


itself increases indefinitely, and the two sums s, and s,,,; converge towards the 
limit s, while s/, and s/,,; converge towards the limit s’. As a consequence, the two 
products s,s/, and sm+15',,,;, a8 well as the sum sj contained between these two 
products, converge towards the limit ss’, which suffices to establish theorem VI.!* 


6.3 On series which contain positive terms and negative terms. 


Suppose that the series 


'3 The left-hand side of this inequality contained some subscripting errors in [Cauchy 1821, 
p. 141], which were not included in the Errata of that edition. These were corrected in [Cauchy 
1897, p. 128]. 


'4 This is another implicit application of the Squeeze Theorem. 


6.3 On series which contain positive terms and negative terms. 97 


() Ug, U1, U2, »--5 Un; +. 


is composed of terms that are sometimes positive and sometimes negative, and let 


(2) Po, Pl; P2; -++5 Pns +++ 


[129] be, respectively, the numerical values of these same terms, so that we have 


uo = XPo, Ul = Pl, U2 = =P2, .--, Un =XPn, ---- 
The numerical value of the sum 


Ug +uy +ug+...+Un—] 


will never surpass!> 


Po+Pit+p2+.-.-+Pn-1, 
so it follows that the convergence of series (2) always entails that of series (1° 
We ought to add that series (1) is divergent if some terms of series (2) eventually 
increase beyond all assignable limit. This latter case occurs whenever the greatest 
values of (pn)i converge towards a limit greater than 1, for increasing values of n. 
On the other hand, whenever this limit is less than 1, series (2) is always convergent. 
As a consequence, we may state the following theorem: 


Theorem I.!’ — Let p, be the numerical value of the general term un of series 
(1), and let k denote the limit towards which the largest values of the expression 
(Pn) converge as n increases indefinitely. Series (1) is convergent if we have k < 1 
and divergent if we have k > 1. 


Whenever the fraction ome that is, the numerical value of the ratio tl con- 


verges towards a fixed limit, then by virtue of theorem IV (Chap. II, § IID, this limit 
is the desired value of k. This remark brings us to the proposition which I will now 
state: 


Theorem II.!* — /f the numerical value of the ratio 


Un+1 
Un 


converges towards a fixed limit k for increasing values of n, then series | is conver- 
gent whenever we have k < | and divergent whenever we have k > 1. 


[130] For example, if we consider the series 


'S Here Cauchy makes an implicit use of the generalized triangle inequality. 


'© Cauchy does not define absolute convergence, but has essentially shown here that absolute con- 
vergence implies convergence. 


'7 This is another application of the Root Test. 
'8 This is another application of the Ratio Test. 


98 6 On convergent and divergent series. 


1 1 1 


1 ne 
: tT’ 12-377 ; 
we find that i i 
Oa a= , sothat k=—=0, 
Uy n+l co 


from which it follows that the series is convergent. 

The first of the two theorems we have just established leaves no doubt about the 
convergence or divergence of a particular series, except in the particular case where 
the quantity denoted by k becomes equal to one. In this particular case, we may often 
establish the convergence of the given series either by verifying that the numerical 
values of the various terms form a convergent series or by means of the following 
theorem: 


Theorem III.!? — /f the numerical value of the general term uy in series (1) 
decreases constantly and indefinitely for increasing values of n, and if further the 
different terms are alternately positive and negative, then the series converges. 


For example, consider the series 


1 1 1 
fhe oe 
3) oe te 


1 
sre 


The sum of the terms whose index is greater than n, if we suppose them to be m in 
number, is 


7 1 1 i 1 1 — 1 
“\ntl ont+2 n+3 n+4 — n+m/)- 
Now the numerical value of this sum, namely 


1 1 1 1 1 


n+1 0 ped ce 


oe. 1 1 1 1 
n+l (— =) (5 =) 
7 1 1 1 1 
=(S5-a5)+(a5-=) 
1 1 
+(y-g) te 


[131] because it is obviously contained between 


1 4 1 1 
n+1 = n+1 n+2’ 


decreases indefinitely for increasing values of n, whatever the value of m, which 
suffices to establish the convergence of the given series. The same arguments may 


!9 This is the Alternating Series Test. 
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obviously be applied to any series of this kind. I will cite, for example, the following 


1 1 1 
qn? 3p? 4urce? 


(4) 1, 


which remains convergent for all positive values of U, by virtue of theorem I]. 

If we suppress the — sign preceding each term of even index in series (4), we 
obtain series (3) of section II, which is divergent whenever we have U = | or U < 
1. As a consequence, to transform a convergent series into a divergent series, or 
vice versa, it sometimes suffices to change the sign of certain terms. Moreover, this 
remark applies exclusively to series for which the quantity denoted by k in theorem 
II reduces to 1. 

Given a convergent series, the terms of which are positive, we can only augment 
the convergence by diminishing the numerical values of the same terms and chang- 
ing the signs of some of them. It is worth noting that we produce this double effect 
if we multiply each term by a sine or by a cosine, and this observation suffices to 
establish the following proposition: 


Theorem IV.”° — When the series 
(2) PO, P1, P2, +++) Pas -+s5 
made up entirely of positive terms, is convergent, then each of the following 


(5) Pocos 8, Pi cos 81, P2cos O2, ..., PnCOS Op, ..., 
Posin@, Pisin @,, P2sin@2, ..., PysinO,, ... 


[132] is also convergent, whatever the values of the arcs 00, 91, 92, ..., On, .-- 


Corollary. — If we suppose in general that 
6, =n8, 
where @ denotes an arbitrary arc, then the two series in (5) become, respectively, 


(6) Po, Picos@, p2c0s20, ..., Prcosnd@, ..., 
pisinO, p2sin20, ..., p,sinné, 


These last two series will therefore always be convergent whenever series (2) is 
convergent. 

If we consider two series at the same time, both of which include positive terms 
and negative terms, we easily prove theorems V and VI of §II about them, as we 
will now see. 


Theorem V. — Let 


20 This is another implicit application of the Comparison Test and Cauchy’s notion of absolute 
convergence. 
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(7) es Uj, U2, «++, Un, +++; 


Vo, Vi, V2, +++) Vn; 
be two convergent series having s and s’, respectively, as sums. Then 
(8) Uo +vVvo, Uy +V1, U2+V2, .--; Un+Vn, --- 
is a new convergent series, having s +s’ as its sum. 
Proof. — If we let 


Sy = Ug +uy+ugt+...+uUy—; and 


S, = Votvi+tve+...+Vn-1,; 


then, for increasing values of n, s, and st, converge towards the limits s and s’, 
respectively. As a consequence, s,, +5j,, that is the sum of the first n terms of series 
(8), converges towards the limit s +s’, which suffices to establish the stated theorem. 


Theorem VI.7! — Under the same hypotheses as the previous [133] theorem, if 
each of series (7) remains convergent when we replace its various terms with their 
numerical values, then 


uov, + UjVo, 
UgV2 + U,V, + U2V0, 


(9) 


is a new convergent series having ss’ as its sum. 


Proof. — Once again, let s,, and s/, be the sums of the first n terms of the two 
series (7), and additionally denote the sum of the first n terms of series (9) by s/’. 
Then we have 


/ WV 
SnSq — Sq = Un—1Vn—1 + (Un—1Vn—2 + Un—2Vn—-1) +... 


+ (Un—1V1 + Un—2v2 +... + U2Vn—2 + UIVn-1) - 


Furthermore, theorem VI was proved in the second section in the case where series 
(7) consists only of positive terms. It is a consequence of this hypothesis that each 
the quantities s,,s/, and s'’ converges towards the limit ss’, for increasing values of n. 


Consequently, the difference s,s}, — s, or what amounts to the same thing, the sum 


Un—1Vn—1 + (Un—1Vn—2 + Un—2Vn—1) +. 


+ (Up_1V1 + Up_2V2 +... + 2Vn_2 + 1Vn_1) ; 


21 This is sometimes known as Mertens’ Theorem. 


6.3 On series which contain positive terms and negative terms. 101 


converges towards the limit zero. 
Now, if some of the terms of series (7) are positive and the others are negative, 
suppose that we denote the numerical values of the various terms by 


Po, Pl, P2; +++5 Pns -++5 
10 
( ) oo 


respectively. Suppose further, as in the statement of the theorem, that series (10), 
composed [134] of these same numerical values, are both convergent. By virtue of 
the remark we have just made, the sum 


Pn—1Ph—1 + (Pn—1Pp—2 + Pn-1Pr_1) ++ 
+ (Pn—1P} + Pn—2P5 +... + P2P)_> + P1P)_1) 


converges towards the limit zero for increasing values of n. Because the numerical 
value of that sum is evidently greater than that of the following 


Un—1Vn—1 1 (Un 1¥n—2 + Un—2Vn i)+... 
+ (Un—1V1 + Un—2v2 +... + U2Vn—2 + UI Vn-1), 


it follows that this latter, or what amounts to the same thing, the difference s,s}, —s! 


itself converges towards the limit zero. Consequently, ss’, which is the limit of the 
product s,,s1,, is also that of s/’. In other words, series (9) is convergent and has as its 


sum the product ss’. 


Scholium. — The previous theorem could not remain true if series (7), assumed 
to be convergent, ceased to be so after the reduction of each term to its numerical 
value. Suppose, for example, that we take both of series (7) to be 


(11) I, 


Series (9) becomes 


1, 
7 +5) 
V2 V2)? 
il 1 1 
(12) 7. tats), 
1 1 ae ') 
Va ae fen Je) * 


[135] This last series is divergent because its general term, namely 


+...$ et 


dif he ee = ly 1 1 
Vn f(n-1)2 /(n—2)3 2 /2(n-1) Vn)’ 


has a numerical value clearly greater than 
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when 7 is even, and greater than 


n 2n 


[ey]? ntl 


2 


when n is odd. That is, in every possible case, it has a numerical value greater than 1. 
Nevertheless, series (11) is convergent. However, we ought to observe that it ceases 
to be convergent when we replace each term with its numerical value, because it 
then changes to series (6) of § II. 


6.4 On series ordered according to the ascending integer powers 
of a single variable. 


Let 
1 2 n 
(1) a0, AX, AQX", ..., AnX,... 


be a series ordered according to the ascending integer powers of the variable x,7* 


where 
(2) 0, 41, A2, +++, Any ++ 


denote constant coefficients, positive or negative. Furthermore, let A be the quantity 
that corresponds to the quantity k of the previous section (see § III, theorem II), 
with respect to series (2).23 The same quantity, when calculated for series (1), is the 
numerical value of the product 

Ax. 


[136] As a consequence, series (1) is convergent if this numerical value is less than 
1, which is to say in other words, if the numerical value of the variable x is less than 
44 On the other hand, series (1) is divergent if the numerical value of x is greater 


than + We may therefore state the following proposition: 


Theorem I. — Let A be the limit towards which the nth root of the largest nu- 
merical values of ay, converge, for increasing values of n. Series (1) is convergent 
for all values of x contained between the limits 


>? Such series had not yet been given the modern name power series. 


Gn+1 


?3 Theorem II of § III is the Ratio Test, so Cauchy is saying that A = lim a, > When this limit 
exists. However, his statements of theorems I and II below and the discussion in between suggest 
that he means A = limsup ¢/|a,|. 


°4 This number i had not yet been given the modern name radius of convergence. 
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c= and x=+45 


and divergent for all values of x situated outside of these same limits. 


Whenever the numerical value of the ratio Sut converges towards a fixed limit, 
this limit is the desired value of A (by virtue of theorem IV, Chap. II, § III). This 
remark brings us to a new proposition that I will write: 


Theorem II. — /f the numerical value of the ratio 


an+1 
an 


converges towards the limit A for increasing values of n, series (1) is convergent for 
all values of x contained between the limits 


1 1 
ieee and t= 


and divergent for all values of x situated outside of these same limits. 


Corollary I. — For an example, take the series 
(3) 1, 26 30) 40, nc, De, 
Because under this hypothesis we find that 


An+1 n+2 =e 1 
an n+1 n+1 


[137] and as a consequence, 
A=1, 


we thereby conclude that series (3) is convergent for all values of x contained be- 
tween the limits 
x=-l1 and x=+1, 


and divergent for all values of x situated outside of these limits. 


Corollary II. — For a second example, take the series 


x 2 x x 


1? 2” 300 noo” 


(4) 


in which the constant term is understood to be zero. Under this hypothesis, we find 
that 
Gn41 1 


a ntl 141 
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and as a consequence, A = |. Series (4) is therefore again convergent or divergent 
according to whether the numerical value of x is less or greater than 1. 


Corollary IIT. — If we take the following for series (1) 


—1 —I1)(u-2)...(u— 1 
(5) 1, ad a cae PO Bee HU )(u ) (u n+ dn ee 
1 Ls2 1-2-3...n 
where LU denotes any quantity, then we find that 
int fan 15 
an n+1 1+; 
and as a consequence, 
—~H jy _1 
A=lim T= T=l. 
1+, I+ 


We thereby conclude that series (5) is, like series (3) and (4), convergent [138] or 
divergent, according to whether we assign a numerical value less or greater than 1 
to the variable x. 


Corollary IV. — Now consider the series 


(6) 1, s, aa ’ = ’ manag aoe 
1 1-2 1-2-3 1-2-3...n 

Because in this case we have 

Qn+1 _ 1 

an n+1 
and, as a consequence 
1 
A=—=0, 


that is, for all possible real values of the variable x. 
Corollary V. — Finally, consider the series 
(7) 1 We Tie A ee ate, RR pesca 


In applying theorem II to this series, we find 


an+1 
an 


=n+1 and A=oco 


and consequently, we have 


6.4 On series ordered according to the ascending integer powers of a single variable. 105 


1 

A 
We thereby conclude that series (7) is always divergent, except when we suppose 
that x = 0, in which case it reduces to its first term 1. 

By examining the results which we have just obtained, we recognize immediately 
that, among series ordered according to increasing integer powers of the variable x, 
some are either [139] convergent or divergent according to the value assigned to this 
variable, while others are always convergent, no matter x might be, and others are 
always divergent, except for x = 0. We may add that theorem I leaves no uncertainty 
about the convergence of such a series, except in the case where the numerical value 
of x becomes equal to the positive constant given by i, that is, when we suppose 


In this particular case, the series is sometimes convergent, sometimes divergent, and 
the convergence sometimes depends on the sign of the variable x. For example, if in 
series (4), for which A = 1, we successively let 


x=1 and x=~-l, 
we obtain the following 
(8) le ‘4, Senin Soey 
(9) -1, +5, -$, +4, 0, £H,ee, 


of which the first is divergent (see the corollary to theorem III in § I) and the second 
is convergent, as follows from theorem III (§ ID. 

It is also essential to remark that, as follows from theorem I, whenever a series 
ordered according to the ascending integer powers of a variable x is convergent for 
a numerical value of x different from zero, it remains convergent if we diminish that 
numerical value, or even let it decrease indefinitely. 

Whenever two series ordered according to the ascending integer powers of the 
variable x are convergent for the same value of the variable, we may apply theorems 
V and VI of § III to them. [140] This remark suffices to establish two propositions, 
which I will state: 


Theorem III. — Suppose that the two series 


(10) ao, aX, a2x, ides Updo xaceh 
bg, Bir, Das ccna Dg a2: 


are both convergent when we assign a particular value to the variable x, and have s 
and s', repectively, as their sums. Then 


(11) ay +bo, (a1 +b1)x, (a2 +b2) x", ..., (an +bn)x", 
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is a new convergent series, having s +s’ as its sum. 


Corollary. — We easily extend this theorem to as many series as we might wish. 
For example, if the three series 


ao, aX, ax, sees 

bo, bx, box”, eee 
2 

CO, C1X, C2X", 


are convergent for the same value assigned to the variable x, and if we denote their 
respective sums by s, s’ and s”, then 


ay tbo +co, (a1 t+bi+e1)x, (a2 +b2+c2)x’, ... 


is a new convergent series, which has s +s’ +s” as its sum. 


Theorem IV. — Under the same hypotheses as the previous theorem, if each of 
series (10) remains convergent when we replace its various terms with their numer- 
ical values, then 


(12) { agbo, (agbi +.) bo) x, (apb2 + a1 b + azbo) x",..., 


seer (aobn +aby_j+...+ayn_1b1 + anbo) x", atts 
is a new convergent series, having ss' as its sum. 


[141] Corollary I. — The previous theorem is found contained in the formula 
(13) (ag tayxtanx?+...(bo+bix+box* +... 
= agby + (aybi +. aibo)x + (aob2 +. ab) + azbo)x? +..., 


which remains true in the case where each of series (10) remains convergent when 
we replace its various terms with their numerical values. Under this hypothesis, 
formula (13) may be used to expand the product of the sums of the two series into a 
new series of the same form. 


Corollary IT. — We may multiply together three or more series similar to (10), 
each of which remains convergent when we replace its various terms with their nu- 
merical values, by repeating the operation indicated in equation (13) several times. 
The product thus obtained is the sum of a new convergent series, ordered according 
to the increasing integer powers of the variable x. 


Corollary III. — In the two preceding corollaries, suppose that all the series 
whose sums we multiply are equal. Then the product we obtain is the integer power 
of the sum of each of these, and this last sum is also represented by the sum of a 
series of the same kind. For example, if we let dg = bo, aj = bi, dz = bo, ..., in 
equation (13) we get 
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(14) (ag tayx+ ax t+.. J — ai + 2aga,x + (2aga2 + ax a en 
Corollary IV. — If we take 


w(w—1)(u—2)...(H=n+1) , 
1-2-3...n 


and 
pee — 1) (w= 2)... (wat) 
1-2:3..0 7 
as the general terms of series (10), where pz and pt’ denote any two quantities, and if 
the variable x is contained between the limits x = —1 and x = +1, then each of series 
(10) [142] is convergent, even if we replace the various terms with their numerical 
values, and the general term of series (12) is 


B(w—1)...Qu-nt+1) | w(u—])...(u—nt+2) pI 


192-3. 3.020 1 
Hw). lant?) wu 1). (nt) 
a coy or 0) ee ae 
_ (+E) (ute l(t —2)... (tent) , 
(eo eee 


Given this, if we let (1) denote the sum of the first of series (10) under the hy- 
pothesis that we have just made, that is if we suppose 


(15) pu) = 14 Hey MED ey 


then under the same hypothesis the sums of series (10) and (12) are denoted (1), 
0(u’) and g(u+'), respectively, so that equation (13) becomes 


(16) P(W)P(H') = Pu +H’). 
Whenever we replace the series 
bo, bix, box”, ... 


in equation (13) with a polynomial composed of a finite number of terms, we obtain 
a formula that never fails to be exact, as long as the series 


dag, aX, ax’, oes 


remains convergent. We will prove this directly by establishing the following theo- 
rem: 


Theorem V. — /f series (1) is convergent and if we multiply the sum of this series 
by the polynomial 
(17) ee ee peg, 
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in which m denotes an integer number, the product we obtain is the [143] sum of a 
new convergent series of the same form, the general term of which is 


(gan + pany +... + ldp—mei + Rijn) as 


as long as, among the first terms, those quantities 


Qn—1, An—2, «++, Gn—m+1; An—m 
that have negative indices are considered to be zero. In other words, we have? 
(kx™ bel px q) (ao ax tax 4 a) 
= qay + (qa, + pao) x+... 
(18) (am + Pam—1+...+ 1a, +kag) x” 


+ (gant pan—1+...+1an—m4i + kan—m) x" +.... 


Proof. — To multiply the sum of series (1) by the polynomial (17), it suffices to 
multiply it successively by the different terms of the polynomial. Thus, we have 


(kx +h" 14+... + px+q) (ao +ayxtaxt.. .) 
=q (ap +ajx+apx? +...) + px (ap +ajxt+anx? +...) 


+)! (ap +.ayx + anx? +.. m + kx (ao +ayxtaxt.. sl ‘ 


Because for any integer value of n we also have 


q (ao Fayx+anx-+...4 ia) 


= gag + qayx + gazx? +... +. gan_1x""|, 


we conclude that, by making n increase indefinitely and passing to the limit, 
q (ao + ayx +apx° + oe 2) = gay + qa,x + garx* + naa 


Similarly, we find 


px (ao a\x ax vou) = paox + pa,x? + parx? ancy 
pel (ao +ayx+agx? +... .) = lagx™—! + layx™ + lagx™t! +..., 
kx” (ao +ayxtaxt+.. a = kagx"™ +kayx"*! + kagx™ 2 +... 


25 The factor x” on the last line of (18) is incorrectly written as x, in [Cauchy 1897, p. 143]. It is 
correct in [Cauchy 1821, p. 160]. (tr.) 
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[144] If we add these last equations and form the sum of the right-hand sides, then 
by gathering together the coefficients of the same powers of x, we obtain precisely 
formula (18). 

Imagine now that we vary the value of x in series (1) by insensible degrees. 
As long as the series remains convergent, that is as long as the value of x remains 
contained between the limits 


1 1 
pe d - 
A an 1 a 
the sum of the series is (by virtue of theorem I, § I) a continuous function of the 
variable x. Let @(x) be this continuous function. The equation 


Q(x) = ag tayxtanx +... 


remains true for all values of x contained between the limits -t and + t which we 
indicate by writing these limits beside the series, as we see here: 


1 1 
(19) @(x) = ay +ayx+anx* +... (x=-3.x=43). 


When the series is assumed to be known, we may sometimes deduce from it 
the value of the function @(x) in a finite form, and it is this that we call summing 
the series. However, more often the function (x) is given, and we propose return 
from this function to the series, or in other words, to expand”® the function into 
a convergent series ordered according to increasing integer powers of x. On this 
matter, it is easy to establish the proposition that I will state: 


Theorem VI. — A continuous function of the variable x can be expanded in only 
one way as a convergent series ordered according to the increasing integer powers 
of this variable. 


Proof. — Indeed, suppose that we have expanded the function @(x) by two [145] 
different methods, and let 


2 

a0, A1X, A2X~, ..., nx", ..., 
2 

bo, Dix, box-, ..., byx", ... 


be the two expansions, that is two series, each convergent for values of x other than 
zero, and each having the function @(x) as its sum, as long as it remains convergent. 
Because these two series are constantly convergent for very small numerical values 
of x, for such values they have 


agtaxtanxt+...=botbixtbot.... 


By making x vanish in the previous equation, we get 


26 Literally to “develop” (développer) (tr.). 
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dag = bo. 
In general, it follows that we may reduce that equation to 
ayx+anx? + i= bixt box? + bay 
or what amounts to the same thing, to 
x(a) +aox+...) =x(by +box+...). 

If we multiply both sides of this last equation by i, we obtain the following 

aytanxt+...=bi+box4+..., 


which must also remain true for very small numerical values of the variable x. By 
letting x = 0, we may conclude from this that 


aj = by . 
By continuing in the same way, we may show that the constants ao, a1, a2, ..., are 
equal to the constants bo, bi, b2, ..., respectively. From this it follows that the two 


expansions of the function @(x) are identical. 

The differential Calculus gives very expeditious methods for expanding functions 
into series. We will describe these methods later on. [146] For now we will limit 
ourselves to expanding the function (1 +.x)“, in which u denotes any quantity, and 
using this to derive expansions of two other functions, which follow easily from the 
first, namely: 

A* and log(1+x), 


where A denotes a positive constant and log denotes the characteristic of the log- 
arithm in a system chosen at will. As a consequence, we will solve the following 
three problems, one after another: 


Problem I. — When possible, to expand the function 
(1+x)# 


into a convergent series ordered according to increasing integer powers of the vari- 
able x. 


Solution. — First of all, suppose that u = m, where m denotes any integer num- 
ber. By the formula of Newton, we have 


Kb Bi ee 


m  m(m—1) 5 
1 1-2 


(L4+x)™=1+ 


The series whose sum constitutes the right-hand side of this formula is always com- 
posed of a finite number of terms. However, if we replace the integer number m by 
any quantity 1, the new series that we obtain, namely 
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(5) 1 Hy, HMA) 2 


is eee © a a 
is generally composed of an indefinite number of terms and is convergent only for 
numerical values of x less than 1. Under this hypothesis, let (1) be the sum of the 
new series, so that we have 

-—1 

(5) (wyatt Be PED an, x= 4). 
By virtue of theorem I (§ I), (2) is a continuous function of the [147] variable pL, 
between arbitrary limits of this variable, and we have (see theorem III, Corollary 
IV) 
(16) P(W)P(H') = PM +H’). 
Because this last equation is entirely similar to equation (2) of chapter V (§ J), it is 
solved in the same manner, and we conclude thereby that 


p(w) = [PF = (1 +x)F. 


If we substitute the value of @(1) determined in this way into formula (15), we find 


that for all values of x contained between the limits x = —1 and x = +1, 
—1 
(20) (taytai¢ Be BE, esi, bei), 


Whenever the numerical value of x is greater than 1, series (5) is no longer con- 
vergent and ceases to have a sum, so that equation (20) no longer remains true. 
Under the same hypothesis, as we shall prove later with the aid of the infinitesimal 
Calculus, it is impossible to expand the function (1+ x)" into a convergent series 
ordered according to the ascending powers of the variable x. 


Corollary I. — If we replace w by 7 and x by @x in equation (20), where @ 
denotes an infinitely small quantity, then for all values of @&x contained between the 
limits —1 and +1, or what amounts to the same thing, for all values of x contained 
between the limits og and +3, we have 


(tie =i¢ss= 1-0) 4+2,0-0)-2a) 4... 


(*=-g *= +). 
This last equation ought to remain true, no matter how small the numerical value 
of @ may be. If we denote as usual by the abbreviation lim placed in front of an 
expression that includes the variable @ the [148] limit towards which this expression 
converges as the numerical value of a decreases indefinitely, then in passing to the 
limit, we find 


(21) lim(1+ax)¢=14+24— is 
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; = I rat . 
It remains to seek the limit of (1 + ax) @. First, from the previous formula we get 


1 1 1 1 
lim(1 a=] abs 
im(1 + a) vs? on5 ' gone ; 
or in other words, 
1 
(22) lim(1+ a@)¢ =e, 


where e denotes the base of Napierian logarithms [see § I, eq. (6)]. We conclude 
immediately that 


lim(1 + ax) % =e, 
and as a consequence, 
: A, : AL : 
lim(1 + ox) # =lim [a + ax) a =e. 
Now if we substitute the value of lim(1 + a)a into equation (21), then we obtain 
the following: 
2 3 


x Xx x 
2 x] a 
(23) e€ tao oT Toa” 


(x = —00, x = +00). 


We may derive equation (23) directly by observing that the series 


x x 


1-27 1-2-37 °° 


Xx 
= 
6) a 


is convergent for all possible values of the variable x and then seeking that function 
of x which represents the sum of this same [149] series. Indeed, let p(x) be the sum 


of series (6), which has 


xt 


1s 2-3 5200 
as its general term. Then @(y) is the sum of the series whose general term is 


n 


no 
[33.0 


By virtue of theorem VI, § III, the product of these two sums is the sum of a new 
series that has 


xt x 1 y 


26.08 1F3.n— 1) 1 
x ye xn (x ate yy" 


T7195, c= 2) * hous 103 an 


Eva's 


as its general term. This product is therefore equal to (x+y), and consequently, if 
we let 
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(x) =14+54 £ P “ 
x)= ale 
v i 12° 133 


then the function @(x) satisfies the equation 


P(x) P(y) = P(x+y). 


Solving this equation, we find 


That is 
Q(x) =e". 


Corollary I. — If we divide both sides of (20) by uw after subtracting | from both 
sides, the equation that we obtain may be written as follows: 


(l+x)#—1 Pe < 1 
=» S50) +50-w) (1-31) 


[150] If we let 4 converge towards the limit zero in this last equation we find, by 
passing to the limit, that?” 


(1+x)#—-1 ae 
m =x 


(24) li 7 : 


Furthermore, when In denotes the characteristic of Napierian logarithm, taken in the 
system whose base is e, then we evidently have 


iT +x= ein+s) 


and 
2 2: 
(1+x)# — pltin(atx) _ ee LIn(a+x) rf u (In(1 +x)| eee 
1 1-2 
We conclude that 
1 H_y] 

(hea =t =In(1+x) +5 [in(1 +a)? +... 

Consequently 
1 H_y] 

(25) tim SEAT =In(1+x). 


Given this, formula (24) becomes 


27 Cauchy indeed uses a + sign following = in [Cauchy 1821, p. 169, Cauchy 1897, p. 150]. Note 
the contrast with equation (26). (tr.) 
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2 3 
(26) In(1+x) =x- 545... (x=—-1, x=41). 


The preceding equation remains true as long as the numerical value of x remains 
smaller than 1. In this case, the series 


(27) Xx, a a al 
is convergent, as is series (4), which differs from it only in the signs of the terms 
of odd order.”* Because these same series are divergent when we suppose that the 
numerical value of x is greater than 1, equation (26) ceases to hold under this hy- 
pothesis. 

In the particular case where we take x = 1, series (27) reduces to series (3) of 
the third section, which is convergent, [151] as we have shown. Thus, equation (26) 
ought to remain true, so that we have 


1 1 1 
2 In(2)=1-~=+=-—-+.... 
On the other hand, if we let x = —1, then series (27) is divergent and has no sum. 


We may further note that, if after substituting —x for x in formula (26), we change 
the signs on both sides of the equation, we obtain the following 


1 2 3. 
(29) n() Sper. 8 tS bee), 
Xx 


Problem II. — To expand the function 


x 
A’, 
where A denotes an arbitrary number, into a convergent series ordered according to 
increasing integer powers of the variable x. 


Solution. — We continue to let the characteristic In denote the Napierian loga- 
rithm taken in the system whose base is e. From the the definition of this logarithm, 
we have 

A = inlA) 


‘J 


and we thereby conclude that 
(30) At = onl), 


Consequently, using equation (23), we have 


28 This use of “odd order” (rang impair) in both [Cauchy 1821, p. 170] and [Cauchy 1897, p. 150] 
may be an error. On the other hand, for Cauchy, the rang may mean the position of a term in 
a series, starting with order zero. So in series (27), terms of odd order may be the ones of even 
degree. However, this does not seem to have been the case in series (4) of this section [Cauchy 
1821, p. 153, Cauchy 1897, p. 137]. 
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,  xIn(A) x2 fin(Ay? x3 fin(ayP 
G1) A 1+ 1 + 1-2 + 123 +... 


(x= =o, x= co), 


This last formula remains true for all possible real values of the variable x. 


Problem III. — Letting the characteristic log denote the logarithm taken [152] 
in the system whose base is A, to expand the function 


log(1+2), 


where possible, into a convergent series ordered according to increasing integer 
powers of the variable x. 


Solution. — Still denoting the characteristic of the Napierian logarithm by In, by 
virtue of well-known properties of the logarithm, we have 


_ log(1+x) _ In(1+x) 
ve a 


Consequently, making use of equation (26), we find that for all values of x contained 
between the limits —1 and +1, 


2 3 
(32) log( +3) = Tp (x ats ) (Cae shh 


This last formula remains true even in the case where we take x = 1, but it ceases to 
hold whenever we have x = —1 or x? > 1. 


Chapter 7 
On imaginary expressions and their moduli. 


7.1 General considerations on imaginary expressions. 


[153] In analysis, we call a symbolic expression or symbol any combination of al- 
gebraic signs that do not mean anything by themselves or to which we attribute a 
value different from that which they ought naturally to have. Likewise, we call sym- 
bolic equations all those that, taking the letters and the interpretations according to 
the generally established conventions, are inexact or do not make sense, but from 
which we can deduce exact results by modifying and altering either the equations 
themselves or the symbols which comprise them, according to fixed rules. The use 
of symbolic expressions or equations is often a means of simplifying calculations 
and of writing in a short form results that appear quite complicated. We have already 
seen this in the second section of the third chapter where formula (9) gives a very 
simple symbolic value to the unknown x satisfying equations (4).! Among those 
symbolic expressions or equations which are of some importance in analysis, we 
should distinguish above all those which we call imaginary. We are going to show 
how we can put them to good use. 

We know that the sine and the cosine of the arc a+ are given as functions of 
the sines and cosines of the arcs a and b by the formulas 


(1) te (a+b) = cosacosb~—sinasinb, 


sin(a+b) = sinacosb-+sinbcosa. 


[154] Now, without taking the trouble to remember these formulas, we have a very 
simple means of recovering them at will. Indeed, it suffices to consider the following 
remark. 

Suppose that we multiply together the two symbolic expressions 


' Formula (9) [Cauchy 1821, p. 80, Cauchy 1897, p. 79] is Cramer’s rule. Equations (4) [Cauchy 
1821, p. 77, Cauchy 1897, p. 76] comprise a system of n linear equations in n unknowns. 


R.E. Bradley, C.E. Sandifer, Cauchy’s Cours d’analyse, Sources and Studies i es 
in the History of Mathematics and Physical Sciences, DOI 10.1007/978-1-4419-0549-9_7, 
© Springer Science+Business Media, LLC 2009 
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cosa+./—lsina and 
cosb+/—Isinb, 


by applying the known rules of algebraic multiplication as if \/—1 were a real quan- 
tity the square of which is equal to —1. The resulting product is composed of two 
parts, one entirely real and the other having a factor of \/—1. The real part gives the 
value of cos(a +b) while the coefficient of \/—1 gives the value of sin(a+b). To 
establish this remark, we write the formula 


cos(a+b) + V/—Isin(a+b) 
= (cosa + /—Isina) (cosb+ V—Isinb) ' 


The three expressions that make up the preceding equation, namely 
cosa +/—Isina, 
cosh +./—l1sinb and 
cos(a+b) +./—I1sin(a+b), 


(2) 


are three symbolic expressions that cannot be interpreted according to the generally 
established conventions, and they do not represent anything real. For this reason, 
they are called imaginary expressions. Equation (2) itself, taken literally, is inexact 
and it does not make sense. To get exact results, first we must expand its right-hand 
side by algebraic multiplication, and this reduces the expression to 


cos(a+b) + /—Isin(a+b) 


(3) 
= cosacosb—sinasinb+ /—1(sinacosb+sinbcosa). 


Secondly, we must equate the real part [155] of the left-hand side of equation (3) 
with the real part of the right-hand side, and then the coefficient of /—1 on the 
left-hand side with the coefficient of \/—1 on the right. Thus we are brought back to 
equations (1), both of which we ought to consider as implicitly contained in formula 
(2). 


In general, we call an imaginary expression any symbolic expression of the form 
a+pvV-1, 
where @ and B denote real quantities. We say that two imaginary expressions 
a+BV-1 and y+dV-1 


are equal to each other when there is equality between corresponding parts: 1° be- 
tween the real parts a and y,” and 2° between the coefficients of \/—I, namely B 
and 6. We indicate equality between two imaginary expressions in the same way 


> This is incorrectly written as “real parts, @ and B” in [Cauchy 1897, p. 155]. It was correct in 
[Cauchy 1821, p. 176]. (tr.) 
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that we indicate it between two real quantities, by the symbol =, and this results in 
what we call an imaginary equation. Given this, any imaginary equation is just the 
symbolic representation of two equations involving real quantities. For example, the 


symbolic equation 
at+pV-1l=y+6vV-1 


is just equivalent to the two real equations 
a=y and B=6. 
In the imaginary expression 


a+BV/-1, 


when the coefficient B of \/—I vanishes, the term B./—1 is understood to be zero, 
and the expression itself reduces to the real quantity a. By virtue of this convention, 
imaginary expressions include the real quantities as special cases. 

Imaginary expressions may be subjected to the same operations of Algebra as 
real quantities. In particular, if we perform addition, subtraction or multiplication 
[156] of two imaginary expressions, they operate according to the established rules 
for real quantities, and we obtain as a result a new imaginary expression that we 
call the sum, the difference or the product of the given expressions, and the ordinary 
notations are used to indicate that sum, difference or product. For example, if we 
are given two imaginary expressions, 


a+BV/-1 and y+6V-1, 
we find 
(4) (a+Bv=1) + (y+ 8V=1) = a+ 7+ (B+8) V=1, 
(5) («+BV=1) -(y+5V=1) = a—y+(B-8)V=1, 
(6) (a+BVv-1) x (y+5v-1) = ay—B5+(ad+By)V—-1. 


It is worth remarking that the product of two or more imaginary expressions, like 
that of two or more real binomials, remains the same regardless of the order in which 
we multiply the different factors.? 

To divide a first imaginary expression by a second is to find an imaginary expres- 
sion which, when multiplied by the second, reproduces the first. The result of this 
operation is the quotient of the two given expressions. To indicate this, we use the 
ordinary symbol for division. So, for example, 


at+B/-1 
vy+6./-1 


3 Although [Servois 1814] introduced the word “commutative” to describe this property, Cauchy 
has not adopted it here. 
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represents the quotient of the two imaginary expressions 
a+BV-1 and y+6vV-1. 


To raise an imaginary expression to the power m (where m denotes an integer 
number) is to form the product of m factors equal to that expression. We write the 
mth power of @ + B/—1 with the notation 


(a+pv=1)" 


[157] To extract the nth root of the imaginary expression @ + B\/—1, or in other 
words to raise this expression to the power i (where n denotes any integer number), 
is to form a new imaginary expression whose nth power reproduces a+ B /—1. This 
problem has several solutions (see § IV), and as a result, the imaginary expression 
a +B /—I has several roots of degree n. When we do not wish to distinguish any 
one of these roots, we use the notation 


{/ a+ pV/-1, 


((a+Bv=1))", 


In the particular case where B vanishes, a + B./—1 reduces to a real quantity a, 
and among the values of the expression 


or the following, 


we may find one or two real roots, as we will see below. 

In addition to the integer powers and the corresponding roots of imaginary ex- 
pressions, we must often consider what we call their fractional and negative powers. 
On this subject, we ought to make the following remarks. 

To raise the imaginary expression a + B/—1 to a fractional power > Supposing 
that the fraction - is reduced to its lowest terms, we must: 1° extract the nth root of 
the given expression; and 2° raise this root to the integer power m. As this problem 
can be solved in several ways (see below, § IV), we denote indistinctly any one of 
the powers * by the notation 


((a+Bv=1))*. 


[158] In the particular case where B is zero, one or two of these powers can be real. 


To raise the imaginary expression @ + B.\/—1 to a negative power, —m or —i or 


— is to divide 1 by the power m or + or ™ of the same expression. The problem 
n n n 


has a unique solution in the first case, and several solutions in the two others. We 
denote the power —m with the simple notation 
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(a+Bv-1) ”, 


while the two notations 


and 


(«sev * 


represent, in the first case, any of the powers — ‘, 
powers —". 

We say that two imaginary expressions are conjugate* to each other when the two 
expressions differ only in the signs of the coefficient of \/—1. The sum of two such 
expressions is always real, as is their product. Indeed, the two conjugate imaginary 


expressions 


and in the second case, any of the 


a+BV—-1 and a—BV-1 


have as their sum 2@ and as their product a + 8. The last part of this observation 
brings us to a theorem about numbers, which is stated here: 


Theorem I.° — /f we multiply together two integer numbers that are each the 
sum of two squares, then the product is always a sum of two squares. 


Proof. — Let the integer numbers be 
ao? +B? and a?+B”, 


[159] where a, B*, a and B” denote perfect squares. We evidently have the two 
equations 


(a+ BV—1)(a!' + B'V—-1) = ao! — BB’ + (a@B' + o'B)V—1 


and 


(a — BV—1)(a!' — B' V1) = aca! — BB’ — (a! + o'B)V—-1 


and, by multiplying these term by term, we obtain the following 


(7) (a? + B*) (a2 +B) = (aa’ — BB’)? + (acB'+.a’B)”. 
If we interchange the letters a’ and B’ in this last expression, we get 
(8) (a? +B?) (a? +B?) = (a' — a B)* + (aa' + BB)”. 


+ According to [Smith 1958, vol. 2, p. 267], this is the first use of the term “conjugate” in this 
sense. 

> This fact of number theory is sometimes called Lagrange’s Theorem, though it is not originally 
due to Lagrange. See, for example, [Euler 1758]. 
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Thus, in general we have two ways to decompose into two squares the product 
of two integer numbers each of which is the sum of two squares. Thus, for example, 
one draws from equations (7) and (8) 


(27 +1) (32+27) =47+77 = 17487. 


We see from these examples that the use of imaginary expressions can be of great 
use, not only in ordinary Algebra but also in the Theory of numbers. 

Sometimes we represent an imaginary expression by a single letter. It is an arti- 
fice which augments the resources of Analysis and we will make use of it in what 
follows. 


7.2 On the moduli of imaginary expressions and on reduced 
expressions. 


A remarkable property of any imaginary expression 
a+BV-1 


is that it can be put into the form 
p (cos@ + V—Tsin@ ) ; 


[160] where p denotes a positive quantity and @ a real arc. Indeed, if we write the 
symbolic equation 


(1) a+ BV=1 =p (cos + V—Tsiné), 
or what amounts to the same thing, the two real equations 


a&=pcos@ and 
(2) . =psing, 
and we get 
a” + B? = p? (cos* 6 +sin* a) = p> and 


(3) p= va? + p. 


Having thus determined the value of the number p, all that remains to verify com- 
pletely equations (2) is to find an arc 9 such that its cosine and sine are, respectively, 


—_ a 
cos@ = VanrB and 


(4) an 
sin ~ ob B 
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This last problem is always solvable because each of the quantities Vere and 
ae 
B 


VornBi has a numerical value less than | and the sum of their squares is equal to 1. 
a+ 


Moreover, it has infinitely many different solutions because, having calculated one 
suitable value of the arc 8, we can increase or decrease this arc by any number of 
circumferences without changing the value of the sine or the cosine. 

When the imaginary expression @ + B\/—1 is put into the form 


p (cos@ + V—Isin8) , 


the positive quantity p is called the modulus® of this imaginary expression. What 
remains after the suppression of the modulus, that is [161] to say the factor 


cos9+/—1sin@, 


is called the reduced expression. Because we take the quantities @ and f to be 
known, we get only one unique value for the modulus p as determined by equation 
(3), and as a result, the modulus remains the same for any two imaginary expressions 
that are equal. Thus we can state the following theorem: 


Theorem I. — The equality of two imaginary expressions always entails the 
equality of their moduli, and as a consequence, the equality of their reduced expres- 
sions. 


If we compare two conjugate imaginary expressions to each other, we find that 
their moduli are equal. The square of their common modulus is simply their product. 

When the second term B vanishes in the imaginary expression a + B \/—1, this 
expression reduces to a real quantity @. Under the same hypothesis, we get from 
equations (3) and (4): 1° when @ is positive, that 


p=Vve, 
cos@=1 and sind =O, 


and so 
6=+2k7, 


where k denotes any integer number; and 2° when @ is negative, that 
p=va, 
cos@=—I1 and sin@=0, 


and so 


0= +(2k+ 1)z. 


6 According to [Smith 1958, vol. 2, p. 267], this is the first use of the term “modulus” in this sense. 
However, [Grattan-Guinness 1990, vol. 2, p. 170] cites an earlier use in [Cauchy 1817]. 
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Thus the modulus of a real quantity @ is simply its numerical value V a and the 
reduced expression that corresponds to such a quantity is always +1 or —1, namely 


+1 =cos(+2km) + /—1sin(+2kz), 


[162] whenever @ is a positive quantity, and 


—1=cos(+2k+12) + V—Isin(£2k+172), 


whenever & is a negative quantity. 

Any imaginary expression that has modulus zero itself reduces to zero because 
its two terms vanish. Conversely, because the cosine and the sine of an arc are never 
zero at the same time, it follows that an imaginary expression cannot be reduced to 
zero unless its modulus vanishes. 

Any imaginary expression which has | as its modulus is necessarily a reduced 
expression. Thus, for example, 


cosa+/—Isina, cosa — /—Isina, 
—cosa—/—lsina and —cosa+./—lsina 


are four reduced expressions forming two conjugate pairs. In fact, to get these four 
expressions from the formula 


cos9+V—1sin8, 
it is enough to take successively 


=+2kt+a, 6 = 42kn —a, 
=+(2k+1)a+a and @=+(2k+1)a~-a, 


where k denotes any integer number. 

Calculations involving imaginary expressions can be simplified by considering 
reduced expressions. It is important to take note of their properties. These properties 
are contained in the theorems that I am about to state. 


Theorem II. — To multiply together two reduced expressions 
cos8+V/—I1sin@ and cos0’+/—I1sin6’, 
it suffices to add the corresponding arcs @ and @'. 
[163] Proof. — Indeed, we have 


6) (cos @ + /—Isin@) (cos 6’ + V/—Tsin@’) 
=cos(0+6')+/—Isin(@ +6"). 
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Corollary. — If we make 6’ = —@ in the previous theorem, we find, as we might 
expect, 


(6) (cos6 + V—Isin) (cos — V—Isin@) a 


Theorem III. — To multiply together several reduced expressions, 
cos 0 + V—1sin@, cos 6’ + /—1sin6’, cos@” + /—1sin@”, ..., 
it suffices to add the corresponding arcs, 0, 0', 0", .... 


Proof. — Indeed, we have successively,’ 


(cos 8 + V/—I sin @)(cos 6’ + /—1sin 0’) 
=cos(@+ 6’) + /—I1sin(@ + 6’), 


(cos 6 + /—1 sin 8) (cos 6’ + V/—1sin 8’) (cos 8” + /—1 sin 0”) 
= [cos(@ + 6’) + V/—Isin(6 + 6’)] (cos 6” + /—Isin 8”) 
= cos(@ + 6’+ 6”) + /—1sin(@ + 6’+ 0"), 


and, continuing in the same way, we find in general that whatever the number of 
arcs, 9, 6’, 0”, ... may be, 


(cos 6 + /—Isin@) (cos 6’ + /—1sin@’) (cos 6” + /—1sin 0") _ 


) =cos(@+6'+ 6" +...)+/—Isin(@+ 0’ +0"+...). 


Corollary. — If we expand the left-hand side of equation (7) by ordinary multi- 
plication,*® the expansion will consist of two parts, one real and the other having a 
factor \/—1. Given this, the real part will take on the value 


cos (0+ 6'+6"+...), 
[164] and the coefficient of \/—1 in the second part will have the value 
sin(9+6'+@"+...). 


For example, suppose that we are considering only three arcs, @, 6’ and 6”. Then 
equation (7) becomes 


(cos @ + /—Isin@) (cos 0’ + V/—Isin 6’) (cos 0” + /—Isin6”) 
= cos (6+ 6’ + 6”) + /—1sin(@ + 6’+ 0”) 


7 Tn the fourth line of this calculation, then term cos(@ + 9’) was missing the right parenthesis in 
[Cauchy 1897, p. 163]. [Cauchy 1821, p. 187] was parenthesized properly. (tr.) 

8 Cauchy calls this multiplication immédiate. It is not clear how this is different from what he calls 
“algebraic multiplication.” 
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and, after expanding the left-hand side of this last equation by algebraic multiplica- 
tion, we conclude that 


cos (8 +64 0”) = cos@cos6’cos 0” —cos @ sin @’ sin 0” 


te } WV : : / 1 
—sin@cos@ sin@ — sin @ sin 0 cos @ 
and? 


sin(@+6'+6") = sin@cos 6’ cos 6” + cos @ sin 8’ cos 0” 


+cos 6 cos 6’ sin 6” — sin @ sin’ sin 6”. 
Theorem IV. — To divide the reduced expression 
cos 86+ /—1sin@ 


by the following 
cos 6’ + V/—Isin@’, 
it suffices to subtract the arc @' that corresponds to the second expression from the 


arc @ corresponding to the first. 


Proof. — Let x be the quotient we are seeking, so that 
cos 8+ /—1sin@ 
x= : 
cos 6’ + /—1sin 0’ 


This quotient ought to be a new imaginary expression chosen so that when it is 
multiplied by cos 6’ + \/—1sin@’ it reproduces cos 6 + \/—1 sin @. In other words, 
x ought to satisfy the equation 


(cos 6’ + V—Tsin 6) x= cos + V—Tsind. 


To solve this equation for x, it suffices to multiply both sides by 
cos 0’ — /—Isiné’. 


[165] In this way we reduce the coefficient of x to | (see theorem II, corollary J, 
and we find that 


x= (cos@ + V—Tsind J (cos ¢’ — V/—Isin 6") 
= (cos@ + V—Tsind ) [cos (—6’) + V—Isin (-6’)| 
= cos (6 — 6’) + V—Isin (6 — 0’). 


° The minus sign preceding the final term in the next equation is a plus sign in [Cauchy 1897, 
p. 164]. This error was not present in [Cauchy 1821, p. 188]. (tr.) 
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Thus, we definitely have 


cos@+./—1sin@ 
cos 8’ + \/—I1sin@’ 


Corollary. — If we take 6 = 0 in equation (8), we have 


(8) = cos (6 — 6’) + /—Isin (0 — 6’). 


1 


_ ! EFA 
cos 6’ + \/—Isin 0’ cele i 


(9) 


Theorem V.!° — 70 raise the imaginary expression 


cos@+ /—I1sin@ 


to the power m (where m denotes any integer number), it suffices to multiply the arc 
@ in this expression by the number m. 


Proof. — Indeed, because the arcs 0, 9’, 0”, ... could be arbitrary in formula (7), 
if we suppose that they are all equal to @, and that there are m of them, we find 


(10) (cos6+ V—Tsin8)" = cosmo + V—Tsinmd. 


Corollary. — If in equation (10) we take successively 9 = z and then @ = —z, 
we get the following two equations: 


(cosz+ V-l sinz)” =cosmz+./—lsinmz and 
(cosz —vV-l sinz)”” = cosmz— \/—1sinmz. 


Because they are always the product of m equal factors, the left-hand sides of each 
of these last equations can be expanded by ordinary multiplication of these factor, or 
what amounts to the same thing, by the [166] formula of Newton.!! After expanding 
the equation, if we equate corresponding parts in each equation: 1° the real parts and 
2° the coefficients of J-1 , we conclude 


(1) 


—] = ‘ 
cosmz = cos” z— mart) cos’? z sin” z 


m(m—1)(m—2)(m—3) Prey, SE: | 
+930 COS™ Zin" Z—..., 


(12) 


sinmz = *eosz™! sinz 


= sce clea cos”—3 zsin? z+... 


'0 This theorem is known as de Moivre’s Theorem, although it seems de Moivre did not give the 
result in this form; see [Kline 1990, vol. 2, p. 409]. Euler treated this material in more detail in 
(Euler 1748, vol. 1, ch. VII, § 132 ff]. 


'l That is, Newton’s binomial formula. 
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Supposing m = 2, for example, we find 


2 2 


cos2z = cos“-z—sin*z and 


sin2z = 2sinzcosz. 
Supposing m = 3, 
_ 3 7) 
cos 3z = cos’ z—3coszsin*z and 
sin3z = 3cos” zsinz— sin® z, 


and so on. 


Theorem VI. — To raise the imaginary expression 


cos8+ /—I1sin@ 


to the power —m, (where m denotes any integer number), it suffices to multiply the 
arc @ in this expression by the degree —m. 


Proof. — Indeed, from the definition we have given of negative powers (see § J), 
we get 
1 
(cos 6+ /—Isin Q)” 
1 
cosm@ + /—1sinm@— 


(cos 6+ \/—lIsin 6) ~ — 


Consequently, using formula (9) we get 


(13) (cos@+V—Tsine) ” = cosm —+/—Isinm®, 


[167] or what amounts to the same thing, 


(14) (coso+V=Tsin8) " =cos( m0) +V—Isin(—m6). 


After establishing the principal properties of reduced expressions, as we have 
just done, it becomes easy to multiply or divide two or more imaginary expressions 
if we know their moduli, as well as to raise any imaginary expression to a power m 
or —m, (where m denotes an integer number). Indeed, we can easily perform these 
different operations with the aid of the following theorems: 


Theorem VII. — To obtain the product of two or more imaginary expressions, it 
suffices to multiply the product of the reduced expressions to which they correspond 
by the product of the moduli. 
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Proof. — The stated theorem follows immediately from the principle that the 
product of several factors, real or imaginary, remains the same regardless of the 
order in which one multiplies them. Indeed, let 


p (cos@ + /—Isin@), p’ (cos 6’ + /—1sin6’) , 
p" (cos 0” + /—1sin@”), ... 


be several imaginary expressions, where p, p’, p”, ... denote their moduli. When 
we want to multiply these expressions together, where each expression is the prod- 
uct of a modulus and a reduced expression, we can, by virtue of the principle just 
mentioned, form one part as the product of the moduli, and the other as the product 
of all the reduced expressions, then multiply together these two products. In this 
way, we find that the final result is 


(15) pp'p"... [cos (0+0/+6" +...) +V—Tsin(0+6'+0"+...)]. 


Corollary I. — The product of several imaginary expressions is a new imaginary 
expression which has as its modulus the product of the moduli of all the others. 


Corollary IT. — Because an imaginary expression can never vanish [168] unless 
its modulus vanishes, and because in order to make the product of several moduli 
vanish, it is necessary that one of them reduces to zero, it is clear that one may draw 
from theorem VII the following conclusion: 


The product of two or more imaginary expressions cannot vanish except when 
one of the factors reduces to zero. 


Theorem VIII. — To obtain the quotient of two imaginary expressions, it suffices 
to multiply the quotient of their corresponding reduced expressions by the quotient 
of their moduli. 


Proof. — Suppose that it is a matter of dividing the imaginary expression 
p (cos@ + V—Tsin@ ) F 
where the modulus is p, by the following 
p’ (cos 6’ + /—Isin 6") ; 


where the modulus is p’. If we denote by x the desired quotient, then x must be a 
new imaginary expression satisfying the equation 


p’ (cos6’ + V—Tsin 6") x =p (cos6 + V—Isin@). 


To solve this equation for the value of x, we multiply both sides by the product of 
the two factors 
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1 
p! 


In this way we find, writing ra in place of p a that 


and cos@’+V—I1sin@’. 


x= fo [cos (0 — 6’) + V—Tsin (9 —6’)| ; 
p 
Thus, in the final analysis we have 


p (cos@ + /—Isin@) Pp 
p’ (cos 6’ + /—Isin 6’) pl 


[169] Because, by virtue of theorem IV, 
cos (6 — 6’) + V—Isin (0 — 0) 


is precisely the quotient of the two reduced expressions 


(16) 


[cos (@— 6") + V—Tsin (6 —6")]. 


cos8+V—1sin@ and cos@’+V—I1siné’, 


it is clear that, having established formula (16), we ought to consider theorem VHI 
as being proved. 


Corollary. — If we take @ = 0 in equation (16),!* we have 


(17) 


: = 1 / : ! 
p’ (cos6’+/—Isin’)  p’ (cose —v—Isin@ ). 


Theorem IX. — To obtain the mth power of an imaginary expression (where m 
denotes any integer number), it suffices to multiply the mth power of the correspond- 
ing reduced expression by the mth power of the modulus. 


Proof. — Indeed, if in theorem VII we take the imaginary expressions 
p (cos0+/—Isin@ ), 
p’ (cos 6’ + /—Isin 6’), 
p” (cos 6” + /—1sine”) , 


all to be equal to each other and to be m in number, their product will be equivalent 
to the mth power of the first one, that is to say, equal to 


lp (cos6+ V—Tsiné)|". 


Under this hypothesis expression (15) becomes 


'2 Apparently Cauchy means to take p = | as well as 6 = 0. 
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p” (cos me+vV/-1 sinm® ) ; 


Ultimately, we have 


(18) lp (cos 6+ /—Isin 6)| g =p (cos m@+v/-1 sinm® ) : 
[170] The reduced expression 
cosm@ + /—I1sinm@ 


is equal (by virtue of theorem V) to 


(cos@+V—Tsing) 


Thus, having established formula (18), it follows that we ought to consider theorem 
IX to be proved. 


Theorem X. — To raise an imaginary expression to the power —m (where m 
denotes an integer number), it suffices to form the same powers of the modulus and 
of the reduced expression, then to multiply the two parts together. 


Proof. — Suppose that it is a matter of raising the following imaginary expression 
to the power —m 


p (cos@ + V—Tsin8) , 


where the modulus is p. By virtue of the definition of negative powers, we have 


1 


cos@ + /—Isin@) |” 
1 


~ p (cosm@ + V/—Isinm®) ° 


lp (coso +V=Tsine)] " = ia 


Consequently, making use of formula (17), we find 
—m 1 
lp (cos@ + V—Tsin@) | = pm (cosmo — /—Tsinm® ) 
or what amounts to the same thing, 


(19) lp (cos 6+/—Isin 6) | ie op (cos me — V—Isinm6 ) . 


This last formula, together with equation (13), gives the complete proof of theorem 
X. 
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7.3 On the real and imaginary roots of the two quantities +1 and 
—1 and on their fractional powers. 


[171] Suppose that m and n denote two relatively prime integer numbers. If we use 
the notations adopted in § I, the nth roots of unity, or what amounts to the same 
thing, the powers of degree ‘ are the various values of the expression 


m 
n 


and likewise, the fractional positive or negative powers of unity of degree 
are the various values of a 
(1))" or (jo. 


Thus we conclude that to determine these roots and powers it suffices to solve the 
following three problems, one after another. 


m 
or —7 


Problem I. — To find the various real and imaginary values of the expression 


Ow 


Solution. — Let x be one of these values, and in order to present it in a general 
form that includes the real quantities and the imaginary quantities at the same time, 
suppose that 


x= r (cost + V—Tsint) ; 


where r denotes a positive quantity and ¢ denotes a real arc. Because of the definition 


of the expression ((1)) n , we have that 
(1) x=1, 


or what amounts to the same thing, 


r’ (cosnt + Vv—-1 sinnt) =), 


[172] We can draw from this last equation (with the aid of theorem I, § ID 
r’=1 = and 
cosnt +./—1sinnt = 1, 


and so, 


r=], 


cosmt=1, sinnt=0, nt=+2km and 
_2kt 
on 


f=a 


2 
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where k represents any integer number. The quantities r and t being thereby deter- 
mined, the various values that satisfy equation (1) are evidently contained in the 
formula 

2k 


2k 
(2) xX = COS +V/-—lIsin de 
n 


In other words, the various values of (1) are given by the equation 


2kn 


(3) (1) = cos +/-Isin 


n 


Now let / be the integer number closest to the ratio k The difference between 
the numbers / and k will be at most equal to 5. so that we have 


-=ht— 
n n 


i! 3 2 
where denotes a fraction equal to or less than 5. and as a consequence k’ is a 
integer number less than, or at most equal to 5. From this we conclude 


- J 
2kE — 2hn t+ **® and 
n n 


fe . ! . ! 
cos oAx +/—1sin met = cos a +/—1sin 2k 


1 
Consequently, all the values of ((1))* are contained in the formula 


2k’ 1 
cos +<VJ-—lIsin ; 
n 


[173] if we suppose that k’ is contained between the limits 0 and 4, or what amounts 
to the same thing, if we suppose that k is contained between the same limits in 
formula (3). 


Corollary I. — When n is even, the various values that the integer number k can 
assume without going outside the limits 0 and 4 are, respectively, 
n—2 n 


5 and > 


In general, for each of these values of k, formula (3) gives two conjugate imaginary 


1 
values of the expression ((1))”, that is to say, two conjugate imaginary roots of unity 


of degree n. However, for k = 0 we find but a single real root, +1, and for k = 5 


another real root, —1. In summary, when n is even, the expression 


((1))" 


admits two real values, namely 
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+1 and —1, 


along with n — 2 imaginary values, conjugate in pairs, namely 


An - Ant An - An 
(4) cos=- +/V—Isin=, cos=-—V—I|sin=, 


The total number of these values, real and imaginary, is equal to n. 
Suppose, for example, that n = 2. We find that there exist two values of the ex- 
pression 


((1))?, 


[174] or what amounts to the same thing, two values of x that satisfy the equation 
v= 1, 

and that these values, both real, are, respectively, 

+1 and —1. 
Now suppose that n = 4. We find that there are four values of the expression 

((1))*, 

or what amounts to the same thing, four values of x that satisfy the equation 
xt=1. 

Among these four values, two of them are real, namely 


+1 and —l. 


The other two are imaginary and are, respectively, equal to 


cos + V Tsin 5 = +V 1, 


and to 


m0 TU 
COS 5 Vv ins = V-l1. 


Corollary IT. — When n is odd, the various values that the integer number k can 
assume without going outside the limits 0 and 5 are, respectively, 


n—-1l 


2 
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In general, for each of these values of k, formula (3) gives two conjugate imagi- 


nary values of the expression (( 1)", that is to say two conjugate imaginary roots of 
unity of degree n. However, for k = 0 we find but a single real root, namely +1. In 
summary, when n is odd, the expression 


((1))" 


[175] admits the single real value 
+1, 


along with n — | imaginary values, conjugate in pairs, namely 


4n - Ant An An 
(5) cos=- + V—Isin=, cos — /—Isin=, 


The total number of these values, real and imaginary, is equal to n. 
Suppose, for example, that n = 3. We find that there exist three values of the 
expression 


(1))3, 


or what amounts to the same thing, three values of x that satisfy the equation 


xv=l 


? 


and these values, of which one is real, are, respectively, 


+1, 
cos 22 + /—Isin and cos # —/-—lsin 2H 


Moreover, as we know, the side of the hexagon is equal to its radius and the supple- 
ment of the arc subtended by this side has as its measure am so we can easily obtain 


the equations 


2m 1 oy mt 
a ae 5) an a oi 2 


By virtue of these equations, the imaginary values of the expression ((1))3 reduce 


to , ‘ 
L. . 32 1 32 
=a vol and ee, ec a —l. 
[176] Corollary ITI. — If n is any integer number, the number of values, real and 


1 
imaginary, of the expression ((1))*, or what amounts to the same thing, the number 
of values of x that satisfy the equation x” = 1, is always equal to n. 
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Problem ITI. — To find the various values, real and imaginary, of the expression 


m 


1)". 


Solution. — The numbers m and n are assumed to be relatively prime. Because 
of the definition of the expression ((1))”, we have that 


(ay® =[ay*] 


Substituting the general value for ((1))" found in equation (3), we get 


m 2k 2kn |” 
(1))" = cos Fe vV—Isin "| 
n 


and so 


(6) ((1))* =cos 


m - 2knt * 2Qkn 
a SE\/ lsin S " 
n 


To deduce all of the values of ((1)) ” from this last formula, one needs only to give 
k the integer values between 0 and 4 successively. Let k’ and k”’ be two such values, 
assumed to be unequal. I say that the cosines 


m-2k' 1 m:-2k" 1 


cos and cos 


n 


are necessarily different from each other. Indeed, these cosines cannot be equal ex- 
cept in the case where the arcs to which they correspond are related to each other by 
an equation of the form 

m:- 2k’ m: 2k" 1 


=+2hn 
n n 


? 


[177]where 4 denotes an integer number. Now from this equation we get 


m(+k’ +k") 
n 


Thus, because m is relatively prime to n, it is necessary that tk’ +k” be divisible 
by n, which cannot happen because the numbers k’ and k” are unequal and each of 
them cannot exceed 5N, so their sum and their differences are necessarily less than 


n. Thus, two different values of k contained between the limits 0 and sn give two 


different values of 
m-2knt 
cos ; 
n 


From this remark, we easily conclude that the values, real or imaginary, of the ex- 
pression ((1))* given by equation (6) are the same in number as the real and imag- 
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inary roots of (1) determined by equation (3). Moreover, because we evidently 
have 


(cos m2kE + /—Tsin mae)" 


= cos (m-2km) +V/—I1sin(m-2kz) = 1, 


it follows that every value of ((1)) ” ig areal or imaginary expression, the nth power 


of which equals 1, and thus is a value of ((1))". These observations lead to the 
formula 


m L 
(7) (1)? =)" 
in which the sign = indicates only that each of the values on the left-hand side is 
always equal to one of the values on the right-hand side.!° 
Problem II. — To find the various values, real and imaginary, of the expression 


_m 


(1). 


Solution. — From the definition of negative powers, we have that 


[178] Substituting the general value for ((1)) ” found in equation (6), and consider- 
ing formula (9) of the preceding section, we get 


m » 2k . 2k 
(8) ((1)) = =cos it eet Tsin 


n n 


It follows from this last equation that the various values of (( 1)>" are the same as 


those of ((1)) 7 and consequently are equal to those of ((1)) i, Thus we have 


_m 


1 
(9) (ys =e 
where the sign = ought to be interpreted as in equation (7). 
Corollary. — If we make m = 1 in formula (9), it gives 
1 1 
(10) (1) "=())*. 
Now suppose that we seek roots and fractional powers, not of unity, but of the 


quantity —1. The nth roots of this quantity, or what amounts to the same thing, its 
powers of degree i, are the various values of the expression 


'3 This is a remarkable proof. The modern reader might have trouble even stating the conclusion 
without recourse to such notions as “set,” “subset,” “one-to-one” and “cardinality,” none of which 
were available to Cauchy. 
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f-1=(-1)", 


and likewise the fractional powers of —1, positive or negative, of degree “ or 
are the various values of 


a 
n 


n 


m _m 

(1)= or (1) >. 
As a consequence, to determine these roots and powers, it suffices to solve, one after 
another, the three problems that I will pose. 


Problem IV. — To find the various real and imaginary powers of the expression 


((-1)*. 


[179] Solution. — Let 
=f (cost +V-1 sint) 


be one of these values, where r denotes a positive quantity and ¢ denotes a real arc. 


From the definition itself of the expression ((-1))" we have 


(11) x"=—] 


F) 


or what amounts to the same thing, 


fe (cosnt +71 sinnt) =-], 


We conclude from this last equation (with the aid of theorem I, § II), 


r’=1 and 
cosnt +/—Il1sinnt = —1. 


It follows that 


r= I, 
cosmt=—1, sinnt=0, nt=+(2k+1)a and 
(2k+1)x 


n 


t==x ‘ 
where k represents any integer number. The quantities r and t being thereby deter- 
mined, the various values of x that satisfy equation (11) are evidently contained in 
the formula 


(12) x= Co 


2k +1 2k+1 
gt * Lae (ai : Ld 
n n 


In other words, the various values of ((-1)" are given by the equation 
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1 (2k+1)x _ (2k+1)a 
(13) ((—1))" =cos +V-—lIsin 
n n 


Now let / be the integer number Closes! to mn ratio at . The difference between 


the two numbers / and 2&4) j 


or at most [180] equal to 5. Thus it follows that we have 


2k-+1 


2K +1 


2n 


a o] 


2n 


where 2k’ + 1 denotes an odd number less than or equal to n. We then conclude that 


2k+1 2k’ +1 
IM pip PETE see 
n n 
cos Gite +/—Isin pee = cos cs ay +/-Isin es we 


Consequently, if we suppose that 2k’ + 1 is contained between the limits 0 and n, 


1 
then all the values of ((—1))" are contained in the formula 


(2k +1)x 
n 


2k’ +1 
+<VJ-—Isin ( i a 
n 


cos 


or what amounts to the same thing, the values are contained in formula (13), if we 
suppose that 2k + 1 is contained between the same limits. 


Corollary I. — When n is even, the various values that 2k-+ | can assume without 
going outside the limits 0 and v are, respectively, 


i, &. Se. ony FED 


For each of these values of 2k + 1, formula (13) always gives two conjugate imagi- 


1 
nary values of the expression ((—1))”. Consequently, in the case we are considering 
here, this expression does not admit any real values, but only n imaginary values, 
conjugate in pairs, namely 


kes cos 2 —4/—I sin, 
cos 22 a Vv Tsin 32 cos = — 


(n= a (n—1)a 
cos +/—l1sin ri 


[181] Suppose for example that n = 2. We find that there are two values of the 


(14) 


expression ((—1))?, or what amounts to the same thing, two values of x that satisfy 
the equation 
xv=-1 


3 


and that these values, both imaginary, are, respectively, 
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cos$+/—lsin¢ =+/—1 and 
cos § —/—1sin§ =—/-1. 


Now suppose that n = 4. We see that there are four values of the expression 


((-1)) 4 , or in other words, four values of x that satisfy the equation 
x == 1, 
and that these four values are contained in the two formulas 
cos # J/—Isin = and 
cos an +/—Isin SL 


or what amounts to the same thing, in the single formula 


m0 1 
“+ /-Tsin—. 
COs 4 sin A 


Moreover, because we have 


we finally find that 


I 1 1 
(=< =2 vl. 
20 22 
Corollary IT. — When n is odd, the various values that 2k-+ | can assume without 
going outside the limits 0 and v are, respectively, 


1, 3, 5, ..., m—2 and a. 


[182] In general, for each of these values of 2k+ 1, formula (13) gives two conjugate 


imaginary values of the expression ((—1)) i , that is to say two conjugate imaginary 
roots of —1 of degree n. However, for 2k+ 1 =n, we find but a single real root, 
namely —1. In summary, when n is odd, the expression ((— 1) admits only the one 
real value, 

=; 


along with n— | imaginary roots, conjugate in pairs, namely 
cos + /—Isin=, cos 2 —+/—Isin, 


(5) 


aa ae ae ae a er > Pe eee eee weeny 


— (n—2)a dhe V—Isin iam aie (n—2)a V=Isin (n—2) 


n n n 
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The total number of these values, real and imaginary, is equal to n. 
Suppose, for example, that n = 3. We find that there exist three values of the 


1 
expression ((—1))3, or what amounts to the same thing, values of x that satisfy the 
equation 
x=-l 


, 

and these values, of which one is real, are, respectively, 

= 

cos ¥ + V/—1 sin ¥ = 1432 /—1 and 
cos ¥ + V/—Isin ¥ =o 33 Jl. 


Corollary II. — If n is any integer number, the number of values, real and imag- 


1 
inary, of the expression ((—1))*, or what amounts to the same thing, the number of 
values of x that satisfy the equation x” = —1, is always equal to n. 


[183] Problem V. — To find the various values, real and imaginary, of the ex- 
pression 
(-1)". 
Solution. — The numbers m and n are assumed to be relatively prime. Because 
of the definition of the expression ((—1))”, we have that 


Substituting the general value for ((-1)) found in equation (13), we get 


(16) ((-1))* = cos MERE NT 5 Asin 


m(2k+ 1) 
; 


To deduce all of the values of ((—1)) 7 from this last formula, one needs only suc- 
cessively to give to 2k+ 1 all the odd, integer values between 0 and n. Let 2k’ + 1 
and 2k” + 1 be two such values, assumed to be unequal. I say that the cosines 
2k’ +1)2 2k" +1)2 
n n 


are necessarily different from each other. Indeed, these cosines cannot be equal ex- 
cept in the case where the arcs to which they correspond are related to each other by 
an equation of the form 


2k! +1 
ETE = 25j5 
n n 


m(2k”+1)% 


F] 


where /: denotes an integer number. Now from this equation we get 
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a [eae 


n 


Thus, because m is relatively prime to n, it is necessary that the integer number 


sie (2k! + 1) Is (2k" + 1) 


Niu 


[184] be divisible by n, which cannot happen because the numbers 2k’ + 1 and 2k” + 
1 are unequal and each of them cannot exceed n, so their half-sum, and a fortiori 
their half-difference, is necessarily less than n. Thus, two different values of 2k + 1 
between 0 and n give two different values of 


m(2k+1)a% 
- 


cos 


From this remark we easily conclude that the values, real or imaginary, of the ex- 
pression ((—1)) 7 given by equation (16) are n in number, like those of (1 )yn and of 


((-1)) m, Moreover, because we evidently have 


5 5 n 
[cos m(2k+1)7 aa J—Isin os 


n 


=cosm(2k+1)2+V—Isinm(2k+1)a=(-1)"=1, 


it follows that every value of ((-1))" is a real or imaginary expression, the nth 


power of which equals +1, and thus is a value of ((1))” or of ((—1)) . This remark 
leads to the equation 


m 1 
(17) (De =) 
every time that (—1)”” = 1, that is to say, whenever m is an even number, and it leads 
to 


(18) (-1)" =(-1)" 


whenever (— ly" = —1, that is to say, whenever m is an odd number. Let us add that 
we could combine equations (17) and (18) into a single formula by writing 


m 


(19) (-1)* =((-)")r- 


[185] Problem VI. — To find the various values, real and imaginary, of the 
expression 


Solution. — From the definition of negative powers, we have that 


(jer =. 
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Substituting the general value for ((—1))~ ” found in equation (16), and considering 
formula (9) of the preceding section, we get 


m m(2k+1)7 _ 


(20) ((—1))"* =cos ; Oe ye 


It follows from this last equation that the various values of ((-1))"* are the same 
as those of ((1)) 7. As a consequence we get 


(21) (-1))-" =(1))"_ if miseven 
and _ ‘ 
(22) (-1))-* =((-1))"_ if mis odd. 


In place of the two preceding formulas, we could content ourselves by writing in- 
stead 


(23) (-1)-* =”). 


Corollary. — If we make m = 1 in formula (23), it gives 


(24) (-1-* =(-1)*. 


To complete this section, we remark that equations (3), (6), (8), (13), (16) and 
(20), with the aid of which we have determined the values of the expressions 


())", ()", ¢ 


1 m m 
Ti 


(-1)",(-1)",(-)y*, 


[186] can be replaced by two formulas. Indeed, if we denote by a a quantity, positive 
or negative, but with a fractional numerical value, the value of ((1))“ determined by 
equation (3), (6) or (8) is evidently 


(25) ((1))* = cos 2kam + V—1sin2kaz, 


while the value of ((—1))“ determined by equation (13), (16) or (20) is 


(26) ((—1))* = cos (2k+ 1)am+ V—Isin(2k+ 1) an. 


In the two preceding formulas, we may take any integer number whatsoever for 
k. 


7.4 On the roots of imaginary expressions, and on their 
fractional and irrational powers. 


Let 
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a+Bv-1 


be any imaginary expression. We can always find (see § II) a positive value of p and 
infinitely many real values of @ that satisfy the equation 


(1) a+ By—1=p (cos + V—Tsin8). 


Given this, imagine that we denote two relatively prime integer numbers by m and 
n. If we use the notations adopted in § I, the nth roots of the expression a+ B/—1, 
or what amounts to the same thing, its powers of degree i are the various values 


of !4 
a+ pv=1= ((a+pv=1))" 


and likewise, the fractional powers of a + B /—1, positive or negative, of degree 7 


or = are the various values of 


_m 
n 


((a+pv=1))" or ((a+pv=1)) 


[187] As a consequence, to determine these roots and these powers, it suffices to 
solve, one after another, the following three problems: 


Problem I. — To find the various values of the expression 


((«+6v=1))". 


Solution. — Let 


x=r (cost +vV-1 sint) 
be one of these values, where r denotes a positive quantity and ¢ a real arc. From the 


definition itself of the expression ((a +B V-1)) m we have 
(2) x" = a+ BV—1 =p (cos + V—Tsin8), 
or what amounts to the same thing, 
r (cos nt + V—Isinnt) =p (cos 6+ /—Isin 6) . 


With the aid of theorem I, § II, we conclude from this last equation 


r"=p and 


cosnt + \/—1sinnt = cos@+./—I1sin@ 


'4 The n was omitted from the radical sign in [Cauchy 1897, p. 186]. This error was not present in 
[Cauchy 1821, p. 218]. (tr.) 
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and it follows that 


r=pr, 
cosnt=cos@, sinnt=sinO, nt=@+2knm and 
_ O+42kt 


t ? 
nN 


where k represents any integer number. The quantities r and ¢ are thus determined, 
and so the various values of x that satisfy equation (1) are evidently given by the 
formula 


+ 2k + 2k 
xpi (cos ® Oia tain.” *) 
n n 
2k 2k 
=pi (cos Pv isin”) (cos Ti) 1 sin *), 
n n n n 


or what amounts to the same thing, by the following: 


1 


(3) x=pn (cos? + V=Isin2) (ys 


1 
[188] In other words, the expression ((@+BV—1))", as well as ((1))*, gives n 
different values, determined by the equation 


1 


(4) ((a+pv=1))* =p! (cos Ps: V—Tsin ”) ((1))*. 


Corollary I. — Suppose that n = 2. We find that there exist two values of the 
expression 


((a+Bv=1))'. 


or what amounts to the same thing, two values of x that satisfy the equation 
xr =a+fBV/-l=p (cos@ + V—Tsin@ ) F 


and that these two values are contained in the formula 


+p? (cos + V=Tsin$) : 


Corollary IT. — Suppose now that n = 3. We find that there exist three values of 
the expression 


((a+ev=1))". 


or what amounts to the same thing, three values of x that satisfy the equation 
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xe =a+BpV-1l=p (cos@ + V—Tsin@ ) : 
and that these three!> values are, respectively, 


- 6 
+ /—Isin $) ? 
+ \/—Tsin 2) (cos 22 + \/—Isin 22 
3 3 3 
o42n +/—I1sin on) and 
t«/—1sin ©) (cos2® —./—Isin 
3 3 3 
on i 4/—Isin on) : 


[189] Corollary IIT. — Suppose finally that n = 4. We find that there are four 
values of the expression 


cov DU 
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ie) ie) 
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((a+ev=1))". 


or what amounts to the same thing, four values of x that satisfy the equation 
x*=a+BV-l=p (cos@ + V—Tsin@ ) ' 


and that these four values are contained in the two formulas 


+p4 (cos$+sin$) and 


pa (sin 8 — cos 8) : 
Problem II. — To find the various values of the expression 


((a+Bv=1))". 


Solution. — The numbers m and n are assumed to be relatively prime. Because 
of the definition itself of the expression ((a +By— 1)) ™ we have 


(+0v-1))* = [((a+6v9))'T 


1 
Substituting the general value for ((a@ +BY —1)) " found in equation (4), we get 


m 


(5) ((a+Bv=1))" =p* (cos M+ V=Tsin™) (A) 


15 [Cauchy 1897, p. 188] read “two values” instead of “three values” here. Also in [Cauchy 1897, 
p. 188], the first of these three values, displayed on the following line, had //—1 sin 3 instead of 


V—Isin g Neither error was present in [Cauchy 1821, p. 220]. (tr.) 
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Corollary I. — If in equation (5) we substitute for ((1))" its value given by 
formula (6) (§ IID), we obtain the following: 


(© — ((a+BV=1))* =p [00s MO + V=T sin MOH 


n 


Problem III. — To find the various values of the expression 


(«sv * 


[190] Solution. — From the definition itself of negative powers, we have 


ae 1 
((«+Bv-1)) 7 ((a+BV=1))" 


Substituting the value for ((a@ +BY —1)) 7" found in equation (6), and considering 
formula (17) of § II, we get 


((a+BV=1) 
=p- m [cos — V—Tsin wea 


=p~* (cos 8 — /—Isin 22) (cos 44 = /—Tsin @242) , 


or in other words, 


(7) ((a+Bv=1)) * =p 7 (cos me V—Isin a) (1))7". 


_m 
n 


Corollary I. — If we make m = 1, then equation (7) gives 
ae _1 0 0 _i 
(8) ((«+Bv-1)) =p *(cos——vV-—Isin— } ((1)) *. 
n n 
Having determined, as we have just done, the various values of the four expres- 


sions 

((a+Bv—1)", (a+ Bv=1)", 
ot _m 

((a+Bv—-I)) "and ((a+BV—1) ", 
we see without trouble that equations (4), (5), (8) and (7), with the aid of which 
these values are determined, can be replaced by a single formula. If we let a be a 
quantity, positive or negative, with a numerical value that is fractional,!° the formula 
in question is 


'6 Here, as in Chapter V, Cauchy carefully treats the case where a is rational before extending his 
results to irrational values of a. 
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(9) ((« +BYV =1)) =p" (cos ad+V/—-1 sina®) ((1))*. 


[191] In the above calculations, p always denotes the modulus of the imaginary 
expression @ + 8 \/—1, that is to say the positive quantity \/a2 + B2, and 6 denotes 
one of the arcs that satisfy equation (1), or what amounts to the same thing, equations 
(4) of § II, namely 


a 


9 — B 
sin@ = Jaret 


cos@ = and 


(10) 


By dividing these two formulas, we conclude 
B 
11 tan@d = —. 
(11) an@ =~ 


Consequently, if we let ¢ be the smallest arc, ignoring the sign, which has B as its 
tangent, in other words, if we make 


_ B 
(12) C= arctan — 


then we find 
(13) tan @ = tan¢. 


Given this, it becomes easy to introduce the arc €, whose value is completely deter- 
mined, in place of the arc @ in the various formulas given above. Indeed, we arrive 
at this through the following considerations. 

Because the arcs @ and € have the same tangent, they also have the same sine 
and the same cosine, ignoring the sign. Furthermore, because equation (13) can be 
put into the form 

sind sing 


cos@ cos’ 


it is clear that, in order to satisfy that equation, we must either have both 
(14) cos@8=cos¢ and sin@=sing 


or else both 
(15) cos8=-—cos¢ and sind =-—sin€. 


[192] Moreover, because the value of cos @ determined by the first of equations (10) 
is evidently of the same sign as a, whereas the arc C, being contained between 
the limits —7 and +74, always has a positive cosine, it follows that equations (14) 
hold if @ is positive, and equations (15) hold if @ is negative. Now let us see how 
formulas (1) and (9) reduce under these two hypotheses. 

First, if we suppose that @ is positive, equations (10) can be replaced by equa- 
tions (14), and we derive infinitely many values of 8, among which we ought to 
distinguish the following one: 
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(16) 6=C. 

When we use this value, formulas (1) and (9) become, respectively, 

(17) a+ BV=1 =p (cos¢ + V=Tsin€) and 

(18) ((a+Bv-1))" = p" (cosag + V=Tsinal) ((1))*. 


Second, if we suppose that & is negative, then equations (10) can be replaced by 
equations (15), from which we derive, among other values of 8, 


(19) 6=C+7. 


Consequently, under this hypothesis, we can substitute the following for formulas 
(1) and (9): 


(20) a+B/-1=-p (cos¢ + V=Tsin¢) and 
((@+Bv—T))" 
(21) = p“ [cos (af + an) + V—Tsin (al +az)] ((1))* 


=p" (cosaé + V—Isina€) (cosax + /—Isinaz) ((1))*. 


In particular, if we make a@ + B.\/—1 = —1, that is to say a = —1 and [193] B =0, 
then we find that 


C= arctan =0, 


and formula (21) becomes 
(22) (-1)*= (cosan ray | sina) ((1))*. 


As a result, under the given hypothesis, we have in general 
(23) ((« +Bv-1)) =p" (cosag ey a sina) ((-1))*. 


By combining formulas (17), (18), (20) and (23) with equations (25) and (26) of 
§ II, we finally obtain the following conclusions. 

Let @ + B\/—1 be any imaginary expression, let a be a quantity, positive or nega- 
tive, with a numerical value that is fractional, and let k be an integer number chosen 
arbitrarily. Moreover, if we make 


B 


a’ 


(24) p=vVa?4+B2 and ¢€ =arctan 


then for positive values of @ we have 
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a+BV/—-1=p (cos¢+V/—Isin¢), 
(25) ((a+BV/—I))° =p4 (cosag + V—Isina€) ((1))*, 
((1))* = cos 2kam + /—1sin2kaz, 


and for negative values of a, 


a+B/—1=-—p (cos +/—Isin£), 
(26) ((a+ BV—1))* = p* (cosag + V—Isina€) (-1))*, 
((—1))* = cos (2k + az) + /—Isin (2k+ Taz) . 


We ought to add that if we denote the denominator of the simplest fraction that 
represents the numerical value of a by n, then n is precisely the number of distinct 
values of each of the expressions 


(1)", (-1y" and ((a+BV=1))", 


and that to deduce these same values from formulas (25) and (26), it [194] suffices 
to substitute successively in place of 2k and 2k + 1 all the integer numbers within 
the limits 0 and n. 

If the numerical value of a becomes irrational, then each of the reduced expres- 


sions 
cos2kam+./—l1sin2kam and 


cos (2k+ lan) +/—1sin (2k+ lar) 


has an indefinite number of values corresponding to the various integer values of k. 
Consequently, in the calculations we could no longer use the notations 


(1), (-vy" and ((@+BV=1))" 


unless we consider each of them as representing an infinity of imaginary expres- 
sions, each different from the others. To avoid this inconvenience, we will never use 
these notations except in the case where the numerical value of a is fractional. 

Among the various values of ((1))*, there is always one that is real and positive, 
namely +1, which we indicate by (1)", if we are using the single parentheses, or by 
1¢ if we leave them out entirely. If we substitute this particular value of ((1))* into 
the second of equations (25), we get one corresponding value of 


a 
((a+Bv—=1))’. 
which analogy leads us to indicate, with the aid of simple parentheses, by the nota- 


tion 
(«-+pv=1)". 
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This is what we will do from now on. As a consequence, by supposing that @ is 
positive and that the quantities p and ¢ are determined by equations (24), we have 


(27) («+Bv-1) =p’ (cosa + V—Tsinaé) : 


Because this last equation holds whenever the numerical value of a is integer or 
fractional, analogy again leads us to consider it to be true in the case where this 
numerical value [195] becomes irrational. Consequently, we agree to denote the 
product p“ (cosa¢ + /—I sina) by 


(a+Bv-1)" 


in the case where @ is positive, whatever real value is given to the quantity a. In 
other words, if we denote by ¢ an arc contained between the limits —4 and +4, 
whatever a is, we have, 


lp (cos¢ + V=Tsin¢) |” =p" (cosa + V—Tsinag ) : 


If we take p = | in the preceding equation, it becomes!” 


(28) (cos¢+ V—Tsing)" =cosag + V—Tsina€. 


This last formula is entirely similar to equations (10) and (14) of § II, with the only 
difference being that it applies only for values of ¢ between the limits — 4 and +4, 
while the other equations apply for any values of @. 

When the quantity @ becomes negative, even if we suppose that suppose that the 
numerical value of a is fractional, then it is no longer clear that it is the value of the 
expression ((a +B/-1 ))* that we may distinguish from the others by using the 


notation i 
(a+Bv-1) . 


However, because —@ is a positive quantity, it is easy to establish the formula 
a 
(29) (-a-By-1) =p" (cosag + V—Isinag ) 


for any value of a. 

We finish this section by making the observation that, in the case where the nu- 
merical value of a is fractional, formulas (27) and (29) reduce equations (18) and 
(23) to those that follow: 


(30) ((a+Bv=1)) =(a+BV=1) ((1)* and 


'7 Tn his first published proof that e = cos@ +isin@ [Euler 1748, §132-134 and §138], Eu- 
ler made this leap from the rational to the irrational without a second thought. Compare this to 
Cauchy’s remarks on page iii of his Introduction. 
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G1) ((2+8v=1)) =(-e-Bv=1) ((1)", 


[196] where equation (30) holds only for positive values of the quantity a, and 
equation (31) holds for negative values of the same quantity. 


7.5 Applications of the principles established in the preceding 
sections. 


We are going to apply the principles established in the preceding sections to the 
solution of three problems about sines and cosines. 


Problem I. — To transform sinmz and cosmz (where m denotes any integer 
number) into a polynomial ordered according to the ascending integer powers of 
sinz, or at least into a product formed by the multiplication of such a polynomial 
and Cos z. 


Solution. — When we substitute the even powers of cosz for the integer powers 
of 1—sin?zin equations (12) of § II, these equations become, for even values of m, 
. m ai . m—2 . 
cosmz = (1— sin z) eee no (i- sin” z) “2 sin? z 


, m(m—1)(m—2)(m—3 
: aye L(1 


m—4 
) 2 


sin? z sint*z—... and 


m—2 


sinmz = COS8z E (1 — sin? z) sinz 


—4 
m(m—1)(m—2) a2 a 8 
133 (1 sin z) sin°-z+...], 


and, for odd values of m, 


m—1 
cosmz = cosz (1 —sin’z) 7 — a (1—sin?z) 7 sin*z 


m—5 
nie eee (1—sin?z) 7 sin*z—.. | and 


m—1 
sinmz = # (1— sin’ z) = sinz 
—3 
m(m—1)(m—2) 0 Ng 3 
133 (1 sin z) sin? z+.... 


[197] If we expand the right-hand sides of the four preceding formulas, or at least 
the coefficients of cos z on the right-hand sides, into polynomials ordered according 
to the ascending integer powers of sinz, we find that for even values of m, 
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=. oe 
cosmz= 1-4 (> + 5) sin z 


2 ae +75 L2 343 4] sin¢z—... and 
(1) . . _ : 
sinmz = cosz{ # sin z a 2) (23 + 3) sin? z 
(m=2)(m—4) | (m—1)(m—3) —15 , 5:3: 305 
ee as ey t+ $3] sin? z op 


and for odd values of m, 


cosmz = cosz {1 - aod (4 + 5) sin’ z 
am a= 2 3 + 34] sin*z } and 
. sinmz = 4 sinz min) (™5* + 3) sin’ z 
po aoe ~ [“ - 2 “ 2 ; +7 33] sin” z 
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Equations (1) and (2) evidently contain the solution to the given question. It only 
remains to present them in a simpler form. To do that, it suffices to observe that the 
coefficient of each integer power of sinz generally contains a sum of fractions into 
which equation (5) of Chapter IV (§ III) permits us to substitute a unique fraction. 
As a consequence of this reduction, the expansions of cos mz and sinmz become, for 


even values of m, 


mm (m+2)m-m(m—2) |. 4 


3) cosmz = 1-4 sin? z+ a4 Sin” z 
(m+4)(m+2)m-m(m—2)(m—4) |: 6 
T2345-6 SIN Ps 4. 
[198] and 
: a M oi (m+2)m(m—2) ©. 3 
% sin mz = Cosz 7 Sinz 13.3 Sin” z 
(m+4)(m+2)m(m—2)(m—4) ©. 5 
+ 12.345 sin” Z—..:|, 


and for odd values of m, 


cosmz = cosz E a ei) D sin? z 
(5) 4 (m+3)( ase )(m—3) din’? 
and 
6 sinmz = 7 sinz ee ) sin? z 
4 (WHS) n= 1NOH-3) sin5 


Corollary I. — If in equation (3) we successively make 
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we obtain the following: 


cos2z = 1— 2sin”z, 
cos4z=1— 8sin?z+ 8sin*z, 
cos6z = 1 — 18sin?z+ 48 sin* z— 32sin® z, 


(7) 


Corollary I. — If in equation (6) we successively make 


m 1, m 3; m 5: ees 


we get: 

sin z= sinz, 

sin3z =3sinz— 4sin°z, 

sin5z = 5sinz—20sin*z+ 16sin°z, 


(8) 


Problem II. — To transform sinmz and cosmz (where m denotes any integer 
number) into a polynomial ordered according to the ascending integer powers [199] 
of cos z, or at least into a product formed by the multiplication of such a polynomial 
and sinz. 


Solution. — To obtain the formulas that solve the given problem, it suffices to 
replace z with e — zin equations (3), (4), (5) and (6), and to observe moreover that 
for even values of m, we have 


1% m 
cos (> — mz) = (—1)? cosmz and 


(mn mar, 
sin (> — mz) = (-1)2*! sinmz, 


1 
Cos (> — mz) = (-1) 7 sinmz and 


In this way we find that if m is an even number 


(9) ee (et) costz 
(m+4) (m+2)m-m(m—2)(m—A4) 6 
1-2-3-4-5-6 cos’ z+... ‘ 
and 
(-1)2*! sinmz = sinz [? cosz ae Gusts 
(10) 


+4)(m+2)m(m—2)(m—4) 5 
Pas Tae ae )(m Leas z-...}, 


7.5 Applications of the principles established in the preceding sections. 155 


and if mis an odd number, 


m—1 
(—1) 2 sinmz= sinz [! — (nt Mm) cos? z 
11) 
( rs (m+3)(m-+1)(m—1)(m—3) 4 
Tea cos*z—...], 
and 
m—1 
_ (m+1)m(m—1) 3 
(12) (—1)"2 cosmz= 7 cosz 3-3 — COS” Z 
(m+3)(m+1)m(m—1)(m—3) 5 
fm coh 


[200] Corollary I. — If in formula (9) we successively make 


m=2, m=4, m=6, ..., 


we obtain the following: 


—cos2z = 1 — 2cos?z, 
cos4z = 1 — 8cos?z+8cos*z, 


(13) 
—cos6z = 1 — 18cos*z+48cos*z— 32cos®z, 


we conclude that 


cos z= Cosz, 


—cos3z = 3.cosz—4cos?z, 
(14) : 
cos5z = 5cosz—20cos? z+ 16cos? z, 


Problem III. — To express the integer powers of sinz and of cosz as a linear 
function of the sines and cosines of the arcs z, 2z, 3z, .... 


Solution. — We solve this problem easily by considering the properties of two 
conjugate imaginary expressions, 


cosz+V—Isinz and cosz—v-—lIsinz. 
If we denote the first of these by u and the second by v, we have 


2cosz=u+v and 2/—lsinz=u—v. 
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By raising both sides of each of the two preceding equations to the integer power m, 
then dividing each by 2 or by 2\/—1, then making the reductions indicated by the 
formulas 

uv=1, 


uty" d ur —yn 
=cosnz an 

2 2/-1 
where the last two equations apply for any integer value [201] of n, we find that if 
m represents an even number, then 


= sinnz, 


2"+1 cos” z = cosmz +# cos (m—2-z) 
m(m—1) 
(15) +—F5~ cos (m—4-z) fe aise 
y m(m—1)...($+1) 
T27 T23.2 
and 


m1 5 m 2 
(-1) sin” z = cosmz— % cos (m—2-z) 


pe cos (m—4-z) 


(16) 


=2 123. 9 
and if m represents an odd number, then 


2-1 cos” z = cosmz — 7 cos (m —2. z) 


m(m—1) ——, 
(17) +" cos (m—4-z) +... 
m(m—1)... 23 
ae et 
and 
mt —los wm * M on lm) 
(—1) 2 2"—! sin” z = sinmz— # sin (m—2-z) 
(18) + mm) sin (m—4-z) 
-] ae . 
aor Dee ing, 
15," 


Corollary I. — If in formula (15) we successively make 


[202] we conclude 


2cos* z= cos2z+1, 


8cos*z = cos4z+4cos2z +3, 
(19) 


32cos® z = cos6z + 6cos4z+ 15cos2z+ 10, 
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We would arrive at the same equations if we sought to deduce the successive values 


of 
2 4 6 


cos*z, COS'Z, COS”z, 
from formulas (13) as linear functions of 


cos2z, cos4z, cos6z, 


Corollary I. — If in formula (16) we successively make 


m=2, m=4, m=6, ..., 
we obtain the equations 
—2sin? z= cos2z—1, 


8sin* z= cos4z—4cos2z+3, 
(20) 


—32sin® z = cos6z— 6cos4z+ 15cos2z— 10, 


which we could equally well deduce from formulas (7) by eliminating the quantities 


sin? Z; sin* Z; sin® z, 


Corollary ITI. — Vf in formula (17) we successively make 


m=1, m=3, m=5, ..., 
we conclude 
cOSz = COSzZ, 


4cos*z = cos3z+3cosz, 
(21) 


16cos* z= cos 5z+5cos3z+ 10cosz, 


[203] We would arrive at the same equations if we sought to deduce the successive 


values of 
3 5 


cosz, COS>z, COs” z, 
from formulas (14) as linear functions of 


cosz, cos3z, cos5z, 


Corollary IV. — If in formula (18) we successively take 


we obtain the equations 
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sinz = sinz, 
—4sin* z = sin3z—3sinz, 


(22) 
16sin® z = sin5z—Ssin3z+ 10sinz, 


which we could equally well deduce from formulas (8) by eliminating the quantities 


sin z, sin’ z, sin? z, 


Chapter 8 
On imaginary functions and variables. 


8.1 General considerations on imaginary functions and 
variables. 


[204] When we suppose that one or both of the two real quantities u and v are 
variables, then the expression 
u+vy—1 


is called an imaginary variable. If also the variable u converges towards the limit U 
and the variable v towards the limit V, then 


U+Vv-l 
is the Jimit towards which the imaginary expression 
u+vy—1 


converges. 

When the constants or variables contained in a given function, having been con- 
sidered real are later supposed to be imaginary, the notation that was used to express 
the function cannot be retained in the calculation except by virtue of new conven- 
tions able to determine the sense of this notation under the new hypotheses. Thus, 
for example, by virtue of the conventions established in the preceding Chapter, the 
values of the notations 


a 
a+x, a—x, ax and — 
x 

are completely determined in the case where the constant a and [205] the variable 

x become imaginary. Suppose, in order to clarify these ideas, that the constant a 
remains real, and the variable x has the imaginary value 


a+ By=1 =p (cos + V—Isiné), 
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where a and f denote two real quantities which can be replaced by the modulus p 
and the real arc 8. We conclude from Chapter VII (88 I and IJ) that the four notations 


a 
a+x, a—x, ax and — 
x 


denote, respectively, the four imaginary expressions 
a+pcos6+psindV—1, 
a—pcos0—psin@/—1, 
apcos@+apsin@./—1 and 
“ cosa — 4 sin@/—I, 
p p 


or in other words, the following quantities: 
a+a+BV-1, a-a-BvV-1, aa+aBV-1 
and sa ap Vv-l. 


a2 + B2 a2 + B2 


In general, by means of the principles established in Chapter VII, we can clarify 
without difficulty the values of algebraic expressions in which several imaginary 
variables or constants are related to each other by the signs of addition, subtraction, 
multiplication or division. We see without trouble that these expressions retain all 
the properties as imaginary variables and constants that they have when they are 
real. For example, if we denote by 


several variables, either real or imaginary, we have, in every [206] possible case 


xty+z+...—(utvt+w+...) 
=xX+yt+7Z+...-—uUu-V—-Ww-..., 


XY = YX, 
u(x+y+z+...)=uxtuyt+uzt..., 
X+YHZ+... x Zz 

u Se an 

(1) u uu u 

x Ye _ 4%. 

vow uvw 

Xx ve ov 

=—=-xXx 


Now consider the notation 
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in the case where the constant a remains real and the variable x takes the imaginary 


value 
a+BV/-l=p (cos@ + V—Isin@). 


If we take for the value of a a quantity for which the numerical value is an integer 
number m, in this same notation, namely 


xt = Pama 


we have, for any real values of a and f, a precise meaning. It is given by the imag- 
inary expression 
p’” cosm@ +p” sinm0yV —1, 


if a= +m, and the following 
p “cosm@—p “sinm@V—1, 


if a = —m (see Chapter VII, § I, equations (18) and (19)). But any time that the 
constant a takes a fractional [207] or irrational numerical value, the notation 


xt 


no longer has a precise and determined value, at least when the real part @ of the 
imaginary expression x is not positive. If in this particular case we make 


¢ =arctan . 


then the arc ¢ is contained between the limits — 5 and + 4, and writing x in place of 
a+ B/—1 in § IV of Chapter VII (equations (17) and (27)), we find 


x =p(cos¢+V/-—Ising) and 
x" =p“ (cosa¢ + V—Isina€), 
so that the notation x“ denotes the imaginary expression 
p“ cosa +p“sinaGV/—l. 


It follows also from the conventions and the principles established above (Chap. VII, 
§§ III and IV) that, for a fractional value of the constant a, the notation 


((x))" 


represents all at once many imaginary expressions, the values of which are given by 
the two formulas 


((x))* =x*((1))* and ((1))* = cos 2kam + V—Isin2kaz, 
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when the real part & of the imaginary expression x is positive, and by the two for- 


mulas a 
((x))" = (—x)*((-1)" and 
((—1))* =cos(2k+1)am+ V—I sin (2k+1)an 
when the quantity @ becomes negative (on this subject, see § IV of Chapter VII, 
equations (25) and (26)). The same notation can no longer be employed in the case 


where the numerical value of a becomes irrational. 
[208] Expressions of the form 


xt 


retain the same properties for real and for imaginary values of the variable as long 
as the numerical value of the exponent is an integer number. But otherwise these 
properties do not hold except under certain conditions. For example, let 


x=a+BV-1, y=a'+p'V-1, z=a"+ Bp" V-1, 


be several imaginary expressions, which would be reduced to real quantities if B, 
B’, B” vanish. Moreover, denote by a, b, c, ... any real quantities with numerical 
values that are fractional or irrational, and by m, m', m", ... several integer numbers. 
By virtue of the principles established in Chapter VII, we always have 


/ W 
Mm nm! m!’ m--m m Pre 
BT Och OEE Peek 
_ WW / W 
=H Hm SRS ask 
(2) Lae Glan a 4 F 
/ Wy / Wy 
<M =m =m SEIS SEE Se sae 
De are reel 


’ 


where each of the numbers m, m’, m’, ... is given the same sign on both sides of the 
equation. Also 


3 We c= IKE) 
@ my mem = (098) 
and 
1 —m' f 
Crear", 
(4) 


(a) = (xy = yom 


On the other hand, we find that of the three formulas 


(5) Oe. = xlthtcr... 

(6) Mye c= Bye.)” and 

(7) at)? = , 

the first remains always true only if the real part @ [209] of the imaginary expression 

x is positive. The second remains true when @, a’, a” , ... are positive and the sum 
B B' as 


arctan — + arctan — + a — pore 
a a! 
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remains contained between the limits =F and +2. The last remains true when @ is 
positive and the product 


aarctan — 
a 


is contained between the same limits. 
The conventions adopted in Chapter VII do not yet suffice to determine precisely 
the meanings of the notations 


A‘, logx, sinx, cosx, arcsinx and arccosx, 


in the case where the variable x becomes imaginary. The simplest means of arriving 
at such precise meanings is by considering imaginary series. We will revisit this 


subject in Chapter IX. 
From what has been said above, any algebraic notation that includes imaginary 
constants along with the variables x, y, z, ..., assumed to be real, cannot be used in 


calculation except in the case where, by virtue of established conventions, it has a 
determined imaginary expression as its value. Such an expression, in which the real 
part and the coefficient of Jl are necessarily real functions of the variables x, y, 
Z, ..., 18 called an imaginary function of these same variables. Thus, for example, if 
we denote by @ (x) and y (x) two real functions of x, an imaginary function of this 
variable is 


P(x) +X (x) V1. 
Sometimes we indicate such a function with the aid of a single symbol @, and we 
write 
O(x) = 9(x) +X (x) V—-1. 
[210] Similarly, if we denote two real functions of the variables x, y, z, ... by 
@ (x,y,Z,---) and ¥ (x,y,z,...), then 


(4,923) = D(X, Y, 2.22.) REP Zyses) V =I 


is an imaginary function of these several variables. 
The imaginary function 


OG tie) Re) v—1 


is called algebraic or exponential or logarithmic or circular, etc., and, in the first 
case, is called rational or irrational, integer or fractional, etc., whenever both of the 
real functions @ (x,y,z,...) and 7 (x,y,z,...) enjoy the properties associated with 
the name in question. Thus, in particular, the general form of a linear imaginary 
function of the variables x, y, z, ... is 


(at+bx+cyt+dz+...)+ (a +b'x+cy+d'z+...) V1 


or what amounts to the same thing, 
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(a+a'v-1) + (b+b'V=1) x+ (c+e'v-1) y+ (d+a'v-1) zt..., 


where a, b, c, d,..., a’, b', c’, d’, ... denote real constants. 

Again, we ought to distinguish among imaginary functions, as we do among real 
functions, the ones we call explicit, and which are immediately expressed by means 
of the variables, as opposed to those which we call implicit, for which the values 
are determined by certain equations but which cannot be known explicitly until the 
equations have been solved. Let 


O(x) or @(x,y,z,...) 


be an implicit imaginary function determined by a single equation. We can repre- 
sent this function by u+v./—1, where u and v denote two real quantities. If in the 
imaginary equation which must [211] be satisfied, we write 


ut+tvy—l1 


instead of @ (x) or @ (x,y,z,...), then after expanding both sides of the equation and 
equating both the real parts and the coefficients of \/—1, we get two real equations 
between the unknown functions u and v. When we can solve these last equations, 
the solutions determine the explicit values of u and v, and consequently we get the 
explicit value of the imaginary expression 


ut+tvy/—l. 


For an imaginary function of a single variable to be completely determined, it is 
necessary and it suffices that for each particular value attributed to the variable, we 
can deduce the corresponding value of the function.! Sometimes, for each value of 
the variable, the given function obtains several values, different from one another. 
Conforming to the conventions that we have already established, we ordinarily de- 
note these multiple values of an imaginary function with the notation of doubled 
signs or doubled parentheses. Thus, for example, 


W/ cosz-+/—Isinz 


or ; 
((cosz+ V-1 sinz)) : 


indicates any one of the roots of degree n of the imaginary expression 


cosz+ Vv —Isinz. 


' This is tantalizingly close to the modern definition of function, but deceptively so. Cauchy is 
still thinking of functions given by a formula, either implicitly or explicitly, and here he is merely 
distinguishing explicit functions and those implicit functions that are single-valued for a particular 
value of x. 
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8.2 On infinitely small imaginary expressions and on the 
continuity of imaginary functions. 


An imaginary expression is called infinitely small when it converges to the limit 
zero, which implies that in the given expression, the real part and the coefficient 
of \/—1 converge at the same [212] time towards this limit. Given this, represent a 
variable imaginary expression by 


a+ BY=T =p (cos + y—Tsin@), 


where @ and f denote two real quantities for which we can substitute the modu- 
lus p and the real arc @. Because this expression is infinitely small, it is evidently 
necessary and sufficient that its modulus 


p= VeTP 


itself be infinitely small. 

An imaginary function of the real variable x is called continuous between two 
given limits of this variable when between these limits, an infinitely small increase 
in the variable always produces an infinitely small increase in the function itself. As 
a result, the imaginary function 


P(x) +x(x)V-1 


is continuous between two limits of x if the real functions @ (x) and x (x) are con- 
tinuous between these limits. 

We say that an imaginary function of the variable x is a continuous function of 
that variable in the neighborhood of a particular value of x whenever it remains 
continuous between two limits which contain that value, even if they are very close 
to each other. 

Finally, when an imaginary function of the variable x ceases to be continuous in 
the neighborhood of a particular value of this variable, we say that it then becomes 
discontinuous, and that there is a solution of continuity for this particular value. 

On the basis of the concepts which we have just established relative to the con- 
tinuity of imaginary functions, we easily recognize that theorems I, II and II of 
Chapter II (§ II) remain true even in the case where we replace the real functions 


Fe) and f(9z<24) 


[213] with the imaginary functions 


g(x) +x(x)V-1 and @(x,y,Z,--) +H (%,y,2Z,.-.) V1. 


> Up to here, Cauchy has used the expression “it is necessary and it suffices.” Here for the first time 
he writes the more familiar “necessary and sufficient” (nécessaire et suffisant). 
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As a consequence, we can state the following propositions. 


Theorem I. — /f the real variables x, y, z, ... have for limits the fixed and deter- 
mined quantities X, Y, Z, ..., and if the imaginary function 


OLY Se AOE Sina) V =i 


is continuous with respect to each of the variables x, y, z, ... in the neighborhood of 
the system of particular values 


x=X, YHY, 2=Z 


then @(x,y,Z,---) +(x, y,z,---)V—1 has as its limit 
@(X,Y,Z,..)4+7OCY,Z,..,)9/-1, 
or more briefly, if we write 
0 (x,y,2,-- +X (%,y,2,-..) V-1 = O(x,y,z,...), 
then @ (x,y,z,...) has as its limit 
WOON Zo: 


Theorem II. — Let x, y, z, ... denote several real functions of the variable t 
which are continuous with respect to this variable in the neighborhood of the real 
value t = T. Furthermore, let X, Y, Z, ... be the particular values of x, y, Z, ... 
corresponding to t = T. Suppose that in the neighborhood of these particular values, 
the imaginary function 


(X,Y, 2254) _ OGY Sian) FRG Yi tioes) V =i 


is simultaneously continuous with respect to x, with respect to y, with respect to z, 
etc. Then @ (x,y,z,---), considered as an imaginary function of t, is also continuous 
with respect to t in the neighborhood of the particular value t = T. 


In the preceding theorem, if we reduce the variables x, y, z, ... to a single variable, 
we get the following statement: 


[214] Theorem II. — Suppose that in the expression 
O(x) = P(x) +X(a)V—-1 


the variable x is a real function of another variable t. Imagine further that the vari- 
able x is a continuous function of t in the neighborhood of the particular value t = T 
and that @ (x) is a continuous function of x in the neighborhood of the particular 
value x = X corresponding to t = T. The imaginary expression @ (x), considered as 
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a function of t, is also continuous with respect to this variable in the neighborhood 
of the particular value t = T. 


8.3 On imaginary functions that are symmetric, alternating or 
homogeneous. 


In extending the definitions that we gave (Chapter IID) of symmetric, alternating or 
homogeneous functions of several variables x, y, z, ... to imaginary functions, we 
recognize immediately that 


WAC 28 eae bey A628 Some) V =] 


is symmetric, alternating or homogeneous of degree a with respect to the variables 
x, y, Z,... when the real functions 


@(X;¥,Z,--<) and. % (x,7,2)4+.) 


are both symmetric, homogeneous or alternating of degree a with respect to these 
same variables. 


8.4 On imaginary integer functions of one or several variables. 


By virtue of what has been said above (8 J), 
P(x) +x (a) V1 


and 


Oli Vea ta) +2 yeices) V =s 


[215] are two imaginary integer functions, the first of the variable x and the second 
of the variables x, y, z,..., when 


p(x) and x(x), (XYZ...) and 4 (4,9,Z,-+-) 


are real integer functions of the same variables. Consequently, if @ (x) represents an 
imaginary integer function of the variable x, then the value of @ (x) is determined 
by an equation of the form 


B(x) =9(x) +40) V=1 
= ay +ajx+anx* +...+ (bo +bix+box* +...) v-1, 


where ag, a1, d2, ..., bo, bj, b2, ... denote real constants. We conclude from this 
equation, by combining the coefficients of similar powers of x, that 
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(1) @ (x) = (a0 +b0V=1) +4 (a +b,V=1) 
+ (a +bo.V=T) +... 


For the function @ (x) determined by the previous formula to vanish with x, it is 
necessary that we have 
ao +bov—-1=0, 
that is to say ag = 0 and bo = 0, in which case the value of @ (x) reduces to 
O (x) = (a1 +b,V-1) x+ (a +b2v=1) ae 
i far +bhyV—-1+ (a +b2v=1) X+.. ; . 


Thus, any imaginary integer function of the variable x that vanishes with that vari- 
able is the product of the factor x by a second function of the same kind, or in other 
words, is divisible by x. On the basis of this remark, we easily extend theorems I and 
II of Chapter IV (8 I) to the case where the integer functions which are mentioned 
there are also imaginary. I will add that these two theorems remain true even if we 
replace the particular real values given to the variable x, such as 


XO, X1, X2,.-. 
[216] with the imaginary values? 

ad +BoV—-1, o+Biv—-1, om+f2V-1, 
To prove this assertion, it suffices to establish the two following propositions: 


Theorem I. — /f an imaginary integer function of the variable x vanishes for a 
particular value of that variable, for example, for 


x= + fPov-1, 
then this function is algebraically divisible by 
X— OH — Bov—1 . 
Proof. — Indeed, let 
B(x) = 9(x) + x(x) V=1 
be the imaginary function under consideration. If we let 


x= + Bov—-1+z, 


3 This word was changed to variables in [Cauchy 1897, p. 216] from the correct word valeurs in 
[Cauchy 1821, p. 255]. (tr.) 
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where z denotes a new variable, then by substituting this, we evidently obtain as a 
result an imaginary integer function of z, namely 


oO (a + ByV=1 +2) ; 
Because this function of z ought to vanish for z = 0, we conclude that 
(x) =O (c+ Bov=1 +2) 
is divisible by 
Z=x—— Bo V-1. 


Corollary I. — The preceding proposition remains true even in the case where 
the function x (x) vanishes, that is to say in the case where @ (x) reduces to a real 
function @ (x). 


Corollary I. — The preceding theorem also remains true when we [217] suppose 
that 6 = 0, and consequently when the particular value assigned to the variable x is 
real. 


Theorem II. — /f an imaginary integer function of the variable x vanishes for 
each of the particular values of x contained in the sequence 


Oo + Bov —1, oy + By V -l, 0 + Bov —1, sey On—1 + Bn—1 V -l, 


where n denotes any integer number, this function is equivalent to the product of the 
factors 


4-0 =—Poy—l, 2-O;—pa/-l, *—a2=—fPiy—l, 2.4, 
sey X~ An] Bn-1 V 1 


by a new imaginary integer function of the variable x. 


Proof. — Let 


B(x) = 9(x) +4 (4)V-1 


be the given function. Because it should vanish for 
x= + fPov-1, 

by virtue of theorem I it is algebraically divisible by 
x— Q — BoV—1. 


As a consequence, we have 


Q) @ (x) = (x— a0 — Bow=T) Qo. 
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where Qo denotes a new imaginary integer function of the variable x. The function 
@ (x) also ought to vanish when we suppose that 


x= 044+ Pi V =I), 


so this assumption necessarily reduces the right-hand side of equation (2) to zero, 
and consequently it reduces to zero one of the two factors which compose it (see 
Chapter VI, § H, theorem VII, corollary II). [218] Furthermore, because the first 


factor 
x—  — Bov—1 


cannot become zero for 


x= + 8iV-1 


as long as the particular values 
O+BoV—-1 and a,+f,V-1 


are distinct from each other, it is clear that by assigning the second of these two 
values of x, we ought to reduce to zero the integer function Qo, and consequently 
this integer function is algebraically divisible by 


x— 0, —-Biv—-1. 


Thus we have 


Qo = (x a1 -Biv-1) Q1, 


where Q denotes a new imaginary integer function of the variable x. Consequently 
equation (2) can be put into the form 


(3) B(x) = (x oa) Bov—1) (« oa B, V1) Qu. 


By reasoning again in this way we find: 1° that the function @ (x) ought to vanish 
by virtue of the assumption that 


X= 0)+ Pov -l, 


so this assumption necessarily reduces the right-hand side of equation (3) to zero, 
and consequently it reduces to zero one of its three factors; 2° that the factor which 
reduces to zero cannot be any other than the integer function Q1, as long as the three 
particular values of x, 


M%+PoV—-1, @+BiV—-1, m+fhv-1, 


are distinct from one another; and 3° that because the integer function Q) ought to 
vanish for 


X= 0n+ Pov =I. 
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[219] itis algebraically divisible by 
x—M — pov —l. 


Consequently, we have 
Q1 = (x— O — By) Qo 


and it follows that 


(4) @ (x) = (x—a9—ByV—1) (x—cr1 —B; V—1) (x0 — Bp V—1) Od, 


where Q> again denotes an integer imaginary function of the variable x. Continuing 
in the same way, we eventually recognize that, in the case where the integer function 
@ (x) vanishes for n different values of x, respectively denoted by 


Oo + Bov —1, oy + By V —l, Ot + Bov —1, sey On—1 + Bn—1 V -l, 


then we necessarily have 


@ (x) = (x— a — BoV—1) (x— 041 — Bi V—1) 
x (x — a2 — Bo V/—1)... (x Qn-1 Bn—1v 1) Q, 
where Q denotes a new integer function of the variable x. 


It is almost unnecessary to observe that the preceding theorem remains true when 
we suppose that 


(5) 


or else 
Bo=0, B,=0, Po=0, ..., Bri =0, 


that is to say when the function @ (x) or the particular values assigned to the variable 
x become real. 

With the aid of the principles established in this section, we can prove without 
difficulty that in Chapter IV (§ I), theorems III and IV, along with formula (1), can 
be extended to the case where the functions and the variables, at the same time as the 
particular values attributed to those functions and variables, become imaginary. We 
can prove as well that propositions I, II and IN, along with formulas (1) and (2) in 
§ I of Chapter IV, and formulas (2), (3), (4), (5) and (6) of § II in the same Chapter, 
remain true whatever the real or imaginary values [220] of the variables, functions 
and constants may be. Thus, for example, we see, in particular, that equation (6) of 
§ I, namely 


n n n—1 
ty x Vin, 
6 12-3..n °° 1-23.01 1-23..@-1 1 
x yo 
“(ie t) bean 


holds for any imaginary values of the variables x and y. 
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8.5 Determination of continuous imaginary functions of a single 
variable that satisfy certain conditions. 


Let 

@ (x) = p(x) + V—-14 (x) 
be a continuous imaginary function of the variable x, where @(x) and ¥(x) are two 
real continuous functions. The imaginary function @(x) is completely determined 


if for all the possible real values of the variables x and y, it is required to satisfy one 
of the equations 


(1) O(x+y)=G(x)+G(y) or 
(2) O(x+y) = O(x) x O(y), 


or else, for all real positive values of the same variables, one of the following equa- 
tions: 


(3) @ (xy) = O(x)+@(y) or 
(4) @ (xy) = D(x) x Oy). 


We will solve these four equations successively, which will provide us with four 
problems analogous to those we have already treated in § I of Chapter V. 


Problem I. — To determine the imaginary function @ (x) in such a manner that 
it remains continuous between any two real limits of the variable [221] x and so that 
for all real values of the variables x and y, we have 


(1) O(x+y) =O(x)+O(y). 


Solution. — If, with the aid of the formula 
(x)= Q(x) +X) vV-1, 


we replace the imaginary function @ in equation (1) with the real functions @ and 
x, this equation becomes 


@ (x+y) +4 (x+y) V—-1= 9 (x) +4 (x) V-14+ 00) +2 (9) V-1, 


then by equating the real parts and the coefficients of \/—1 on both sides, we con- 
clude 


x)+@(y) and 
X(x+y) =X(x)+X()- 


a) 
= 
I 
a) 


From these last formulas (see Chapter V, § I, problem I), we get 
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Consequently 
(5) @(x)=x|o(1)+x(1) v=1], 
or what amounts to the same thing, 


(6) @ (x) =x (1). 


It follows from equation (5) that any value of @ (x) that satisfies the given ques- 
tion is necessarily of the form 


(7) @ (x)= (a+5v-1) " 


where a and b denote two constant quantities. Moreover, it is easy to assure our- 
selves that any such value of @(x) satisfies equation (1), whatever the values of a 
and b. These quantities are thus two arbitrary constants. 

[222] We could remark that to obtain the preceding value of @ (x), it suffices to 
replace the arbitrary real constant a in the value of @ (x) given by equation (7) of 
Chapter V (§ I) by the arbitrary but imaginary constant 


a+bv-1. 


Problem II. — To determine the imaginary function @ (x) in such a manner that 
it remains continuous between any two real limits of the variable x and so that for 
all real values of the variables x and y, we have 


(2) O(x+y)=O(x)O(y). 


Solution.* — If we make x = 0 in equation (2), we get 
@(0) = 1, 
or, because of the formula 
B(x) = O(x) +X (x) V1, 
we get what amounts to the same thing, 
(0) +x (0) V-1=1. 


Consequently, 


4 Note that this solution is very different from Cauchy’s solution to the corresponding problem IT 
in Chapter V, § I. By contrast, problem I in this section followed as an easy corollary of problem I 
of Chapter V, § I. 
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o(0)=1 and y(0)=0. 


The function @ (x) reduces to | for the particular value 0 assigned to the variable 
x, and because it is assumed to be continuous between any limits, it is clear that 
in the neighborhood of this particular value, it is only very slightly different from 
1, and consequently it is positive. Thus, if @ denotes a very small number, we can 
choose this number in such a way that the function @ (x) remains constantly positive 
between the limits 

x=0O and x=a. 


With this condition satisfied, because the quantity @(a) is itself positive, if we take 


x(a) 


= 2 2 = 
p=V9(a)+x(a)° and SSA a): 


we conclude that 
@(a)=0(a)+4(a)V—-1=p (cos¢ + V=Tsin¢) 


[223] Now imagine that in equation (2) we successively replace y by y +z, then 
zby z+u, .... We conclude that 


O(x+y+z+...)=O(x)O(y)O(z)..., 


however many variables, x, y, z, ..., there may be. If we also denote by m the number 
of variables, and if we make 


YS] 7 S55, 
then the equation we have just found becomes 
@ (ma) = [@(a)|" =p” (cosmé + V—Isinmé ) 
I add that the formula 
@ (ma) =p” (cosmé + V—Tsinmé ) 
remains true if we replace the integer number m by a fraction, or even by an arbitrary 


number jt. We will prove this easily in what follows. 
If in equation (2) we make 


Li d re 
x= = an = — 
2 <7 


then we conclude 


lo ($a) | = e(a) =p [eos + v—Tsing 
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Then, by taking square roots of both sides in such a way that the real parts are 
positive, and by observing that the two functions @ (x) and cosx remain positive, the 
first between the limits x = 0 and x = a, and the second between the limits x = 0 
and x = €, we find that 


1 1 1 1 C _¢ 
= = = = =|] = p2 ade = pail 
a (5a) o(5a)+2($2) v l=p (cos $+ v Ising). 
Likewise, if in equation (2) we make 


Dy d Ds 
x=- an =- 
4 a 


[224] then we conclude 


fo(4a)]' =a (42) =p! (cos$ + v=tsn8). 


Then, by taking square roots of both sides so as to obtain positive real parts, we find 
1 

oO (42) =p! (cos 5 + V—Tsin 5) ; 

By similar reasoning, we can establish successively the formulas 


oe) <0 (mf). 


and in general, where n denotes any integer number, 


w(e)-o* for($s)-19(29)} 


If we operate on the preceding value of 0 (qa) to derive the value of 0 (a) the 
same way we operate on the value of @ (@) to derive that of @ (ma), we find that 


0 (a) =p [os St) + sin (e)] 


or what amounts to the same thing, 


o (i) + (ty) v=T= 8 oo (Me) +v=Tsm 5] 


22a 2"a Qn 


Consequently, 
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Q (Sa) =p?" cos ($5) and 


x(a) =p sn(e) 


[225] Then, by supposing that the fraction 5; varies in such a way as to approach 


indefinitely the number p and passing to the limit, we get the equations 
P(ua)=p™cosug and x (ua) =p" sin’, 
from which we conclude that 
(8) @ (ua) = p" (cosue + V—Tsinuc). 
Moreover, if in equation (2) we set 
x=pa and y=—uwua, 


we get 


@(—wa) = 2 =p [oos(—uo) + V=Tsin(—n6)]. 


Thus, formula (8) remains true when we replace by —y. In other words, for all 
real values of the variable x, both positive and negative, we have 


(9) @ (ax) = p* [cos Cxt+ V—TsinGx| = |[O(a@)]*. 


In this last formula, if we write = instead of x, it becomes 


(10) (x) =p# |oos (2 ) +valsin (2 )] = tea. 


x x 
a a 


If, for brevity, we make 


1 G. 
(11) pi=A and 2=b, 
a 
we find 
(12) O(x) =A" (cosbx + a sin bx) 


Thus any value of @ (x) that satisfies the given question is necessarily of the form 
A‘ (cos bx+/—Isin bx) ; 


where A and b denote two real quantities, of which the first must be [226] positive. 
Moreover, it is easy to assure ourselves that such a value of @ (x) satisfies equation 
(2), whatever the values of the number A and the quantity b may be. This number 
and this quantity are thus arbitrary constants. 
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Corollary. — In the particular case where the function @ (x) remains positive 
between the limits x = 0 and x = 1, we can, instead of supposing that @ is very 
small, set @ = 1. Then we conclude immediately from equations (9) and (10) that 


(13) @ (x) =[@(1))’. 


Problem III. — To determine the imaginary function @ (x) in such a manner 
that it remains continuous between any two positive limits of the variable x and so 
that for all positive values of the variables x and y, 


(3) @ (xy) = O(x)+O(y). 
Solution. — If, with the aid of the formula 
@ (x) = p(x) +X (x) V-1, 


we replace the imaginary function @ in equation (3) by the real functions @ and x, 
then we equate the real parts and the coefficients of ./—1 on both sides, we find 


9 (xy) = P(x) +@(y) and 
X (xy) = X(x)+X(y). 


Moreover, if A denotes any number and log denotes the characteristic of loga- 
rithms in the system for which the base is A, we get from the preceding equations 
(see Chapter V, § I, problem IID 


We conclude that 


(14) @ (x) = |9(A) +2 (A) V=T] log (3), 
[227] or what amounts to the same thing, 
(15) @ (x) = (A) log (x). 


It follows from formula (14) that any value of @ (x) that satisfies the given question 
is necessarily of the form 


(16) O (x)= (a+bv-1) log (x), 


where a and b denote constant quantities. Moreover, it is easy to assure ourselves 
that such a value of @ (x) satisfies equation (3), whatever the quantities a and b may 
be. Thus these quantities are two arbitrary constants. 

We could remark that to obtain the preceding value of @ (x), it suffices to replace 
the arbitrary real constant a in the value of @ (x) given by equation (12) of Chapter 
V (8 I) by the arbitrary but imaginary constant 
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a+byV/-1. 


Note. — We could arrive very simply at equation (15) in the following manner. 
By virtue of the identities 


x= Ale and y= A, 
equation (3) becomes 


Oo (averticey) =@O (a=) +O (ai) : 


Because in this last formula the variable quantities logx and logy take on all real 
values, both positive and negative, as a result we have, for all possible real values of 
the variables x and y, 

@ (A**”) = @(A*) + @(A’). 


We conclude [see problem I, equation (6)] that 
@(A*) =x@ (A!) = x@(A), 
and consequently 
oO (a'se*) = @(A)logx, 
[228] or what amounts to the same thing, 
@(x) = @ (A) logx. 


Problem IV. — To determine the imaginary function @(x) in such a manner that 
it remains continuous between any two positive limits of the variable x and so that 
for all positive values of the variables x and y, we have 


(4) @ (xy) = O(x)@(y). 


Solution. — It would be easy to apply a method similar to that which we used 
to solve the second problem to the solution of this problem. However, we will ar- 
rive more promptly at the solution we seek if we observe that, by denoting by log 
the characteristic of logarithms in the system for which the base is A, we can put 
equation (4) into the form 


Oo (geen) =O (Are) oO (a) . 


Because in this last equation the variable quantities logx and logy admit any real 
values, positive and negative, it follows that we have, for all possible real values of 
the variables x and y, 

oO (A**Y) = @(A*)@(A’). 
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If & represents a very small number and if we replace @(x) with @ (A*) in equation 
(10) of the second problem, we conclude that 


@(A*) = [0 (A%)]®. 
Consequently, we find that 


logx 


@ (Are) = [o(A%)] 


or what amounts to the same thing, 


logx 


a7) B(x) = [9 (A%)] 


It is essential to observe that the imaginary function @ (A*), and consequently its 
real part @ (A*), reduce to 1 for x = 0, [229] or in other words, that the imaginary 
function @(x) and its real part @(x) reduce to 1 for x = 1. We can prove this directly 
by taking 

t=A" = 1 


in equation (4). As for the number @, it need only be small enough that the real 
part of the imaginary function @ (A*) remain constantly positive between the limits 
x = 0 and x = a. When this condition is satisfied, the real part of the imaginary 
expression 


@(A%) = p(A®) +4 (A%) V-1 


is itself positive. Consequently, if we make 


oe ere ; (At) 
p= lo (4%)2 +[z(A%)?? and ¢ = arctan 


we have 


@(A%) =p (cos¢ + V—Tsin¢). 


Given this, equation (17) becomes 


O(x) = pa [cos ( logx) V-Isin (logs) | 


logp 


(18) =7"0 [cos (Et0gx) +/—Tsin (£t0gx) | : 


By virtue of this last equation, any value of @(x) that satisfies the given question is 
necessarily of the form 


(19) O(x) =x" [cos (blogx) + V—I sin (blogx)| : 


where a and b denote two constant quantities. Moreover, it is easy to assure our- 
selves that these two constant quantities ought to remain entirely arbitrary. 


Chapter 9 

On convergent and divergent imaginary series. 
Summation of some convergent imaginary series. 
Notations used to represent imaginary functions 
that we find by evaluating the sum of such series. 


9.1 General considerations on imaginary series. 


[230] Let 
(1) Po, Pl; P2.+++) Pn; ++. and 
(2) 90; qf; q2; asa) qn) 


be two real series. The sequence of imaginary expressions 
(3) Pot gov—l, pit+qv—l, potgav—l, ---, Pat anv—l, --. 
forms what we call an imaginary series. Moreover, let 


sn = (po+qoV—1) + (pit+qiv—1) +... 
(4) ar (Pia + n-1V —1) 
=(potpit...+pn—1)+(go+qit..-+qn-1)V—1 


be the sum of the first n terms of this series. Depending on whether or not s, con- 
verges towards a fixed limit for increasing values of n, we say that series (3) is 
convergent and that it has this limit as its sum, or else that it is divergent and it does 
not have a sum. The first case evidently occurs if the two sums 


Potpit..-+Pn—-1 and 
got+qit..-+4n-1 


themselves converge towards [231] fixed limits, for increasing values of n, and the 
second in the opposite case. In other words, series (3) is always convergent at the 
same time as the real series (1) and (2) are convergent. If even one of these series is 
divergent, then series (3) is divergent as well. 

In every possible case, the term of series (3) that corresponds to the index n, 
namely 
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Pat+Qv-I, 


is called its general term. 
The simplest of these imaginary series is the one we get by attributing an imagi- 
nary value to the variable x in the geometric progression 


2 n 
Ts. HERES oetig 5 


Imagine, to clarify these ideas, that we make 
x=z(cos6 + V—Tsin@ ) : 


where z denotes a new real variable and @ a real arc. The geometric progression in 
question becomes 


a z(cos@+V/—Isin@), 2? (cos20 + V—Isin26) , vee 


©) z" (cosn@ + /—Isinn@), .... 


To obtain the equation that determines the sum of the first n terms of the preceding 
series, it suffices to replace x by z (cos 6+~/—Isin 0) in the formula 


1 
tate +...$2") =7—— 


In this way, we find that 


1+z(cos 6+ /—Isin@) +z? (cos26 + V—Isin26) +... 
+z”! [cos (n— 1) 6+ V/—Isin(n — 1) 6] 


n—1 


(6) 


1 z 
7 1—z(cos0+/—Isin@) 1—z(cos@+/—Isin@) 


For increasing values of n, the modulus of the imaginary [232] expression 


Zz (cosn@ +/-1 sinn@) 
1 —zcos 0 —zsin@/—1 ’ 


namely 


in 


(1 —2zcos +22)? 


converges towards the limit zero or grows beyond all limits, depending on whether 
we suppose that the numerical value of z is less than or greater than 1. Thus we 
ought to conclude from equation (6) that under the first hypothesis, series (5) is a 
convergent series that has 


1 
1 —zcos@ —zsinOd/—1 
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for its sum, and under the second hypothesis, it is a divergent series that does not 
have a sum. 

We indicate the sum of an imaginary series the same way we do for a real series, 
by the sum of its first terms followed by an ellipsis .... 

Given this, if we denote the sum of series (3) by s, assuming it is convergent, and 
if we make n grow indefinitely in formula (4), we find by passing to the limit that 


{' = (po+qoV—1) + (pi +41V—-1) + (P2+22V-1) +. 


(7) 
=(pot+pitpet-..)+(gotat+at.-)V-1. 


In the same way, when we suppose that the numerical value of z is less than | and 
we make n grow beyond any assignable limit, we get from equation (6), 


1+z(cos@ + V—Isin@) +z? (cos20 + V/—1sin26) +... 
(8) _ 1 _ 1—zcos@+zsin@V—1 
~ 1—zcos@—zsinO/—1 1 —2zcos 0 + z2 


By virtue of formula (7), the first part of equation (8) can [233] be written in the 
following form: 


(1 +zcos @ +z’ cos20 +...) + (zsin @ +z’ sin20 + JV. 
Thus, for numerical values of z less than 1, we have 


(1+zcos @ +z*cos26 +...) + (zsin@ +z? sin2@ +...) Jl 
(9) 1 —zcos@ zsin@./—1 i 


~ 1—2zcos0 +22 | 1—2zcosO +z 


Thus we conclude that! 


__ 1—zcos0 

~ 1—2zcos 0+ 22’ 
_ zsin@ 

~ 1—2zcos0 +22 


1+zcos @+z*cos20 +z>cos30+... 
(10) 
zsin@ + 27sin20 +2>sin30+... 
(=+1,z=+1). 
Thus the substitution of an imaginary value for x in the geometric progression 


2 n 


1, x, ». beer, OE, 


is enough to lead to the summation of the two series 


1, zcos@, z*cos20, ..., z’cosnO, ... 
(11) 


zsin@, z*sin20,..., z’sinnO,... 


' Euler summed a similar series by similar means in [Euler 1774]. 


184 9 On convergent and divergent imaginary series. 
whenever the variable z remains contained between the limits 
z=-l and z=+1, 


that is to say, whenever the two series are convergent. 

The left-hand sides of equations (10) are (by virtue of theorem I, Chapter VI, § I) 
continuous functions of the variable z in the neighborhood of any particular value 
contained between the limits 


z=-l1 and z=+1, 


and so the left-hand side of equation (9) is itself a continuous function of z in the 
neighborhood of the same value. Now, this left-hand side is nothing but the sum 
of series (5), of which the different [234] terms remain continuous functions of z 
between any limits whatsoever. By generalizing the remark that we have just made, 
we obtain the following proposition: 


Theorem I. — When the different terms of series (3) are functions of the same 
variable z and are continuous with respect to this variable in the neighborhood of a 
particular value for which this series is convergent, the sum s of this series is also a 
continuous function of z in the neighborhood of this particular value.” 


Proof. — Indeed, in the neighborhood of the particular value attributed to the 
variable z, series (3) cannot be convergent and have continuous functions of z for 
its different terms unless the real series (1) and (2) both enjoy the same properties. 
Now under this hypothesis, because both of the sums 


Potpitp2+... and 
qord+qt... 


are continuous functions of the variable z (by virtue of theorem I, Chapter VI, § I) it 
follows that the sum of series (3), namely 


s=(potpit+p2+...)+(gotqit+qt...)V—-1 


is also a continuous function of this variable. 
Now suppose that we denote by 


Po, Pi, fP2; 


the moduli of the various terms of series (3), and by 
cos 09 + V—1sin @, cos 0; + V—1sin 8,, cos 02 + V—1sin 6s, ... 


the corresponding reduced expressions, so that in general we have 


? This theorem as stated is incorrect. Cauchy’s proof depends on his incorrect theorem I of Chapter 
VI, § I. See the footnote on p. 90. 
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1 
Pn = (px +4n) * and 
Pn+4nV —1= Pn (cos 6, +/—I1sin 8) : 
[235] Series (3) becomes 
Po (cos 8) + /—Isin a) , 


ron (cos 6,;+ /—Isin 01) ; 
(12) p2 (cos 62 + /—I1sin 02) , 


and we can ordinarily decide if this series is convergent or divergent with the aid of 
the theorem I am about to state. 


1 

Theorem II.* — To find the limit or limits towards which the expression (Pn)" 
converges as n grows indefinitely. Series (3) converges or diverges according to 
whether the largest of these limits is less than or greater than 1. 


1 

Proof. — First consider the case where the largest values of the expression (p,,)” 

converge towards a limit less than | as n grows indefinitely. In this case, because the 
series 


(13) Po, Pi, f2, seey) Pry 


is convergent (Chapter VI, § II, theorem I), the two series 


(14) Pocos@, picos@;, p2cos@, ..., PncosO,, ..., 
Posin®y, pisin@;, posinO:, ..., pysin®, 


are convergent as well (Chapter VI, § HI, theorem IV), and the convergence of these 
last series entails that of series (12), which is nothing but series (3) presented in a 
different form. 
In the second place, suppose that for increasing values of n, the largest values 
1 
of (P,)” converge towards a limit greater than 1. Under this hypothesis and using 


reasoning similar to that which we used in Chapter VI (§ I, theorem I), we prove 
that the largest values of the modulus 


ub 
Pn = (p;, +q;,) 


[236] increase with n beyond all limits, which cannot be true unless the largest 
values of the two quantities p, and gy, or at least one of them, likewise grows indef- 
initely. Now as these two quantities are the general terms of series (1) and (2), we 


3 This is the Root Test adapted to complex numbers. 
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must conclude that at least one of these two series must be divergent, which suffices 
to assure the divergence of series (3). 

Scholium I. — The theorem that we have just established leaves no doubt about 
the convergence or divergence of an imaginary series except in the particular case 


where the limit of the largest values of (Dn) becomes equal to 1. In this particular 
case, it is not always easy to decide the issue. Nevertheless, we can affirm that 
if series (13) is convergent, then series (14) and consequently series (12) are as 
well. The converse is not true, and it can turn out that although series (12) remains 
convergent, series (13) is divergent. Thus, for example, if we take 


1 1 
n=—— and 6,=(n+5)x, 
p aa and @, (n+3)s 


then we get for series (12) and (13) the two following ones: 


Vv 1, sv 1, taV/ 1, iv Lissa 
1 1 1 


1 
’ 3? 3? 4? ereet 


where the second is divergent, while the first remains convergent and has for its sum 
V—11n2, 


where In denotes the characteristic of Napierian logarithms. 


Scholium II. — Whenever the ratio 


Pn+1 
Pn 


indefinitely approaches a fixed limit for increasing values of n, this limit is the same 


[237] as the limit towards which the largest values of the expression (Pn)" converge. 

Theorem V of § III (Chapter VI) is evidently applicable to imaginary series as 
well as to real series. As for theorem VI of the same section, when it is a question 
of imaginary series, we ought to replace it with the following: 


Theorem III. — Let 


(15) Uj, Ut, U2, «++, Uns vers 


Vo; V1, v2; sees Vn, 


be two convergent imaginary series that have s and s', respectively, as their sums. If 
each of these series remains convergent when we reduce its terms to their respective 
moduli, then 


(16) uovo, UoVituUiVo, UovV2+U1V,+U2V0, «--, 
ney UQVy + Uy Vp—1 +.» FUn—1V1 FUnVo, 
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is a new convergent imaginary series that has ss' as its sum. 


Proof. — Denote, respectively, by s, and s/, the sums of the first 1 terms of the two 
series (15), and by s\ the sum of the first n terms of series (16). We find that 


/ 1 
SnSy — Sy = Un—1Vn i+ (un 1Vn—2 + Un—2Vn i+... 


+ (Un—1V1 + Un—2¥2 +... + UnVn—2 + UIVn-1) - 


Again denote by p, and p/, the moduli of the imaginary expressions u, and v,, so 
that these expressions are determined by equations of the form 


Un = Pn (cos®, + V/—Isin@,) and 
Vn = p}, (cos 6) + /—1sin 6) . 


Because the real series 


Po; P1, P2, +++; Pn»... and 
Po: Pi> Pos een roe 


[238] are convergent by hypothesis, we conclude, as in Chapter VI (§ III, theorem 
VI) that the sum 


Pr=iP 7 ale (Pe-10) 3 a Pn—2Pn_1) ee. 
Tr (Pa-1P| + Pn—2P5 tase + p2pP),_> + P1Ph-1) 


converges towards the limit zero for increasing values of n. It is the same, a fortiori, 
for the two sums 

Pr-10 4 cos (On—1 Se ae 
+ [Pn—1Pp—2 08 (On—1 + 8% 9) + Pn—2Pp,_1 COS (On—-2 + 8 _1)] 


+ [Pn—1P} COS (On—1 + 81) + Pn—2P4, cos (On-2 + 05) +... 
+P2P;,_2 C08 (> ae 6/_») + PiPp-1 cos (01 + 6 1)] 
and 
Pn—1Py—1 Sin (On—1 + 81) 
+ [Pn—1P)-2 Sin (O,—1 + 8,9) + Pn—2P)_1 Sin (On-2 + 1) | 


+ [P17 Sin (O,_1 + 6) + Pn_2P3 sin (0,2 + 03) +... 
+P2Pj—28in (82+ O,_») + P1Ph1 Sin (01 +O _1)] 
where the first series evidently represents the real part of the imaginary expression 


le 


/ 
SnSp — Sn; 
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while the second series represents the coefficient of \/—1 in this expression. Con- 
sequently, s,s}, — s/’ also converges towards the limit zero for increasing values of n. 
Because 5,5), indefinitely approaches the limit ss’, it is certainly necessary that the 
expression 5", that is to say the sum of the first n terms of series (16), itself indefi- 


n? 


nitely approaches this last limit. It follows that: 1° series (16) is convergent; and 2° 
that this convergent series has as its sum ss’. 


9.2 On imaginary series ordered according to the ascending 
integer powers of a single variable. 


[239] Let x be an imaginary variable. Any imaginary series ordered according to the 
ascending integer powers of the variable x is of the form 


ao+boV—-l, (a1 +biv—1)x, (az +boV/—1) 2’, ae 
ey (an + DnV—1) x", 28k 


where do, 41, 42, ..-, Gn, --. and bo, by, bo, ..., by, ... denote two sequences of 
constant quantities. In the case where the constants in the second sequence vanish, 
the preceding series reduces to 


2 
(1) AQ, AX, 2X", wee, AX", 


In this section, we consider in particular series of this last kind. If, for simplicity, we 
put 


(2) x=z(cos@ + V—Tsin8), 


where z denotes a real variable and 0 denotes a real arc, then series (1) becomes 


(3) ay, a1z(cos 8 + /—Tsin@), aoz?(cos20 + /—Isin26), ..., 
.-5 Qnz"(cosn@ + V/—I1sinn8), 


Now, as in Chapter VI (§ IV), let A be the largest of the limits towards which the 
nth root of the numerical value of a,, converges as n increases indefinitely. Under the 
same hypothesis, the largest of the limits towards which the nth root of the modulus 
of the imaginary expression 


AynxX" = ayz" (cos n0+vV-1 sinn®) 


converges is equivalent to the numerical value of the product 


Az. 
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Consequently (see above, § I, theorem ID), series (3) is [240] convergent or divergent 
according to whether the product Az has a value less than or greater than 1. We 
deduce the following proposition immediately from this remark: 


Theorem I. — Series (3) is convergent for all values of z contained between the 
limits , i 


ve is TF 


and divergent for all values of z located outside these same limits. In other words, 
series (1) is convergent or divergent depending on whether the modulus of the imag- 
inary expression x is less than or greater than + 


Scholium. — When the numerical value of the ratio Sut converges to a fixed limit 
for increasing values of n, this limit is precisely the value of the positive quantity 
denoted by A. 


Corollary I. — In comparing the preceding theorem to theorem I of Chapter 
VI (8 IV), we recognize that if series (1) is convergent for a certain real value of the 
variable x, it remains convergent for every imaginary value that has this real value as 
its modulus, up to sign. Consequently, if series (1) is convergent for all real values of 
the variable x, it remains convergent for whatever imaginary value we may attribute 
to this variable. 


Corollary IT. — To apply theorem I and the preceding corollary, consider the 
following four series: 


(4) 1, x, ere an bees 
(5) 1 oi A ous 
(7) Xi =, ; a ; 


[241] where in the second series denotes any quantity whatsoever. Of these four 
series, the first two, as well as the last, remain convergent for all real values of x 
contained between the limits 


x=-l and x=+1, 


and the third remains convergent for all real values of the variable x. However, in- 
stead of giving x a real value, if we suppose that 


x=z(cos6 + V—Isin6) , 
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then instead of these four series, we get the following ones: 


(8) finer ea ae sais 
z"(cosn@+V/—Isinn@), ...; 
1, £z(cos @ + V/—Tsin 8), 
(9) uu) -2(cos20 + /—1sin26), er 
Mur 1) (H—n+)) 0 (eosn6 + /—Tsinnd), shhs 
z(cos6+/—Isin@) z*(cos20 + /—Isin26) 


(10) 1 1-2 
z"(cosn@ + /—Isinn@) — 
ae 1-2-3...n ee 
z(cos@+V—Isin@)  2(cos26+/—Isin20) 
(11) 1 2 
_2"(cosné + /—I|sinn6) 
ey, ae - er 


where the first two and the last one remain convergent for all values of z contained 
between the limits 
z=-l and z=+1, 


while the remaining one is always convergent, whatever the real value of z may be. 
Having fixed the limits between which z must be contained in order to render 

series (3) convergent, we make the remark that, by virtue [242] of the principles 
established in the preceding section, theorems III, IV and V of Chapter VI (8 IV), 
with their corollaries, can be extended to the case where the variable x becomes 
imaginary. We need only assume that in the statement of theorem IV, each of the 
series 

ao, aX, anx, ... and 

bo, b,x, box”, 


remains convergent when we reduce the terms not just to their numerical values but 
to their respective moduli. Given this, if we denote by @ (1) what the right-hand 
side of equation (15) (Chapter VI § IV) becomes when we give to x the imaginary 


value 
Zz (cos@ + V—Tsind ) : 


or in other words, if we make 
(12) O(u)=1+4 A, (cos@ + V—Tsind ) 


+ Made (cos26 + V—Tsin 26) +..., 


we find, in place of formula (16) (Chapter VI, § IV), the following: 
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(13) O(n) @(u') =O(u+y'). 


It is essential to remark that this last formula remains true only for values of z con- 
tained between the limits z = —1 and z = +1, and that between these limits, the 
imaginary function @ (1), that is to say the sum of series (9), is at the same time 
continuous with respect to z and with respect to tL (see above, § I, theorem I). 

Imagine for the time being that instead of series (9) we consider more generally 
series (3), and that in this last series we make the value of z vary by insensible 
degrees. As long as series (3) is convergent, that is to say as long as the value of z 
remains contained between the limits 


1 1 
ees d = 
a an mare 


the sum of the series is a continuous imaginary function of the [243] variable z. Let 
@ (z) be this continuous function. The equation 


O(z) =agtaiz (cos@ + V—Tsiné) +anz (cos26 + V—Tsin26) +... 


remains true for all values of z contained between the limits -4 and +4, which we 
indicate by writing these limits beside the series,* 


_ =ay +a1z (cos @ + /—Isin 0) 


as we see here: 


(14) 


barz- (cos 20 +yV-1 sin20) +... 
@=-}, 2=4)), 


We ought to observe that the preceding equation is always equivalent to two real 
equations. Indeed, if we set 


(15) @(z) = (2) +x) V1, 
where @ (z) and x (z) denote two real functions, we get from equation (14) that 


~(z) =aot ajzcos 0 +427" cos20+..., 


(16) X(z) = a,zsin@ +z" sin20+... 


=}, 2=+4). 


When series (3) is given, we can sometimes deduce the value of the function 
@ (x) in a finite form, and to do this is called summing the series. In § I, we have 
already resolved this question for series (8). We will now try to resolve it for series 
(9), (10) and (11), and as a consequence, we will treat the three problems that follow, 
one after another. 


4 Tn [Cauchy 1821, p. 290 ff], the limits really are written beside the series. However, in [Cauchy 
1897, p. 243 ff], they are written below. (tr.) 
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Problem I. — To find the sum of the series 
(9) 1, 4z(cos 6 + V—Isin 6), uu) 2 (cos20 + V—I sin 26), vies 
in the case where we attribute to the variable z a value contained between the limits 
z=-l and z=+1. 


[244] Solution. — Let @ (1) be the sum being sought. Let wu’ denote a real quan- 
tity different from 1. We find 


(13) O(H)O(u')=O(u+y'). 


The preceding equation, being similar to equation (2) of Chapter VIII (§ V), is 
solved in the same manner, and we thus conclude that 


O(u) =r" (cosur + V—Tsinur) : 


where the modulus r and the angle ¢ are two quantities constant with respect to 
Ll, but which necessarily depend on z and 0. Thus, between the limits z = —1 and 
z—=+l, we have 


a7) 1+ z(cos@ + /—Isin@) + wun 3) 22 (cos20 + /—Isin20) +... 
= rl (cos Ut+V/-1 sin Ut) ; 
To determine the unknown values of r and rf, we set Ld = | in equation (17), and then 


we get 
1+zcos0+zsinOV—1=rcost+rsintyv—1, 


or what amounts to the same thing, 


1+zcos@ = rcost 


zsin@ = rsint. 


Consequently we find 
1 
r= (1 +2zcos@ +2’) ae 
Then, by observing that cost = Lisguell remains postive for every numerical value 
of z less than 1, and denoting by k any integer number, we also find 


t = arctan aa + 2k0. 
1+zcos0 
Given this, if for brevity we make 
in@ 
(18) § = arctan 


1+zcos@’ 
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[245] then equation (17) becomes 


1+4z(cos@ + V Isin 0) | ww) 2 (cos20 + V—1sin20) +... 
1 
(19) = (1+2zcos@ +22)?" (cos ut + V—Isin pt) 
(g=-l, z=+41), 


where the value of ¢ is determined by the formula 


(20) t=s+2kn, 


in which the integer number k depends only on the quantities z and 0. 

We remark now that, between the limits z = —1 and z= +1, the left-hand side of 
equation (19) is a continuous function of z that varies with z by insensible degrees, 
whatever the value of 1. The right-hand side of the equation thus ought to enjoy the 
same property. In other words, the quantities 


al 
2 


(1+2zcos@ +27)? cost, and 


(1 +2zcos 0 +27) 2 sin Lt, 


and consequently 
cosut and sinpt 


ought to vary with z by insensible degrees for all possible values of 4. Now, this 
condition cannot be satisfied except in the case where f itself varies with z by insen- 
sible degrees. Indeed, if an infinitely small increase in z produces a finite increase in 
t in such a way as to change f into t-+a, where a denotes a finite quantity, the sines 
and cosines of the two arcs 


bt and u(t+a) 


could not remain sensibly equal, except when the numerical value of the product wa 
is very close to a multiple of the [246] circumference, which cannot be true except 
for particular values of the coefficient u, and not generally for any finite values of 
this coefficient. Thus we must conclude that the arc t = s+ 2k7 is a continuous 
function of z. Because the first of the two quantities s and k, determined by equation 
(18), varies with z in a continuous way between the limits z= —1 and z= +1, while 
the second, which must always be an integer, admits only finite variations that are 
multiples of 1, it is clear that to satisfy the stated condition, the quantity s must be 
the only one to vary and the quantity & must remain constant. Thus this last quantity 
is independent of z, and to know its value in all possible cases, it suffices to find it by 
supposing that z = 0. Because under this hypothesis, we have s = 0 andt = s+2kz, 
we get 


1 =cos (2kum) + V—1 sin (2kp7) 


from equation (19), whatever the value of 2 may be. Consequently 
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k=0. 

Given this, in general, formula (20) gives 
t=s, 


and equation (19) is found to reduce to 


1 +4z(cos6 + V—Isin@) + HH)? (cos20 + /—Isin26) +... 
1 
(21) = (1+2zcos@ +27) 2" (cosus+V/—Isin us) 
(@==1, z=+41). 


Moreover, if we consider formula (27) of Chapter VII (§ IV), we easily recognize 
that the right-hand side of equation (21) can be represented by the notation 


[1+2(coso +V=Isine) |". 


Thus, always supposing that the value of z is contained between the [247] limits +1 
and —1, we have 


1 +4 (cos 6+ /—Isin 0) + wu) 2 (cos20 + V—Isin26) +... 
(22) = [1+z(cos@+ V—Isin 6) |" 

(g=—-1, z=+1). 
In other words, equation (20) of Chapter VI (§ IV), namely 


1p Hep BOD Uday 


remains true not only if we attribute to the variable x real values contained between 
the limits —1 and +1 but also if we let 


— (cos@ + V—Isiné) 
the numerical value of z being less than 1. 
Corollary I. — Formula (21), as with all imaginary equations, is equivalent to 


two real equations, which we obtain by equating on both sides the real parts and the 
coefficients of \/—1. In this way we find 


14+ Fzcos@+ Hw) 22 cos 20 +... = (1+2zcos 6 +27)?" cos ps, 
1 
(23) fzsin@ + mint) 2 sin20+... =(1+2zcos@ +27)?" sinus 


g==-l1, z=+1), 
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where the value of s is still determined by equation (18). 


Corollary II, — If in formulas (22) and (23) we set uw = —1, and if we then 
replace z by —z, we get equations (8) and (10) of § I. 


Corollary III. — If we set 9 = 5, or what amounts to the same thing, 
cos@=O0 and sind=1, 
[248] the value of s given by formula (18) becomes 
S = arctan z, 


and remains contained between the limits — 7 and +7 for any numerical value of z 
less than 1. Under the same hypothesis, we evidently have 


sins 
coss 


Lu 
(1+ 2zcos@ +27)? = (secs)* = way 


z=tans= and 


and we get from equations (23), but only for values between the given limits, that 


cos Ls = cos! 5 — HUD cost-2ssin? s 
eee ee) cos!#~4 sint 5 — ..., 
(24) sin ls = F cost! ssins 
— nu a?) cos!—3 ssin? s+... 


(6=-3, s=+9). 


Consequently, if in formulas (12) of Chapter VII (§ IL), we replace the integer num- 
ber m by any quantity UW, these formulas, which held for all possible real values of 
the arc z, are not generally true except for numerical values of this arc less than 7. 


Problem II. — To find the sum of the series 


(10) 1, = (cos@ + V—Tsin@) Ew (cos26 + V—Tsin26) , au 


whatever the numerical value of z might be. 


Solution. — If in equations (18) and (21), we replace z by @z and pt by Z, where 
a denotes an infinitely small quantity, we find that [249] for all values of a@z con- 
tained between the limits —1 and +1, or what amounts to the same thing, for all 
values of z contained between the limits -t4 and + i, 
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1+ 4 (cos@+/—Isin@) 
= (cos26 + /—Isin26) (1—«@) 
(25) +753 (cos36 + V—Tsin3@) (1—) (1-20) +... 
= (1+2azcos 6 + az”) 2a (cos = + /—Isin 5) 
@=-4, r=+4), 


Qa? 


where the arc s is determined by the formula 


azsin@ 


2 = arctan ——————. 
(26) Ss NOT cao 


Now if we let the numerical value of @ in equation (25) decrease indefinitely, then 
by passing to the limit we find 


oe (cos 6 + /—Isin@) + ra (cos26 + /—1sin26) 
+753 (cos30 + /—Tsin36) +... 


27 
eu = lim (1-+2az0088 +02) * (cos $+ V=Tsin )| 


(z= 00, z= +00). 

It remains to find the limit of the product 
(1+ 2azcos 6 + az”) 2a (cos ~ +/—I1sin =) , 
and consequently, the limits of each of the quantities 
(1+2azcos @ + az) 2a and = 

Now, in the first place, if we make 

2azcos@+a?7? = B, 
[250] we conclude that? 


2 
zcos 0+ 


1 Sec daa 
(1+2azcos@ +0727) =(1+8) 8B 


and consequently 


> In [Cauchy 1897, p. 250] the numerator of the exponent on the right-hand side reads scos @ + ad , 
In [Cauchy 1821, p. 299] the numerator is given correctly, with z in place of s. (tr.) 
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rw) 
1 1 7 lim(zcos 0+ 2% 
lim (1+ 2azcos6 + az?) # = li ( *) 
e 
Moreover, because the value of s given by equation (26) is infinitely small, the ratio 


Ss 1 
— = —coss 
tans sins 

Ss 


has | as its limit. Also, we get from equation (26) that 


tans zsin@ 
= and 
a 1+ azcos@ 
Ss KY zsin@ 


a tans1+azcos@” 
Thus we find, by passing to the limit, that 
lim (=) =zsino. 
Qa 


Given this, it is clear that the right-hand side of equation (25) has as its limit the 
imaginary expression 


ge [cos (zsin 8) + V—Isin(zsin 6)| ; 
so that formula (27) becomes 
14 (cos 6 + /—Isin@) + = (cos20 + V/—Isin 260) +... 
(28) = e089 [cos (zsin 8) + /—Tsin (zsin @)] 


The value of the real variable z is completely arbitrary because it can be chosen at 
will between the extreme values z = —co and z = +. 


[251] Corollary I. — If, in comparing the two sides of equation (28), we equate: 
1° the real parts; and 2° the coefficients of \/—1, we obtain the two real equations 


1+ £cos@ + =,c0s20 +... = e58 cos (zsin8), 
(29) 


ack Bion, : ; : 
sin@ + 25 sin20 +... = ce sin (zsin@) 


Corollary II. — If we suppose that @ = 4, or what amounts to the same thing 


cos@=O0 and sind=1, 
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then equations (29) become 


(30) 


These last equations, as well as equations (29), remain true for any real values of z, 
and it follows that the functions sinz and cosz can always be expanded into series 
ordered by the ascending powers of the variables they contain. As this proposition 
is noteworthy, I will prove it here directly. 

Because the series 


et ie 
is convergent for all possible real values of the variable x, it remains convergent (by 
virtue of theorem I, corollary I) for all imaginary values of the same variable. If we 
multiply the sum of this series by the sum of [252] the similar series 

_ o 
? 1 K 1 3 2 ? a 


and we take into consideration both theorem II of § I and formula (6) of Chapter 
VIII (§ IV), we find that for all possible values, real and imaginary, attributed to x 
and y, 


2 ; ped 
(1+¢+i5+--) (1+}+5+.-) 


fs A\2 
=1422 4 807 +, 


(31) 


In the preceding equation, when we replace x by x.\/—1 and y by y\/—1, we obtain 
the following 


sy=I_ 2 8-1 
(1+ im Seas oe +...) 


(32) x (14 1-6-4 +...) 


1-2 1-2-3 


=1+ eo Gey 


fey 


in which we may, if we wish, assume that the variables x and y are real. Under this 
hypothesis, take 


xV—-1 x2 xf] 
@(x)=1 _ 
ats 12 1-2-3 


Equation (32) becomes 
@ (x) O(y) = @(x+y), 


and we conclude that (see Chapter VIII, § V, equation (12)) 
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@ (x) =A* (cosbx +V¥-1 sin bx) ; 


or what amounts to the same thing, 


| 
1-2 1-2-3 23-4 00° 


1 x/-l x V1 x4 
(33) ae Tr 
= A* (cos bx +V/-1 sin bx) 


(x = —09, X = +00), 


[253] where the letters A and b denote two unknown constants, the first one of which 
is necessarily positive. Consequently, we have 


2 4 
1-4%4+4,-...=At*cosbx 
12 7234 ) 
(34) ; : _ 
T= qq ee SA Sy 


(x = —00, X = +00). 


To determine the unknown constants A and J, it suffices to observe: 1° that formulas 
(34) must remain true when we change x to —x, and that to fulfill this condition it is 
necessary to suppose that 

A* — A; 


and consequently 
A=1; 


and 2° to observe that if we divide both sides of the second of formulas (34) by x, 
and then we let the variable x converge towards the limit zero, then the left-hand 
side converges towards the limit 1, and the right-hand side, namely 


,sinbx _ 4x sin bx 


A A 


x bx 


xb, 
converges towards the limit b. From this it follows that 
b=1. 


Given this, formulas (33) and (34) become, respectively, 


x/—I 2 SBV-T 4 
(35) 1 + : 1 12 53 + (ase tees 
= cosx+/—Ilsinx 
(x — 09; xs co) 
and® 


6 The denominator of the x? term is incorrectly given as | instead of 1 -2 in [Cauchy 1821, p. 304, 
Cauchy 1897, p. 253]. (tr.) 
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(36) 


(x = —00, X = +00). 


[254] If in these last two formulas we replace the variable x with the variable z, we 
rediscover formulas (30). 

It is essential to observe that when we suppose that x = zsin@, equation (35) 
gives the expansion of 


cos (zsin@) + /—Isin(zsin@) 
according to the ascending powers of z. If we multiply this expansion by that of 


E2008 0 


and take into consideration formula (31), which remains true for all values, real and 
imaginary, of the variables it contains, then we get precisely equation (28). 


Problem III. — To find the sum of the series 


a) z (cos@ + V—Isin@) — 5 (cos26 + V/—Isin26) 
+ (cos30 + V—Tsin36) —... 
in the case where we attribute to the variable z a value contained between the limits 


z=-l and z=+1. 


Solution. — If we use the notation In for the characteristic of the Napierian log- 
arithms, then we have 


(1+2zcos 6 +27) ZH paral te), 


and consequently equation (21) can be put into the form 


1+ #z(cos@+/—Isin@) + BD 2 (cos26 + /—Isin26) +... 
_ ezHin(1+2zcos 0+2) (cos us +4/—] sin Ls) 
(z=-l, z=+1), 
[255] where the value of s is still given by formula (18). If we expand the two fac- 
tors of the right-hand side of the preceding equation into convergent series ordered 


according to the ascending powers of LU, then, if we form the product of these two 
expansions with the aid of formula (31), we find 
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1+ #z(cos0 + /—Tsing) + 4H") 2? (cos20 + V—Isin26) +... 
=1+4[FIn(1+2zcos6 +27) +sV—1| 
+e [41n (1+ 2zcos@ +22) +5/—1]’ +... 
(z=-l, z=+41). 


Finally, after subtracting | from both sides, then dividing them by uw, if we let u 
converge towards the limit zero, we obtain the equation 


= (cos 6 + /—Isin@) ~ $ (cos20 + V—Isin26) +... 


(37) 
= sin (1 + 2zcos @ +2”) +5 /-1 


(z=-l, z=+41). 


Corollary I. — If in the two sides of equation (37), we equate: 1° the real parts; 
and 2° the coefficients of \/—1, then if we substitute for s its value determined by 
formula (18), we obtain the two real equations 


(38) 2 cos 6 — $cos20 + $cos30 —... = 5In(1+2zcos@ +z’), 
2 sin@ — 5 sin20 + | sin30—... = arctan 22, 


(g@==L, z=+41). 


[256] Corollary II. — If we suppose that 0 = 7 or what amounts to the same 
thing, 
cos8@=O0 and sind=1, 


the second of equations (38) becomes 


(39) e+... =aretanz (g=-l, z=+1). 

The series that forms the left-hand side of this last equation is convergent, not only 
for any numerical value of z less than 1, but also when we suppose that z = | (see 
Chapter VI, § III, theorem III), and as a result the equation remains true in this last 
hypothesis. Moreover, because we have 


arctan (1) = *. 


we conclude that 


40 1 iS 
(0) 375 4 


Formula (40)/ can be used to calculate an approximation of the value of 7, that is to 
say the ratio if the circumference to the diameter. 


7 This series was originally discovered independently by James Gregory (1638-1675) and Got- 
tfried Wilhelm von Leibniz (1646-1716). 
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9.3 Notations used to represent various imaginary functions 
which arise from the summation of convergent series. 
Properties of these same functions. 


Consider the six notations 


A*, = sinx, COSX, 


logx, arcsinx and arccosx. 


As we know, if we give the variable x a real value, these six notations represent as 
many real functions of x, which, taken two by two, are inverses of each other, that is 
to say [257] given by inverse operations, provided, however, that, where A denotes 
a number, log expresses the characteristic of the logarithms in the system for which 
the base is A. It remains to clarify the sense of these same notations in the case 
where the variable x becomes imaginary. We will do this here, starting with the first 
three. 

We have proved that in the case where the variable x is taken to be real, the three 
functions represented by 

A*, sinx and = cosx 


can always be expanded into series ordered according to the ascending integer pow- 
ers of this variable. Indeed, under this hypothesis we have 


xo xInA | (Ind)? | x3 (InA)? 
AS reg gp ag 


—_ x x4 
(1) cosx=1l— 5+ q53qG7--° 
3 
: - * x 
sinx = T-Togte- 
where the characteristic In denotes a Napierian logarithm. Moreover (by virtue of 
theorem I, corollary I, § II), the above series remain convergent for all values, real 
and imaginary, of the variable x, so we agree to extend equations (1) to all possible 
cases and to consider them as clarifying the meanings of the three notations 


A*, sinx and cosx, 


even when the variable becomes imaginary. 
Now we observe that if we make 


A=e 


in the first of equations (1), where e denotes the base of the Napierian logarithms, 
then we find that 


(2) Pei ie aa, 


[258] Then in place of x, we can successively write xInA, x./—1 and —x./—1 to get 
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2 2 3 3 
xInA _ 1, xInA , x (InA) x? (InA) 
e =1 [for 4a aa 


x/-1 x x2 x 
(3) e =14+3V-1-$-pav-l+..., 
aeift x ws 3 
etvt= 1 iV —-l—ig + iaV—1 


As a consequence we have® 


exlnA = AX 
(4) ev-! = cosxt+ V—1 sinx, 
e*V—1 = cosx— V—1 sinx, 


where the variable x may be either real or imaginary. Moreover, whatever x and y 
may be, equation (31) (§ II) gives 


(5) fea". 


Given this, it becomes easy to find in finite form the values of A*, sinx and cosx 
corresponding to the imaginary values of the variable x. Indeed, if we suppose that 


(6) x=a+BvV-1, 


where a and f represent real quantities, then we conclude from the first two of 
equations (4) together with equation (5) that 


AX — etna — e(at+Bv—-1) InA _ ealnA , Bin(A)/—1T 
(7) 
= A® (cosB InA + /—IsinB nA). 
From the last two of equations (4), we conclude that 
ev=1 4 g-aval 
9 >] 
(8) exval _ p-av=1 


sinx = 
2V-1 


Then, by substituting the value a + B./—1 for x and expanding the [259] right-hand 
sides, we get 


CcosSx = 


cosx = = cosa — & — sina/—l, 
(9) sinx — & — sina +2 = cos a/—1 


cos (3 —a—By-1). 


And so, under the given hypotheses, the three notations 


8 The second of formulas (4) is Euler’s Identity, extended to complex numbers. 
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A*, sinx and cosx, 
respectively, denote the three imaginary expressions 


A® (cosInA + /—IsinInA), 


ef it sina + dee cosa@./—1 and 


é + Pcosa—@ = sina/—1. 


Under the same hypothesis, if we make 
A=e 


then equation (7) gives the following value 


er (cos + v—Tsin B) 


for the notation 
x 


e. 
Now that we have determined the values of the three functions 


A*, sinx and cosx 


in the case where the variable x becomes imaginary, we still have to look for which 
definitions to give in the same case for the inverse functions 


logx, arcsinx and arccosx, 
[260] or more generally, what meaning to give to the notations 
log ((x)), arcsin((x)) and arccos ((x)). 


We continue to suppose that 
x=a+BV-l1=p (cos@ + V—Tsin@) . 


where a and f denote two real quantities which can be replaced by the modulus p 
and the real arc @. Every imaginary expression u + ./—1v that satisfies the equation 


(10) A=! = a 4 BY-1 =x 


is what we call an imaginary logarithm of x taken in the system where the base 
is A. As we will see below, equation (10) gives several values of u+-v./—I, even 
in the case where f is zero. It follows that any expression, imaginary or real, has 
several imaginary logarithms. Whenever we wish to designate indistinctly any one 
of these logarithms (among which we ought to include the real one, if there is one), 
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we use the characteristic log or In followed by double parentheses, taking care to 
state the base of the system in the narrative. We prefer to use the characteristic In 
when it is a question of Napierian logarithms taken in the system for which the base 
is e. By virtue of these conventions, the various logarithms of the real and imaginary 
quantities 


1, -l, a+BvV-1 and x 


are respectively denoted, in the system for which the base is A by 


log((1)), log((-1)), log((a+BV=1)) and log ((x)), 


and in the Napierian system for which the base is e by 


In(1)), In(-1), In((@+BV=1)) and In((x). 


Given this, to determine these various logarithms it suffices to solve the following 
problems.? 


[261] Problem I. — To find the various values, real and imaginary, of the ex- 
pression 
In((1)). 


Solution. — Let u+v.1/—1 be one of these values, where u and v denote two real 
quantities. From the definition itself of the expression In ((1)), we have 


(11) ettw—T _ 1 
or what amounts to the same thing, 
e" (cosy+ V-Isinv) =. 
From this last equation we get 
e“=1 and 
cosv-+/—Isinv= 1, 
and consequently 


u=0, 


cosv=1, sinv=0 and v=+2kz, 


where k represents any integer number. With the quantities u and v determined in 
this way, the various values of u+ v\/—1 satisfying equation (11) are evidently 
contained in the formula 


° Buler was the first to resolve these problems; see [Euler 1751]. 
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utvy/—-1=+2knrvV-1. 


In other words, the various values of In ((1)) are given by the equation 


(12) In((1)) = +2kaV/-1. 


Only one of these values is real, namely the one that we obtain by setting k = 0, 
which reduces the value itself to zero. To represent this real value, we commonly 
use the simple notation 

In(1) or Inl. 


There are evidently an infinite number of imaginary values of In ((1)). 


[262] Problem II. — To find the various values of the expression 


In(-1). 


Solution. — Let u+-v\/—1 be one of these values, where u and v denote two real 
quantities. From the definition itself of the expression In ((—1)), we have 


(13) elityy-1 — 


? 


or what amounts to the same thing, 
e” (cosy + v-Isinv) =-l. 
From this last equation we get 
e“=1 and 
cosv-+ /—Isinv = —l, 
and consequently 


u=0, 
cosv=—1l, sinv=0 and v=+(2k+1)zq, 


where k represents any integer number. With the quantities u and v determined in 
this way, the various values of u+ v\/—1 satisfying equation (13) are evidently 
contained in the formula 


ut+tvy—-l =+(2k4+1)avV-1. 


In other words, the various values of In ((—1)) are given by the equation 


(14) In((—1)) =+(2k+1)aV-1. 


Consequently, there are infinitely many such values and they are all imaginary. 
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Problem III. — To find the various values of the expression 
in ((+BV=1)). 


Solution. — Let u+-v./—1 be one of these values. From the [263] definition itself 
of the expression In ((a@ +By/— 1)) we have 


(15) ett V=T _ + B/-1 =p (cos@ + V—Isin@) , 
or what amounts to the same thing, 
e" (cosv+ V=1 sinv) =p (cose +v-l sin 6) ; 


where p denotes the modulus of @ + B\/—1. From the preceding equation, we get 


e“=p and 


cosv+ /—Isinv=cos0+/—I1sin8, 


and consequently, 


u=In(p), 
cosv=cos@, sinv=sin@ and v=@+2k7, 


where k represents any integer number. With the quantities u and v determined in 
this way, the various values of u+ v./—1 are contained in the formula 


ut+v/—1=In(p)+0V/—-14 2kavV/-1. 


In other words, the various values of 


In ((a+Bv-1)) 


are given by the equation 
(16) In ((a+Bv-1)) =In(p) + 0V—1+In((1)). 


It is worth observing that in this last equation, the value of p is completely deter- 


mined and is equal to 
Var + B?, 


a 
a2+p2 


while 8 can be any arc which has as its cosine and Sie Gi as its sine. 
o2+B? 


[264] Corollary I. — If we make 
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_ B 
(17) ¢ =arctan e 


for greater convenience, then it is easy to substutute the arc € in place of the arc 0 
in formula (16). Indeed, we may suppose that 


a=¢ 


if @ is positive, and 
@=C4+2 


if @ is negative. In the first case, we find that 
(18) In ((a+Bv—1)) =In(p)+¢V—1+In((1)), 
and in the second case that 
(19) in((a+Bv-1)) =In(p)+CV—1+a2V—1+In((1)). 
In particular, if in this last equation we make 

a+BV-1=-1, 


that is to say 
a=-1 and B=0, 


and consequently 
p=1 and €=0, 


we obtain 


(20) In ((—1)) = #V—1+In((1)). 


In general, it follows that for negative values of @ we have 
(21) n((a+Bv—1)) =In(p)+¢V—1+In((-1)). 
Now suppose that we substitute the values 
(a? + B’) 2 and arctan 
for p and € in formulas (18) and (21). We find for the various values of 


In ((a+Bv-1)) ; 


[265] 1° if & is positive, that 


(22) In ((a+Bv-1)) - 5In(0?-+ 6?) . (arctan) V/-T+In(1)); 
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and 2° if & is negative, that 
(23) In ((a+Bv-1)) - In (0? +B?) m (arctan E /-1+In((-1). 


Corollary II. — If we suppose that B = 0 in equations (22) and (23), then for 
positive values of @ we have 


(24) In ((o)) = In(@) + In ((1)) = In(@) 4 2kaV—-1, 


and for negative values of @ we have 


(25) In ((a@)) = In(—a@) + In (—1)) = In(—@) + (2k +1) aV—-1, 


where k as always is an integer number. It follows from these last formulas that a 
real quantity a has an infinity of imaginary logarithms, among which, in the case 
where @ is positive, we find just one real logarithm. We obtain this real logarithm, 
denoted by the simple notation In(@) or Ina, by setting k = 0 in equation (24). 


Scholium I. — Among the various values of In((1)), as we have just remarked, 
there is one that is equal to zero, and which we indicate by the notation In(1) or 


In1, making use of the simple parentheses or suppressing them altogether. If we 
substitute this particular value in equation (22), we obtain a corresponding value 


in ((a+Bv-1)), 
which analogy leads us to indicate, with the aid of simple parentheses, by the nota- 
tion 
In (a+Bv-1) . 
We will do so from now on. Consequently, supposing that is positive, we have 


(26) In (a+Bv-1) — sin (a? + B*) + (arctan E 4/=1. 


[266] On the other hand, if @ becomes negative, then —q@ is positive and we find 
that 


In( a Bv-1) = sin (a? +B?) + (arctan =F ) v-l, 


or what amounts to the same thing, 


(27) in( a Bv-1) = 5 In(o? | B’) | (arctan) VESE 


By making use of the preceding notations, we can reduce equations (22) and (23) to 
the following 
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(28) in((a+By=1)) =In(@+BV=1) +In((1)) and 
(29) In ((a+Bv-1)) = In( a Bv-1) +in(—1)), 


where the first equation applies for positive values of a, while the second applies 
for negative values of that quantity. In other words, depending on whether the real 
part of an imaginary expression x is positive or negative, we have 


(30) In ((x)) = In(x) +1n ((1)) 
or else 
(31) In ((x)) = In(—x) +In((—1)). 


To summarize what we have just said, we see that the notation 
In(x) 


has a precise meaning determined by equation (26) only in the first case, where the 
real part of the imaginary expression x is positive, while in all possible cases the 
notation 


In ((x)) 


has infinitely many values determined by one of equations (28) or (29). 
[267] Problem IV. — To find the various values of the expression 
log ((a+Bv =1)) ; 


where the characteristic log indicates a logarithm taken in the system where the 
base is A. 


Solution. — Let u+ v./—1 still denote one of the values of the expression we are 
considering. From the definition itself of this expression, we have 


(32) AMAT — op + BY=I, 
or what amounts to the same thing, 
e(utvv—1) In yg Bef =t, 
where In is the characteristic of the Napierian logarithms. Then we conclude that 
(u+vv=T) Ind =In ((« +By-1)) ; 


and consequently 


parva = nar Bv=D) 
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or in other words, 


~ oe ((a+BV)) = 


This last equation remains true in the case where B vanishes, that is to say when the 
imaginary expression a@ + B./—1 reduces to a real quantity. 


Scholium. — If we suppose that the quantity @ is positive, then the particular 
value of In ((a + BV-1)) represented by In (a + BV-1) corresponds to a partic- 
ular value of log ((a + Bv-1)), which analogy leads us to indicate with the aid of 
simple parentheses by the notation 


log (0+ Bv =1) ; 
[268] Given this, for positive values of @ we have 
In(a+BV/-1 
log (@+BV—1) = Cl ) 
(34) InA 


B 
arctan 


InA 


= 5 log (a? + B”) + V1: 


Moreover, if in equation (33) we substitute for In ((a +By/— 1)) its value given suc- 
cessively in formulas (28) and (29), we find that for positive values of the quantity 


a, 
In J-1 In((1 
(35) ee eaney ty ie Tn Ls a 
= log (a+ B/—1) + log ((1)), 
and for negative values of the same quantity,!° 
In(—a—BV—-1) In((—1 
(36) le (a+ BV=1) = a Ly MA : 


= log (—a@—BV/—1) +log((-1)). 


In other words, according to whether the real part of an imaginary expression x is 
positive or negative, we have, respectively, 


(37) log ((x)) = logx + log ((1)) = log (x) + a 
or else 
(38) log ((x)) = log(—x) + log ((—1)) = log (—x) + “3 a 


'0 Tn [Cauchy 1821, p. 323, Cauchy 1897, p. 268], single parentheses were used on the left-hand 
side of equation (36). (tr.) 
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where k denotes any integer number. We can add that of the two preceding formulas, 
the first remains true for all positive real values of x and the second for all negative 
real values of the same variable. 

After having calculated the various logarithms of the imaginary expression 


x=a+BvV-1, 


we propose to find the imaginary arcs for which the cosine is equal to x. If we denote 
any one of these arcs by 


arccos ((x)) =u+vV—1, 
[269] then to determine u+ v./—1, we have the equation 


cos (u+vv=1) =a+pvV-1, 


or what amounts to the same thing, 


evte’ ever’ ; 
(39) 7 60s 5 sinu/—-l=a+BvV-1. 
This separates into two other equations, namely 
ete’ ev —e-” ; 
(40) 7 cos = a and sinu = —f. 
For these last two equations, we can substitute the equivalent system of two for- 
mulas 
; a aay a 
(41) e= pes and e = ee a 
cosu sinu cosu sinu 


Moreover, if we eliminate v from formulas (41), it follows that 


a2 B 2 
cos?u sin? u 


sin* u — (1 — a? — B?) sin? u— 8? =0. 


=1 and 


Then, by observing that sin” u is necessarily a positive quantity, we have 


1-2-2 1—a2—B2\? 
sin? u = 5 p +f 5 B ) + B?. 


Consequently we have 


1+a@2 2 1+ 2\2 
cos*u = eae i( is | a? 


2 
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a 


9 
2 
1 2 2 1 2 2 
Lab? 4 | (Hapsb?) ~ @2 


and because (by virtue of the first of equations (40)) cosu and a [270] must have 
the same sign, we have, by extracting square roots, 


a 
(42) cosu = rT 


z 
1402-482 24 p2\2 
et + (48) | 


Given this, if for convenience we make 


U =arccos a 


L+a? +p? (eS) a 
(43) 2 2 
= B 
ae (20 = fr) 


we conclude from equations (41) and (42) that 


(44) u=+U+2km and v=+4vV, 


where k denotes any integer number and the two letters U and V must have the same 
sign. Thus, we finally have 


(45) arccos ((x)) = 42k (u+vv-1). 


Among the various values of arccos ((x)) given by the preceding equation, the sim- 
plest is the one obtained by setting k = 0 in the first term of the right-hand side, and 
giving a + sign to the other term. We denote this particular value with the aid of 
simple parentheses, and consequently we write 


arccos (x) =U+VV~-l, 
or even, by suppressing the parentheses entirely, 
(46) arccosx =U +VvV~-1. 


In the particular case where f is zero, the quantity @ remains contained between 
the limits —1 and +1, and formula (46) reduces, as we [271] should expect, to the 
identity 

arccos O& = arccos a. 


On the other hand, if we note that +2kz represents any of the arcs that have 1| for 
their cosines, we recognize that equation (45) can be put into the form 
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(47) arccos ((x)) = -+-arccos.x + arccos ((1)). 


Yet, it is essential to remark that in the case where we suppose that B = 0 and the 
numerical value of @ is greater than 1, the expression 


arccos 
always takes an imaginary value. This imaginary value is given by the equation 
(48) arccos & = In(a@) V—1 


if & is positive, and by 


(49) arccos @ = 7+1n(—a) V—1 = [in a)—aV/-1|V/-1 


if & is negative. 
Now consider the imaginary arcs for which the sine is x = a+ B./—1. If we 
denote any one of these arcs by 


arcsin ((x)) = u-+v/—1, 
then by taking into consideration the second of equations (9), we find 
x=sin(w+vv—1) = Cos (5 -«-vv=1) ; 
and we conclude 
(50) arcsin ((x)) = u+vV—1 = ; arccos ((x)) . 


In the previous formula, if we substitute the various values of arccos ((x)), one of 
which is distinguished by the notation arccos (x) or arccos.x, we obtain the various 
values of arcsin ((x)), one of which [272] is distinguished by the notation arcsin (x) 
or arcsinx, and determined by the equation 


(51) arcsinx = ; —arccosx. 


With the aid of the principles that we have just established, it is easy to recognize 
the most essential properties that are enjoyed by those functions of the imaginary 
variable x represented by the notations 


A*, cosx, sinx, 
logx, arccosx and arcsinx. 
To obtain these properties, it suffices to extend the formulas that these functions 


satisfy in the case where the variable x is real to the case where the variable becomes 
imaginary. This extension is ordinarily carried out without difficulty for each of the 
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three functions 


A*, cosx and sinx. 


Thus, for example, if A, B, C, ... denote several numbers, we can easily prove that 
the equations 


AAA... = AXE 
(52) ee x 
A*B*C*... = (ABC...) 
and 
cos(x+y) =cosxcosy—sinxsiny, 
(53) 7 (x+y) | — y 
sin(x+y) = sinxcosy+sinycosx 
remain equally true for any values, real or imaginary, of the variables x, y, z, .... But 


if we consider formulas that involve the inverse functions 
logx, arccosx or arcsinx, 


we usually find that these formulas, extended to the case where the variables become 
imaginary, remain true only with considerable restrictions, and only for certain val- 
ues of the variables that they involve. For example, if we make 


x=a+BV—-1, y=o'+p'V-1, z=a"+p"V-1, ..., 
[273] and if we denote by pu any real quantity, we recognize that the formula 
(54) log (x) + log (y) + log (z) +... = log (xyz...) 


remains true only in the case where a, a’, a”, ... are positive and the sum 


/ MW 
arctan + arctan a + arctan al ee 


remains contained between the limits — 5 and +5. The formula 


(55) log (x") = wlog (x) 


remains true only in the case where & is positive and the product 


arctan — 
. a 


remains contained between the same limits. 


Chapter 10 


On real or imaginary roots of algebraic 
equations for which the left-hand side is a 
rational and integer function of one variable. 
The solution of equations of this kind by algebra 
or trigonometry. 


10.1 We can satisfy any equation for which the left-hand side is a 
rational and integer function of the variable x by real or 
imaginary values of that variable. Decomposition of 
polynomials into factors of the first and second degree. 
Geometric representation of real factors of the second 
degree. 


[274] Consider an algebraic equation for which the left-hand side is a rational and 
integer function of the variable x. Such an equation can be put into the form 


(1) agx" +.a,x"—! + ax"? 


+...+a,-1x +a, =0, 
where n represents the degree of this equation and do, dj, do, .-., An—1, Gn, are 
constant coefficients, real or imaginary. A root of this equation is any expression, 
real or imaginary, that when substituted in place of the unknown value x, makes the 
left-hand side equal to zero. First, to clarify the ideas, suppose that the constants 
ao, 41, 42, ..-, An, reduce to real quantities. Then if two real values of x substituted 
into the left-hand side of equation (1) give two results containing zero between them, 
that is to say, results with opposite signs, we conclude from Chapter II (§ I, theorem 
IV)! that equation (1) admits one or more real roots contained between these two 
values. It follows that any equation of odd degree has at least one real root. Indeed, 
if m is an odd number, the left-hand side [275] of equation (1) changes signs, with 
its first term agx”", whenever, by giving the variable x very large numerical values, 
we make this variable pass from positive to negative (see theorem VIII of Chapter 
IL § D. 

When v is an even number, the quantity x” remains positive as long as the variable 
x is real. Thus, for very large numerical values of x, the left-hand side of equation 


' This is the Intermediate Value Theorem, which was proven intuitively in Chapter II, and will be 
proven rigorously in Note IIL. 
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(1) will eventually always be the same sign as ao. If, under the same hypothesis, a, 
and ap are of opposite signs, the left-hand side evidently changes signs as it passes 
from a very large numerical value of x to a very small one, while remaining either 
always positive or always negative. Then equation (1) has at least two real roots, one 
positive and the other negative. 

When n is an even number and ao and a, have the same sign, it can happen that 
the left-hand side of equation (1) remains of the same sign as apo for all real values 
of x, without ever vanishing. This is what happens, for example, for each of the 
binomial equations 


xv+1=0, x441=0, x°©+1=0, 


In such a case, equation (1) no longer has real roots, but we satisfy the equation by 
taking for x an imaginary expression 


u+vy-l, 


where u and v denote two finite real quantities. This proposition and the ones that 
we have just established are found contained in the following theorem: 


Theorem I. — Whatever the values, real or imaginary, of the constants ao, aj, 
+++ An—1, An may be, the equation 


n—2 


(1) ag + aye ag +2. ta, x ta, =0, 


in which n denotes an integer number greater than or equal to I, always has real or 
imaginary roots. 


[276] Proof. — For brevity, denote the left-hand side of equation (1) by f(x). 
Then f(x) is a function, real or imaginary, but always integer, of the variable x. 
Because any real expression u is contained as a particular case of some imaginary 
expression u + v\/—1, to establish the stated theorem it suffices to prove in general 
that we can satisfy the equation 


(1) f(x) =0 


by taking 
x=u+vy-l, 


then giving the new variables u and v real values. Now, if we substitute the preceding 
value of x in the function f(x), the result is of the form 


(u,v) +V—-1x (u,v), 


where (u,v) and 7(u,v) denote two real integer functions of the variables u and v. 
Given this, equation (1) becomes 


9 (u,v) +V—1x (u,v) = 0. 
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To satisfy this equation, it suffices to satisfy the two real equations 
Q(u,v)=0 and 
(2) 


or what amounts to the same thing, the single equation 


(3) [9 (u,v)? + [4 uv)" =0 


Thus, if for convenience we set 

(4) F wv) = [o(uv)P +(x (uv), 

it remains only to show that we can find real values of u and v that make the function 
F (u,v) 


vanish. We can easily do this with the aid of the following considerations. 

[277] First, to determine the general value of the function F (u,v), we represent 
each of the real or imaginary constants do, a1, ..., Gn—1, Gn, aS Well as the imag- 
inary variable u + v.\/—1, by the product of a modulus and a reduced expression. 
Consequently, we write 


a =fo0 (cos 6) + V—Isin 00) ; 
a, =P (cos 6 + /—Isin61), 
(Sr § “9 saitencenouisecanesmeammnceuaen: ; 
An—1 = Pn-1 (cos 6,-1++/—1sin 0-1) : 
An =Pn(cos@, + V/—Isin@,) 


and 


(6) u+v/—T =r(cost+ v—Tsint). 


Consequently we have 


f (u+vv-I) 
= por" [cos (nt + 09) + /—1sin (nt + 80) 


(7) +pir"! [cos (n—1-t+ 6,) + V—Isin (n—1-t+ 6)] 
+...+Pn—ir [cos (t+ O,-1) + V—Isin (t+ 6,-1)] 
+Pn (cos 69+ /—Isin Qo) . 


From this we deduce that 
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Q (u,v) = por" cos (nt + Oo) 
+pir"—|cos (n— 1-t+ 01) +... 
«+ Pn—1rcos (t + O,-1) + Pn COs On, 


(8) spac 
xX (u,v) = por” sin (nt + 4) 
+pir"'sin(n—1-t+0)) +... 
+ Pn—irsin (t+ 6,1) + Pnrsin 6, 
and 


F (u,v) = [por cos (nt + 4) 
+pir"! cos (n— 1-t+ 61) +... 
..- + Pn—19rcos (t + O)_1) + Pp cos 0,|° 
+ [por” sin (nt + 0) 
(9) +p;r"! sin (n—1-t+01) +... 


+ Pn—irsin(t + 6,1) + Py sin 6,|° 


2g | p24, Ponies (t+ 69 — 1) 
r 
P? + 2pop2cos (2t + Op — 62) " 
2, een ve 
PS 


[278] It follows from this last formula that the function F (u,v), which is evi- 
dently always positive, is the product of two factors, of which one, namely 


pen = (w+v)", 


grows indefinitely if we give one or both of the variables wu and v larger and larger 
numerical values, while under the same hypothesis, the other factor converges to- 
wards the limit De; that is to say towards a finite limit different from zero. Thus we 
conclude that the function F (u,v) cannot retain a finite value except when both of 
the two quantities uw and v receive values of this kind, and it becomes infinitely large 
when either of the two quantities grows indefinitely. Moreover, equation (4) gives an 
integer function for F (u,v), and consequently a continuous function of the variables 
u and v. Thus, it is clear that F (u,v) varies with u and v by insensible degrees and 
cannot drop below zero, and so it attains, one or several times, a certain lower limit 
below which it never descends. Denote this limit by A, and by uo and vo one of the 
systems of finite values of u and v for which F (u,v) reduces to A. Consequently, we 
have identically 

(10) F (ug, vo) =A. 


The difference F (u,v) — F (uo,vo) can never fall below zero. As a consequence, if 
we make 
(11) u=ugt+tah and v=vo+ak 
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where a denotes an infinitely small quantity and h/ and k denote two finite quantities, 
then the expression 
F (ug + Gh, vo + ak) — F (uo, vo) 


is never negative. On the basis of this principle, it is easy to determine the value of 
the constant A, as we shall see. 

In the imaginary expression f (u + v/—1), if we substitute for wu and v their val- 
ues given in formulas (11), this expression becomes [279] an imaginary and integer 
function of the product 


a (h+kv=1), 


and it can be expanded according to the ascending integer powers of this product. If 
we denote the imaginary coefficients of these powers by 


R (cos T +/-lIsinT ), 
Ri (cos Tj + V—Isin7;) ; 


Rn (cos T, + V—I[sin Tn) j 
some of which may be reduced to zero, and if we make, for convenience 
(12) h+kV=1 =p (cos + V—Tsin8), 
we obtain the equation 
f (uo +vo/—-14+ a (h+ky¥—1)| 
= R(cosT + /—IsinT) 
+aR1p [cos (T, + 0) + /—Isin (7, + @)] +... 
..- t+ a"R, 9" [cos (T, +n@) + /—Isin (Th +né)| ; 


(13) 


in which the terms on the right-hand side, and thus the moduli 
Ri ? Ro, Desig i Rn, 
do not all vanish at the same time. Moreover, because we have 


gnnainta e 


(14) 
= @ (up + Gh, v9 + Ak) + J—1YX (ug + Oh, vo + ak) , 


we conclude from equation (13) that 
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Q (up + Gh, vo + ak) 
= RcosT + Rip cos(T + 6)+...+a"R,p" cos (T, +8), 


15 
om X (ug + ah, vo + ak) 


= RsinT + QR psin(7; +0)4+...+a"R,p"sin(T, +8), 
[280] and as a consequence, 
F (uo + ah, vo + ak) 
(16) = [RcosT + @Ripcos(T; +0) + @"Rnp” cos (Ty +n0)] 
+ [RsinT + @Rip sin(T, + 0) + a"R,p" sin (Ty +nO)]°. 
If we set & = 0 in this last formula, we get 


F (uo,vo0) = R?. 


Moreover, R* = A and so R = A2. If we now expand the right-hand side of equation 


(16) according to the descending powers of R and then replace R by A 2 , this equation 
becomes 


F (up + Oh, vo + Gtk) 
=A+2A2 ap [Ricos(T; -T+6)+... 
(17) sich +a"—!p""!R, cos (T, — T +n@)| 
+a7p7{ [Ri cos (T,+0)+...+a"-!p""!R, cos (T, +n@)]° 


+ [Ri sin(T; +@)+...+a7 |p" Rk, sin(T; +n6)]"} : 
If we move the quantity A = F (uo, vo) to the left-hand side, we finally find that 


F (up + Gh, vo + &k) — F (uo, vo) 
=2Alap [Ri cos(7; -T+6)+... 
(18) ssi +a"-!p""!R, cos (T, — T +n@)| 
+a7p7{ [Ri cos (T,+0)+...+a"-!p""!R, cos (T, +no)]° 


+ [Ri sin(T; +@)+...+a7 |p" 1R, sin(T, +n6)]"} ‘ 
Given this, because the difference 
F (uo + th, vo + &k) — F (uo, vo) 


ought never fall below the limit zero, it is absolutely necessary that, for very small 
numerical values of a, the right-hand side of the preceding equation, and hence the 
first term of the right-hand side, that is to say, the term which contains the small- 
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est power of a, can never become negative. Now, denoting by R,, the first of the 
quantities 
Ri, Ro, ..., Ra 


[281] which has a value different from zero, we find that the term in question is, 
2A2 op" Rm COs (Tin — T +m), 


if A is not zero, and 
2” on R2 


m 


otherwise. Moreover, the value of the arc @ is entirely indeterminate, so we can 
choose it in such a way as to give the factor 


cos (Tn —T +mé@), 
and hence the product 
242 op" Rm COS (Tn — T +m0), 


whichever sign we wish. Thus it is clear that only the second hypothesis remains 
admissible. Thus we necessarily have 


(19) A=0, 
which reduces equation (10) to 
(20) F (uo, Vo) = 0. 


It follows that the function F (u,v) vanishes if we attribute to the variables u and v 
the real values uo and vo, and consequently that the equation 


(1) f(x) =0 


is satisfied by taking 
x=ug+vov—l. 


In other words, uo + vo1V —1 is a root of the equation 
(1) ax” tax"! +... +an_1x tan = 0. 


The preceding proof of theorem I, while different in several points from that 
given by M. Legendre (Théorie des Nombres, 1st Part, § XIV),” is based on the 
same principles. 


[282] Corollary. — The polynomial 


2 See [Legendre 1808]. 
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f (x) = aox" + ie eee, eee or, oe 
which vanishes, as we have just said, for 
x=uotvov—1, 
is algebraically divisible by the factor 
x—Uuy—vov—1, 


by virtue of theorem I (Chapter VII, § IV). Because the quotient is just a new poly- 
nomial of degree n — | with respect to x, it is again necessarily divisible by a new 
factor of the same form as the previous one, that is to say, of first degree with respect 
to x. Denote this new factor by 


x—uy—vyV—1. 
The polynomial f(x) is equivalent to the product of the two factors 
X—ug—voV—1 and x—uj,—vjV-1 


and a third polynomial of degree n — 2. We can prove that this third polynomial is 
divisible by a third factor similar to the two others, and by continuing to operate in 
the same manner, we eventually obtain n linear factors of the polynomial f(x). Let 
these factors be 


xX—Ugp—VvoV—-1, x-—uj—vVv—-1, ..., X—Uy_-1—Vn_-1V—1, 


respectively. By dividing the polynomial f(x) by their product, we find the quotient 
to be a constant, evidently equal to the coefficient ag, of the greatest power of x in 
f (x). Consequently we have 


(21) f(x) = a0 (x uo vov=1) (« uy viv=T) ... 
vo (etna = ve V=T). 


This last equation contains a theorem that we may state as follows: 


[283] Theorem II? — Whatever the values, real or imaginary, of the constants 
a0, A, -- 5 An—1, An may be, the polynomial 


ax’ tax"! +... +an_1x tan = f (x) 
is equivalent to the product of the constant dg by n linear factors of the form 


4=0—By Hl, 


3 This is the Fundamental Theorem of Algebra. 
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To determine the factors in question here is called to decompose the polynomial 
f(x) into its linear factors. There is only one way to carry out this decomposition. 
To demonstrate this, suppose that there were two different ways of forming the two 
equations* 


F@=ale uo vow—1) (x uy viv—1)... 
eee Un—1 vn-1V—1) and 


a f (x) = ao (x % Bov—1) (x Oy Biv-1) — 
= (x On—1 Bn-1V—1) : 
We get that 
(x— a — Bov/—1) (x- a — BiV—1)... 
(23) a (x Qn-1 Bn-1V—1) 


= (x19 —voV/—1) (x—at —114/—1) 
wae (4 Up_1 —Vn-1V—1). 


Because the right-hand side of the preceding formula vanishes when we give the 
variable x the particular value up + voy —lI, it is necessary that, for this value of x, 
the left-hand side, and hence one of its factors (see Chapter VII, § II, theorem VII, 
corollary II), reduces to zero. Let 


x— 0% — Bov—1 
be that factor. We have identically 
O% + Bov—1 =uo+vov—l, 


and consequently, 


x—% —PyoV—-1l=x—-—ug—vov—l. 
[284] Given this, formula (23) can be replaced by the following: 


(x— a — BiV—1)... (x OAn—1 Bn-1V—1) 
en Hl. de a 


Because the right-hand side of this vanishes when we suppose that 
x=ut+vyVv-l, 
one of the factors of the left-hand side, for example, 


x— a —BiV—-1, 


4 Tn [Cauchy 1897, p. 283], the last term of the second line of (22) has a,_; in place of @%—1. The 
equation is given correctly in [Cauchy 1821, p. 341]. (tr.) 
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must to vanish under the same hypotheses, and this entails two new identity equa- 


tions of the form 
om + Byp/-1l=um+vy/-1 and 
x-O),—Pyp/—-l=x-u;—-vyjV-l. 


By repeating the same reasoning several times, we prove that the different linear 
factors that comprise the right-hand sides of equations (22) are absolutely the same 
as each other. It is essential to add that each imaginary factor of the form 


s=0—BV-1 


is changed into a real factor x — any time that the quantity B is reduced to zero. 

Because, as we have just said, the left-hand side of equation (1) is decompos- 
able into linear factors in just one way, it cannot vanish except when one of these 
factors vanishes. Thus if we successively make them equal to zero, we obtain all 
the possible values of x that satisfy equation (1), that is to say, all the roots of this 
equation. The number of these roots, like the number of linear factors, is equal to 
n. Moreover, each real factor of the form x — a corresponds to one real root a, and 
each imaginary factor of the form 


x-a—BV-1 
[285] corresponds to an imaginary root 
a+pV-1. 


These remarks suffice to establish the following proposition: 


Theorem III. — Whatever the values, real or imaginary, of the constants do, aj, 
+++ An—1, Un may be, the equation 


(1) agx" +ayx* | +...+a,-1x+an =0 
always has n roots, real or imaginary, and it will never have a greater number. 


It can happen that several of the roots of equation (1) are equal to each other. 
In this case, the number of different values of the variable that satisfy this equa- 
tion necessarily becomes less than n. Thus, for example, because the second-degree 
equation 
x* —2ax+a* =0, 


has two equal roots, it cannot be satisfied except by a single value of x, namely 
x=a. 


Whenever the constants ao, a1, ..., Gn—1, G are all real, the imaginary expression 


a+BV-1 
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evidently cannot be a root of equation (1) except when the conjugate expression 
a—py-l 


is also a root of the same equation. Consequently, under this hypothesis, the imagi- 
nary linear factors of the polynomial that form the left-hand side of equation (1) are 
pairwise conjugate and of the form? 


x-@-—pPV-1I and x—o+6/—1. 


The product of two such factors is always a real polynomial of the second degree, 
namely 
(x = a)? sig B . 


[286] and so we deduce the following theorem immediately from the observation 
that we have just made: 


Theorem IV. — When ao, a, ..., Gn—1, Gn denote real constants, the polynomial 
(24) ax" tax! +... +an_1xt+Gn 
is decomposable into real factors of the first and second degree. 

In the preceding, we have presented the imaginary roots of equation (1) in the 


form 
a+BV-1. 


Then for polynomial (24), a real factor of the second degree corresponding to two 
conjugate imaginary roots 


a+BV-1 and a-—BV-1 


is of the form 
(x— a)? 6. 


For convenience, if we make 


atBV-l=p (cos@+ V—Tsin8) , 


(where p denotes a positive quantity and @ denotes an angle that we can assume 
is contained between the limits 0 and 7), then the same real factor of the second 
degree becomes 


(x— pcos @)?+(psin@)* =x? —2pcos@ +p. 


> In [Cauchy 1897, p. 285], the second of the factors below is given as x — @ + \/—1. The coeffe- 
icient B is correctly included in [Cauchy 1821, p. 344]. (tr.) 
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It is easy to construct this last expression geometrically in the case where we give the 
variable x a real value. Indeed, if we trace a triangle in which one angle is equal to 0 
and the two adjacent sides are first the numerical value of x and second the modulus 
p, then the square of the third side is (from a well-known theorem of Trigonometry)® 
the value of the trinomial 

x” —2pxcos 0 +p’, 


[287] whenever the value of the variable x is positive. If the value of x becomes neg- 
ative, it suffices to replace the given angle @ in the construction by its supplement. 
The third side of the triangle in question cannot vanish unless the two other sides 
fall on the same straight line and their extremities coincide, and this requires: 1° that 
the angle @ reduces to zero or to 77; and 2° that the numerical value of x is equal to 
p. Consequently, the factor 
x* —2pcos0 + p” 


cannot become zero for a real value of x, at least when we do not suppose that 
cos@=1 or cos0=~-l, 


and the only value of x that makes this factor vanish is, in the first case, 


and in the second, 


We arrive directly at the same conclusion by observing that the equation 
x” —2pcos0 +p” 
has two roots, 


p (cos@ + V—Tsin@ ) and p (cos@ — V—Tsin8), 


which cannot cease to be imaginary without becoming equal, and that the only val- 
ues of @ capable of producing this effect are those which satisfy the formula 


sind = 0. 
From this we get 
cos0 = +1, 
and consequently 
x=xp 


for the common value of the two roots. 


© This is the Law of Cosines. 
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Up to now, we have been limited to determining the number [288] of roots of 
equation (1), along with the form of these roots and of their corresponding factors. 
In the following sections, we will review some particular cases in which we are 
able to solve similar equations without being required to imagine their coefficients 
converted into numbers, and to express the roots of these coefficients as algebraic 
or trigonometric functions of the coefficients. On this matter, we observe here that 
in every algebraic equation for which the left-hand side is a rational and integer 
function of the variable x, we can reduce the coefficient of the highest power of x to 
1 by division, and the coefficient of the next-highest power of x to zero by a change 
of variable. Indeed, if ap is not equal to | in the equation 


= 
agx” + ayx"* +...+dy-1X+ an = 0, 


it suffices to divide the equation by ag to reduce the coefficient of x” to 1. If an 
equation has been put into the form 


x ay) +. tap iX +o =0 
and a is not zero, then it suffices to set 
x=Z-— 
n 


to obtain a transformation into z of degree n which no longer has the second term, 
that is to say, a transformation in which the coefficient of z’~! vanishes. 


10.2 Algebraic or trigonometric solution of binomial equations 
and of some trinomial equations. The theorems of de 
Moivre and of Cotes. 


Consider the binomial equation 
() x"+p=0, 


where p denotes a constant quantity. We get that 


n 


x =-—p 


[289] or, if p denotes the numerical value of p, then 


x =xp. 
Thus we have to solve the equation 


(2) =p, 
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if —p is positive, and the following, 

(3) x" =p, 

if —p is negative. We satisfy the first one by taking 


ag 1 
ri n 


"(a)", 


(4) x= ((p))* =p 
and the second one by taking 
(5) x= ((-p))* =p*(-1)" 


1 
As for the various values of each of the two expressions ((1)) and ((—1))*, there 
are always n of them (see Chapter VII, § HI), and they are deduced from these two 
formulas: ; 
6 ((1))" = cos * + /—Tsin A* and 
a (2k+1)x ~ (2k+1)a 
((—1))* = cos + /-I1sin——, 


in which it suffices to give k successively all the integer values which do not surpass 
5. When n is an even number, the first of equations (6) gives two real values of 


((1)) i , namely +1 and —1, the first of which corresponds to k = 0 and the second to 
1 

k = 4. Under the same hypothesis, all of the values of ((—1))” are imaginary. When 

nis an odd number, the expression (1) has a single real value, +1, corresponding 


to k = 0, and the expression [290] ((—1)) nhasa single real value, — 1, corresponding 
tok= a . Consequently, when n is an even number equation (1) either admits two 
real roots or it admits none at all, and in the contrary case the same equation admits 
a single real root. Moreover, we recognize immediately by inspection of formulas 
(6) that the imaginary roots form conjugate pairs, as we ought to expect. 

Now consider the trinomial equation 


(7) x" + px*+4q=0, 


where p and g denote two constant quantities chosen at will. We get 


x + px =—4, 
and consequently 
2 
P\?_P 
8 (@ e) —! _g, 
(8) an) 74 


If a — q is positive, the preceding equation will lead to one of the two following 


ones: 
2 
e+ F=+4/5—q or 
2 
n Ps Pp 
XTIF=T-V FTTH 
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so that x” admits two real values contained in the formula’ 


2 
eae ay ae 
9) wa-pty 7D ~4. 


When the number n reduces to 1, formula (9) immediately gives the two real roots 
of the trinomial equation of the second degree 


(10) x4 px+q. 


When 7 is not equal to 1, then by substituting the formula under consideration into 
equation [291] (7), we have only to solve two binomial equations similar to those 
we have treated above. F 

Now suppose that the quantity F- — q is negative. Then equation (8) leads to one 
of the two following ones: 


2, 
x4+F=44/q—-FV-1 or 


Consequently, x” admits two imaginary values contained in the formula 


2 
i Pp pe 

11 =—f+ J. 
(11) x 5 1-4 


If the number n reduces to 1, these values will be the imaginary roots of equation 
(10). However, if we suppose that n > 1, it still remains to deduce the values of 
x from the known values of x”. Under this hypothesis, denote by p the modulus 
of the imaginary expression that serves as the right-hand side of formula (11). We 
evidently have 


(12) p=qi. 


Moreover, for convenience make 


(13) ¢ =aretan V7 * 


When p is negative, the two values of x” given by formula (11) become 


(14) x" =p (cos¢ + V—Tsin¢) : 


and thus we conclude that 


7 Readers in North America may not be aware that in Europe the most commonly taught version 


of the quadratic formula gives the roots of a monic quadratic x* + px-+q as P+ /" —q. To 
Cauchy’s readers, the version in formula (9) would have been very familiar. 
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(15) x=p" (cos $2: VIsinE) (a). 


[292] On the other hand, if p is positive we find that 


(16) x"=—p (cos + V—=Isin ¢) ; 


and consequently 


(17) x=pr (cos V=Tsin ©) ( 1)*. 


In the particular case where we have 

Pr 
——q=0, 
a 4 


€ becomes zero, so that equations (15) and (17) take the form of equations (4) and 
(9). . 
If for brevity we denote p” by r, then by supposing that the quantity p is negative, 
we get from equations (12) and (13) that 
p=-2r'cos$, g=r" and 
xen 4px +q= xen —2r"x" cos 4 Ae ren, 


Under the same hypothesis, formula (15) gives 


x=r(cos $+ Isin £) (cos #2 + Isin 42) 


=r (cos C+2ka + sin cain) ; 
n n 


where k represents a whole number. Thus we conclude that the trinomial 
x7" — r"x" cos 6 +r" 


is decomposable into real factors of the second degree of the form 


+ 2k 
g Fer. 


x* —2rxcos 


On the other hand, if we suppose that the quantity p is positive, the trinomial 
yn +4 px" +q 


becomes 
2n D n No sC i 


[293] and its real factors of the second degree are of the form 
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x? — 2rxcos esl ae ag, 
n 

Under both hypotheses, whenever we give real values to the variable x, we can 
construct the real factors of the second degree geometrically by the method indicated 
above (see § I). If we take the numerical value of the variable x as the common 
base of all the triangles that correspond to the different factors, and in each triangle 
we always join to the same end of this base the known side represented by r, we 
find that the vertices of these various triangles coincide with points that divide the 
circumference of a circle of radius of r into equal parts. Consequently, if we multiply 
together the squares of the lines taken from the second extremity of the base to the 
points in question, the product of these squares will be the value of the trinomial 


xen px" +q= x2" + 2r"x" cos C+ rr 


In the particular case where € = 0, the product of the lines themselves represents the 


numerical value of the binomial 


x ser". 


which corresponds to the positive square root of the trinomial 


xen 4p!" a rr. 


Of the two propositions that we have just stated, the first is the theorem of de Moivre 
and the second that of Cotes. 


10.3 Algebraic or trigonometric solution of equations of the 
third and fourth degree. 


Consider the general equation of the third degree. By making the second term of 
this equation vanish, we can always [294] reduce it to the form 


(1) x+px+q=0, 
where p and g denote two constant quantities. Moreover, if we set 
X=U+tY, 
where u and v are two new variables, we conclude that 
= (u+vy =wW+v +3urx, 


or 
(2) x? — 3uvx — (u> +3) =0. 
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To make equation (2) identical to the given equation, it suffices to subject the un- 
knowns u and v to the two conditions 


(3) wtv=—gq 
and p 
4 ees 
(4) wu : 


Thus we find that the solution of equation (1) is reduced to the simultaneous solution 
of equations (3) and (4). 
First, let us seek the values of u> and v>. If we make 


(5) w= Zz; and p= 22, 


then we have, by virtue of equations (3) and (4), that 


D> 
+22 =—- d wz2=-x, 
Z1 1 22 q and 72122 7? 
and consequently, by naming a new variable z, 


2 P 
(z—z1)(z-z2) =“ +qz— ve 
As a result, z; and zz are the two roots of the equation 


y) p 
6 —-~=0. 
(6) wz +4qz 7 
Knowing these two roots, we deduce from formulas (5) the three values of u and of 
v that correspond, two by two, [295] in a way that satisfies formula (4). Let U be 
any one of the three values of u, and let V be the corresponding value of v, so that 
we have : 

UV=--. 
3 


Moreover, denote the imaginary expression 
20 20 
COS ae Es 


1 
by a. Then the three values of the expression ((1))3 are, respectively, 


a =1, 
1 
a = cos 2 + / Tsin 2Z = bey 1 and 


1 
. oz 
a? = cos 2 — /—Tsin 22 = —} - 3 /-1, 
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1 
and the three values of u, evidently contained in the general formula ((1))3 U, must 
be 
U, aU and aU. 


We find that the corresponding values of v are 


V Vv 
Vs a and a 5 
or what amounts to the same thing, 


V, o?V and av. 


Consequently, if we name the three roots of equation (1) xo, x; and x2, we have 


x =U+V, 
(7) xj =QU+o0°V and 
x9 = 0U+ av. 


It is essential to observe that because U, @U and ?U are the three values of [296] 


u= ((1))3, and that because V, a?V and @V are the corresponding values of v = 


——__, the roots xo, x; and x2 determined by equations (7) are, respectively, equal 
3((1))3 
to the three values of x given by the formula® 


(8) x= (1) ?-—?.. 
3 ((z1))3 


Whenever equation (6) has all real roots, formulas (5) give a system of real values 
of u and v that correspond in a way that satisfies equation (4). If we take these same 
values for U and V, we recognize immediately that of the three roots xg, x; and x2, 
the first is necessarily real and the two others may be real or imaginary, according 
to whether the quantity 

TP 
4 27 


is zero or positive, that is to say according to whether equation (6) has roots that are 
equal or unequal. In the first case, we find that 


xo =2U and xj =x.=—-U. 


Whenever the roots of equation (6) become imaginary, we can present them in the 
form 


Zl =p (cos6 + V—Tsin@ ) and z2=9 (cos @— V—Tsin@), 


8 Cauchy neglects to remind us here that it is necessary to use the same particular value of ((z1))? 
in each term of the right-hand side. 
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where the modulus p is determined by the equation 


Because under this hypothesis we have 


1 


(21) =p! (cos $+ V=Tsin$) (ays, 


we find that formula (8) reduces to 


x=p3 oo + V—Tang) ((1))3 
(9) 


1 
+ (cos 4 VJ Isin $) ‘| 
(1)? 

[297] Moreover, by taking for U the imaginary expression 

6 e) 

p3 cos=—+vV¥-—Isin= ], 

3 3 

we conclude from equations (7) that 


xo = 2p 3.cos g 
(10) x= 2p 3-cos ov2n and 


1 
x2 = 293 cos on 


These last three values of x are all real and coincide with those which are given by 
formula (9). 

In the preceding calculations, equation (6), the solution of which leads to that of 
equation (1), is what we call the reduced equation. Its roots z; and z2 are necessarily 
equivalent to certain functions of the required roots xo, x; and x2. To determine these 
functions, it suffices to observe that, by virtue of formulas (5), we have 


A= U> and 22 =v’, 


where U and V denote particular values of u and v. Moreover, from equations (7) 
we get that 
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3U =xp tax. + 07x, 

= 1 (x2 + x; + 7x0) 

=a? (x1 + Axo + atx) and 
3V =x9 + ax) + 02x 

= 0 (x1 + x2 + 7x0) 

=a (x2 + Axo + ax;) : 


Consequently we find that 


27z, = (xp + x2 + AX] 


X2 + AX, + Axo 


(1) 


XQ + AX, + AX2 


( ) 
( ) 
= (x 1+Axo+ a x2) and 
( ) 
( ) 


x) + x2 + ax 


= (x2 + AX9 + OH x1)° 


It follows that z; and z2 are, respectively, equal (except for a numerical coefficient) 
to the only two distinct values which arise as the cube of the linear function 


Xo + Ax, + 7x2, 


[298] when we interchange the roots, x9, x; and x2 of this function in every manner 
possible. The numerical coefficient is evidently a or the cube of the fraction a 

Now consider the general equation of the fourth degree. By making the second 
term disappear, we can reduce it to the form 


(12) xt + px?+qxt+r=0, 
where p, g and r denote constant quantities. Moreover, if we set 
Xx=u+v-+w, 
where u, v and w are three new variables, we then conclude that 
P=W4+v4w?+4+2(uvt+uwtw), 
and consequently, 
— (u? Lae a w’)] rect (wv? Sg ye vw") + 8uvw-x, 


or what amounts to the same thing, 


° What Cauchy has derived in this first part of § III is sometimes called the Cardano Formula for 
the cubic. 
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x4 —2 (u? + v? + w?) x? — 8uvw-x 

o + (u2 + v? + w?)? —4 (wv? + ww? + vw?) =0. 

To make this last equation identical to the given one, it suffices to subject the un- 

knowns u, v and w to the conditions 


4 (w ++ w?) = =2p; 
(14) 8uvw = —q_ and 
16 (uw? t+uw? +v? 2) = p’—4r. 
Thus we find that the solution of equation (12) reduces to the simultaneous solution 


of equations (14). 
First, we seek the values of 4u2, 4v? and 4w. If we make 


(15) 47 =2, 47% =z and 4w* =z, 


[299] we have, by virtue of formulas (14), 


Zwt2t723=-2p, 72122+721273 +2273 = p —4r and 72073 = q. 


Consequently, letting z be a new variable, we have 


(z—z1)(z—z2) (2-23) = 2 + 2pz’ + (p?—4r) z—¢". 


It follows that z;, z2 and z3 are the three roots of the equation 
(16) 2 4+2pz’ + (p*—4r)z—q° =0, 


and because these three roots must satisfy the formula z;z2z3 = rin we can be sure 
that at least one of the roots will be positive and that the other two will be either both 
positive, both negative or both imaginary. When we have determined these roots, the 
first two of equations (15) give two equal values for each of the variables uw and v, 
up to sign. Let 


u=+tU and v=+V 


be the values, real or imaginary, in question, and let W be a real quantity or an 
imaginary expression determined by the equation 


8UVW = —gq. 
If we suppose that in the second of formulas (14) 
u=+U and v=4+V 


or else 
u=—U and v=-V, 
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we get 
w=-+W. 
On the other hand, if we make 
u=+U and v=—V 
or else! 
u=—U and v=4V, 


we find!! 
w=-wW. 


In this way, we obtain for the variables u, v and w four systems [300] of values that 
satisfy equations (14). If we represent by xo, x1, x2 and x3 the four values corre- 
sponding to the unknown 

x=ut+vt+w, 


then we have 


x= U+V+W, 
xj =-U-V+4W, 
x= U-—V-W and 
x3= —-U+V—-W. 


(17) 


It is easy to recognize that if equation (16) has three positive roots, then these four 
values of x are all real; if equation (16) has two distinct negative roots, then they are 
all imaginary; while if equation (16) has two equal negative roots or two imaginary 
roots, then two values will be real and two will be imaginary. 

By the method that we have just described, the solution of equation (12) is re- 
duced to that of equation (16). This last equation, which we call the reduced equa- 
tion, necessarily has for its roots certain functions of the roots of the given equation. 
If we wish to determine these functions, that is to say, to express z;, Z2 and z3 in 
terms of xo, X1, x2 and x3, it suffices to observe that because U, V and W are partic- 
ular values of u, v and w, we have, by virtue of formulas (15), that 


zy =4U*, 2 =4V? and z,=4W?. 
Moreover, we get from equations (17) that 


AU = x9 —X1 +42 —%3, 


AV =x9—x1 +x3—X2 and 


4W = x9 —X2 +X] — 3. 


As a consequence, we find 


10 Tn [Cauchy 1897, p. 299], this is written u = —U and w = +V. It is v= +V in [Cauchy 1821, 
p. 362]. (tr.) 
Tp [Cauchy 1897, p. 299], this is written u = —W. It is w = —W in [Cauchy 1821, p. 362]. (tr.) 
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Az, = (xp — x1 +32 —%3)* = (1 — x9 +23 — 22)", 


(18) 42. = (x0 — x1 +33 —x) = (x1 —x9 +x2 —x3)" and 


473 = (xo —x2 +41 — x3)? = (x2 — xo +43 —x1)” 


[301] It follows that z;, z2 and z3 are, if we ignore the numerical coefficient i -_ 


2 : oe ‘ 
(5) , respectively equal to the three distinct values that are given by the square of 


the linear function 
X0 —X1 +X2—%3, 


when we interchange the roots x9, x1, x2 and x3 in this function in all possible ways. 
This same linear function can thus be written as follows: 


xo +(—1)ai+ (=1) + (=I) x, 
which is evidently a particular case of the general formula 


Xo + Ax, + 0x9 + x3, 


when we denote by @ one of the values of the expression ((1)) 3, 


Chapter 11 
Decomposition of rational fractions. 


11.1 Decomposition of a rational fraction into two other 
fractions of the same kind. 


[302] Let f(x) and F(x) be two integer functions of the variable x. Then 


F (x) 
F (x) 


is what we call a rational function. If we denote the degree of the denominator F (x) 
by m, then the equation 
(1) F (x) =0 


admits m roots, real or imaginary, equal or not equal to each other. Supposing them 
to be distinct, if we represent them by 


XO, Xl, %X2, +++, Xm-1; 


then the linear factors of the polynomial F (x) are, respectively, 


X—-X0, X—-X1, X—X2, coey KX —Xm—1- 
Given this, make 
(2) F (x) = (x—x0) 9 () 
and 
(3) f (xo) = 
@ (xo) 


[303] Because @ (xo) is not zero, the constant A is finite and the difference 


fx) 4 _ F@)-Ae() 
g (x) 9 (x) 
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vanishes for x = x9. Consequently, the same is true of the polynomial 


Ff (x) — AQ (x) 


and this polynomial is algebraically divisible by x — xo. Thus we have 


Ff (x) -AQ (x) = (x 20) % (x) 


(4) f (x) =AQ (x) + (x—X0) X (X), 


where ¥ (x) denotes a new integer function of the variable x. If we divide the two 
sides of this last equation by F(x) and take into account formula (2), we conclude 


i fe) A, xh) 
a xX (x 
2 F(x) x-m t o(8) 


Thus, if we separate the polynomial F(x) into two factors, one of which is linear, 
we can decompose the rational fraction 7 into two others which have as their 
respective denominators the two factors in question, and for which the simpler one 
has a constant numerator. 

Imagine now that we separate the function F(x) into two factors where the first, 
instead of being linear, corresponds to several roots of the equation F(x) = 0. For 


example, take for the first factor the factor of second degree 


(x—x0) (x—x}). 
As a consequence, we have 


(6) F (x) = (x— x0) (x— x1) @ (x). 
The fraction fe still has a finite value, not only for x = xo, but also for x = x1. If 


we denote by u a polynomial [304] which, under both hypotheses is equal to Sta) 


lx)’ 
we find (Chapter IV, § I) 


f (x0) x—x1 Fe) x—X0 


7 _ . 
- i‘ (x0) x0 -—%1 =P (x1) X1 — X0 


Because the polynomial u is determined, as we have just said, the equation 


f (x) —ug (x) =0 


includes xo and x; among its roots and consequently the polynomial 
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Ff (x) —ug (x) 
is divisible by the product 
(x— x0) (x—x}). 
Thus we have 
Ff (x) — ug (x) = (x—x0) (@—™1) x (x), 
(8) Ff (x) = ug (x) + (xX — x) (X— 1) X (x), 


where 7¥(x) denotes a new integer function of the variable x. If we divide the last 
equation by F(x) and take into account formula (6), we conclude 


f(x) u ; x(x) 
(9) F (x) 7 (x — xo) (x— x1) : 9 (x) 


Likewise, we could prove that it suffices to set 


(10) F (x) = (x— x0) (x1) (x— x2) P(x) 
and 
ya £0) (=I) 22) 
@ (x0) (0 — 41) (x0 — x2) 
f (x1) (%—x0) (x—2) 
— + (a) Ga 30) =) 
, f(x) («—x0) @—*1) 
P (x2) (x2 — x0) (x2 — x1) 
[305] to obtain an equation of the form 
rT fa) _ u 2) 


F(x) (x—x0)(x—x1) (%#— x2) P(x) 


etc. 
Thus, in general, whenever the equation F(x) = 0 does not have equal roots, if 


we separate the polynomial F(x) into two factors of which the first is the product 
Fa) 
other fractions of the same kind which have as their respective denominators the 
two factors mentioned above, and of which the first has a numerator of a degree less 
than that of its denominator. 

I move on to the case where we suppose that the equation F(x) = 0 has equal 
roots. Under this second hypothesis, let 


of several linear factors, then the rational fraction 


is decomposable into two 


a, b, c, 


be the various roots of this same equation, and denote by m’ the number of roots 
equal to a, by m” the number of roots equal to b, by m’” the number of roots equal 
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to c, etc. The function F (x) is equal to the product 


uA 


(x—a)™ (x—b)” (xc)... 


or to this product multiplied by a constant coefficient, and we have 


mM 


m +m" +m" +...=m. 
Given this, make 
(13) F (x) =(x—a)" 9 (x) 
and 
(14) H1G) 4. 
9 (a) 
Because ~(a) is not zero, the constant A remains finite and the difference 
fo) _ 
@ (x) 


[306] vanishes for x = a. Thus we conclude that the polynomial 


f (x) —AQ (x) 
is divisible by x — a, and consequently we have 
(15) f(x) =A@(x) + @—-4) XQ), 


where 7(x) denotes a new integer function of the variable x. Finally, if we divide 
both sides of equation (15) by F(x) and take into consideration formula (13), we 
find 4 
(16) a 

F(x) wa)” © (x—a)” (a) 


By reasoning in the same way, we could prove that it suffices to take 


(17) F (x) =(x—a)™ (x—b)”" (x) 
7 f(a) x-b | fb) 
a) x— x—a 
Se “~o(a)a—b 9(b)b—a 
to obtain an equation of the form 
(19) F(x) _ @ x (x) . 


etc. 
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11.2 Decomposition of a rational fraction for which the 
denominator is the product of several unequal factors into 
simple fractions which have for their respective 
denominators these same linear factors and have constant 
numerators. 


Let 
Ff (x) 
F (x) 


be the rational fraction under consideration, m be the degree of the function F(x) 
and 
X0; X1, x2, Soe Xm-1 


[307] the roots, assumed to be unequal, of the equation 

(1) F(x) =0. 

If k denotes a constant coefficient, we have 

(2) F (x) =k(x—x0) (x—%1)...(x-—Xm-1), 


and by virtue of the principles established in the preceding section, the rational 


fraction a can be decomposed into two others, of which the first is of the form 


x—X0 
where Ag represents a constant, while the second has as its denominator 


F (x) 
Xx— XQ 


= k(x—x1) (x—Xx2)...(x—xXm-1). 
By decomposing this second rational fraction by the same method, we obtain: 
1° A new simple fraction of the form 


A\ 


X—X]1 


2° A fraction which has as its denominator 
k(x—Xx2)...(x—Xm-1)- 
By continuing in this way, we make all the linear factors contained in the polynomial 


F (x) = k(x—x0) (x—%1)...(*—Xm—-1) 
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successively disappear. Consequently, we finally reduce the polynomial to the con- 
stant k. Thus, when by a series of such partial decompositions like those we have 


(x) 


just indicated, we have extracted from the fraction ah a series of simple fractions 
[308] of the form 


Ao Aj A2 Am-1 


? ? 3 ale | o] 
X— XO XX X— X2 X—-Xm-1 


where the remainder is just a rational fraction with a constant denominator, that is 
to say an integer function of the variable x. Denoting this integer function by R, we 
find 


A A A Am— 
(3) f(x) _ 4 0 Loy 2 wilt 1 


F (x) X—Xp ¥—-X1 X—X.  X—-Xm-1 


Now it remains to find the values of the constants 
Ao, Ai, Az, +++; Am-t- 


These values are deduced without difficulty by the method of decomposition indi- 
cated in § I. However, we arrive more directly at their determination with the aid of 
the following considerations: 

If we multiply the two sides of equation (3) by F(x), we get 


F(x F(x 
f() =RF(x) tho ~ ) 4.4, 7) 
(4) Xx — X09 X—X] 
F(x F (x 
+A? a) 2. FAm-1 ca) ; 
x—X9 X—Xm-1 
If we make 
X=XxX0+Z 
in both sides of this last formula, then the sum 
F(x F(x F(x 
ru 2 a a 
x—Xi xX—Xx2 X—Xm-1 


which is evidently a polynomial in x divisible by x — xo, takes the form 
gLic 
where Z denotes an integer function of z. It follows that we have 


F (x9 +z) 


(5) Ff (x0 +2) = Ao 3 


+ 2Z. 

[309] Now suppose that the substitution of x+ z in place of x in the function F(x) 
gives generally 

(6) F (x+z) =F (x) +2h (x) +2R(x)+.... 
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We then deduce that 
F (xo +z) = 2Fi (x0) 42°F (x0) +. 
and equation (5) becomes 
(xo +z) =Ao [Fi (x0) +2) (x0) +-..] +22. 
When we make z = 0 in this last equation, it reduces to 
Ff (x0) = AoFi (x0) , 


and we conclude that 


F (x0) 
(7) Ao = . 
F; (xo) 
By an entirely similar calculation, we find that 
A, = te, 
Fi (x1) 
Ay = £2) 
(8) Fy (x2) 


A _ f Xai) 
— Fy (Xm—1) 


The values that we have just obtained for 


Ao, Ai, Az, .--, Am-1 
are evidently independent of the method used for the decomposition of the rational 
fraction nae From this it follows that this fraction can be decomposed in only one 
way into simple fractions which have as denominators linear factors of the polyno- 
mial F(x) with constant numerators. 

It is easy to see how equation (7) and formula (3) of the preceding section [310] 


agree with each other. Indeed, Fj (x) is what the polynomial 


F(xo+z F(x 
F, (xo) +2F (xo) +... = sid = Fw 


becomes when we make z = 0 or x = xo. Consequently, if we set 
(9) F (x) = (x—x0) P(x), 


we have 
Fi (x0) = 9 (xo) 


and 
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(10) fp 
9 (xo) 
To show an application of the formulas established above, suppose that it is a 
question of decomposing the rational fraction 


x” 


x” —] 


into simple fractions, where n denotes an integer number less than m. In this partic- 
ular case, we have 


f(x) =x", F(x)=x"-1 and k=1. 


If we represent an integer number which does not surpass 7% by A, then the various 
roots of the equation F (x) = 0, all unequal to each other, are contained in the formula 


2h 7 
a 


2hnt 
+ \/—Isin : , 
m 


cos 


Let a be one of these roots. We seek the numerator A of the simple fraction that has 
x —a as its denominator. This numerator is 


f@_ a 


~ K (a) Fy(a)’ 


where the value of F(a) is determined by the equation 


F (a)+2F\(a)+... =F (at+z)=(atz)"—-1 


=a™—1+4+ma™"!z+..., 


[311] and as a consequence is equal to ma”—!. Thus we find that 


1 
A= 2 =—a 


n+l—m 
ma} m 


Moreover, because we have 


2h fe QI 1 2h(n+1 
(cos Ley, 1sin =) = cos lugs ee lsin aa Ve 


m m m m 


and taking 
1 
(11) (n+1)a =@ 


m 
for brevity, we conclude from the preceding, that 
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x 1 1 cos20 + ./—1sin20 
x-1  x—cos 2% — Tsin 2% 


m 


cos 20 — \/—1sin20 
x cos = + /—Tsin 22 
cos46 + \/—1sin40 
x — COS an V—Isin *% 
cos40 — \/—1sin40 

“x cos 24 /—Tsin = 


By reasoning in the same manner, we find that 


x" 1 ( 1, cos + v—Isiné 


(12) 


m 


x™+1 m\x—-1 x cos 4 V—Isin2 
cos @ — \/—1sin@ 

x cos = + /—Isin# 
cos 30 + /—1sin30 

x cos 32 J/—Isin 22 
cos30@ — \/—Isin30 

“x cos 32 + /—Tsin 32 “ 


m 


(13) 


It is essential to observe that, in equation (12) for even values of m and in [312] 
equation (13) for odd values of m, the last of the simple fractions contained in the 
right-hand side of the equation is 


cosm@  cos(n+1)a | ela 


x+1 x+1 x+1 


Thus, for example, we have 


1 1 1 1 
14 — 
(14) x21 3 (= =): 


x 1 1 1 
15 = 
(s) x21 5(+sa): 
Pe a cos # + V/—Isin ¥ 
B+] 3\x cos ¥ V—Isin 
cos # — /—Isin ¥ 1 
x—cos$+/—l1sin# x+1 , 


(16) 


250 11 Decomposition of rational fractions. 


We could also remark that if in the right-hand sides of equations of (12) and (13) we 
combine by addition two simple fractions corresponding to conjugate linear factors 
of the binomial x” + 1, then the sum is a new fraction which has as denominator a 
real factor of the second degree and for its numerator a real linear function of the 
variable x. For example, by taking n = 0 and m = 3, we find 


tr . 4 2xcos F — 2 1 
B+1 3 \x?-2xcos¥+1 x41 
1 2—x i 1 
~~ 3h =—x+1 ° x41)" 
It is easy to generalize this remark as follows. 


Because the integer functions f(x) and F(x) are real, suppose that we denote two 
conjugate imaginary roots of equation (1) by 


ee By—1 and = bv =1 


and take [313] A and B to be two real quantities that satisfy the formula 


f(a+BV-1) 
Fi (a+BV/-1) 


where F(x) still represents the coefficient of z in the expansion of F(x +z). We 


necessarily have 
f(a-BV=1) = 
19 ~~ =At+Bv-l. 
me Fi (a —BV=1) 
f(x) 


As a consequence, if we decompose the rational fraction Gy? then the two simple 


(17) 


(18) =A-—By-1, 


fractions corresponding to the conjugate linear factors 
x-a—BV/-1 and x-a+BV-1 
are, respectively, 


A-—ByV-1 ad A+B/-1 
x-a—B/-1 x-a+B/-1 


By adding these two fractions we obtain the following: 


(20) 


2A (x — &) + 2BB 
(x— a1)’ +B? 
This last formula, which has as its numerator a real linear function of the variable 


x and as its denominator a real factor of the second degree of the polynomial F(x), 
does not differ from the fraction 


(21) 
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(x —x0) (x- x1)’ 


which in formula (9) of section I contains in the case where we suppose 


x =A+BV-1 and x,» =a-BvV-1. 


11.3 Decomposition of a given rational fraction into other 
simpler ones which have for their respective denominators 
the linear factors of the first rational fraction, or of the 
powers of these same factors, and constants as their 
numerators. 


[314] Let 


be the rational fraction under consideration, m be the degree of the polynomial F (x), 
and 


the various roots of the equation 
(1) F(x) =0. 


Denote by k a constant coefficient and by m’, m", m’”, ... several integer numbers 
for which the sum is equal to m. Then we have 


(2) F (x) =k(x—a)” (x—b)™ (x—c)”" .... 


Given this, if we make use of the method explained in section I, we decompose the 


rational fraction fu into two others for which the first one is of the form 


A 


(x = a)” ? 


while the second has as its denominator 


F (x) 


X—a 


=k(x—a)"—(x—b)" (x—c)™ .... 


By decomposing this second rational fraction by the same method, we obtain: 1° a 
new simple fraction 
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[315] in which A, represents a constant; and 2° a fraction which has as its denomi- 
nator / us Ua 
k(x—a)™ 7 (x—b)™ (x—c)™ .... 

By continuing like this, we successively make the different linear factors composing 
the power (x — a)” of the polynomial F(x) disappear. When we have extracted from 
ie) 
F(a) 4 Sequence of simple fractions of the form 

A A Ag Am —1 


(x—a)”™”’ (x—a)”"—! % ‘— aoe x—a 


what remains is a new rational fraction for which the denominator is reduced to 
WW Ui 
k(x—b)” (x-c)” .... 
If we extract a second sequence of simple fractions of the form 


B Bi Bo Bo 
(x— by" a (x— py"! a (x— is z ocoe x—b 


from what remains, we obtain a second remainder for which the denominator is 
Ui 
k(x—c)” .... 


Finally, if we extend these operations until the polynomial F(x) is reduced to the 
constant k, the last of all the remainders is a rational function with a constant denom- 
inator, that is to say an integer function of the variable x. Call this integer function 


R. Finally, we have as the value of fa) decomposed into simple fractions 


F(x) 
Ff (x) stipes 2 pA Amta1 
F (x) (x—ayl” Gg)?! Cea 
2 _, Ly Bmt=1 
(3) (x—b)™ (x by"t xb 
C C) Cnt 
Gay Gantt a= 


[316] where A, Aq, ..., Am—13 B, Bi, ..., By—13 C, Ci, ..-, C13... denote con- 
stants which we can easily deduce from the principles described in section I, or 
calculate directly with the aid of the following considerations. 

For convenience, make 
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B By Bmit-1 
R+ 17 iF 7] ote 
(x _ by" (x _ by" x—b 
C C\ Cnlt—1 
ml" m1 mses 
(4) (x—c) (x—c) une 
Q 


(x—bY”™ (x—c)”™"... 


where Q is a new integer function of the variable x. Equation (3) then becomes 


f(x) _ A Ae Ai f Am'—1 


F(x) G=a” Goa" WOO aaa 


If we multiply both sides of this last formula by 


F (x) =k(x—a)” (x—b)™ (x-c)”” ... 
we then conclude that 


f(x) =[A+A) (x—a)+... 


5 Fi F / 

2 cata ea @) 7 +kQ(x—a)” 
(x _ a)" 
Consequently, by making 
x=a+zZ, 
we find that 
f F / 

(©) flate)= (AFA +. +A sett!) FEO 4 zen 


where Z denotes the value of the polynomial kQ expressed as a function of z. Now 
suppose that the substitution of x+ z in place of x in the functions f(x) and F(x) 
gives in general 


f (x+z) =f) t+zf(x)+2fA()+..., 
(7) F (x+z) =F (x) +2F (x) +2 (x) +... 
+2" Foyt (x) +201 (x) Teese 


nN 


(x 
(x 


[317] By taking x = a+ z and observing that the expansion of the function 


F (x) = F (a+z) 
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ought to be divisible by (x — a)" =z", we have that 


(8) f(at+z) =flatzfi@)+2h()+ 

i (a ae z) = (Fin! (a) + Fin! 41 (a) +242 (a) +.. | gt 
and 
(9) F (a) =0, Fi (a) = 0, aaae Ft (a) = 0. 


Given this, formula (6) is found to reduce to 
f(a)+zfi(a)+2fr(a)+ 
(10) = (A+A1z+A227 +...) 
% [Frnt (a) + 2Fnt 41 (a) + 2°F ry 42 (a) +...) +2"°Z. 


By equating the coefficients of similar powers of z on the two sides of the equation, 
we derive from this that 


a) + AF +1 (a) 
) 


ai ( ; 
( +A Fst (a) + AF 42 (a) ry 


By an entirely similar calculation we find 


f(b) = BF (b), fi (b) = By Fy (b) + By 41 (b), i (b) Sse 
(12) f(c) = CFyn (c) fi (c) = Cy Finn (c) on CF 41 (c) » t2 (c) — eee 


These various equations suffice to determine completely the values of the constants 
A, Aj, A2, ..., B, Bi, Bo, ...,C, Ci, C2, .... They give, for example, 


f(a) 
A 
~ Fy (a ir 
fi (a) — AFin' +1 (4) 
(13) a Ca 
Acs hr (a) — AF 4 (a) — AF 42 (a) 


[318] Because the constants thus determined are evidently independent of the 
method used for the decomposition of the rational fraction it follows that this 
fraction is decomposable into simple fractions of the form of those on the right-hand 


side of equation (3) in only one way. 
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It is easy to see that the first of equations (13) agrees with formula (14) of section 
I. Indeed, the quantity F,, (a) is what becomes of the polynomial 


F (a+z) F (x) 


Fuy (4) + 2Fint 41 (a) a cae (a)+...= = I 
z (x—a) 


when we make z = 0 or x = a. Consequently, if we set 


(14) F (x) =(x—a)™ @(3), 


we have 


and 
(15) A= 


In the case where the functions f(x) and F(x) are both real and the equation 
F (x) =0 admits m’ roots equal to @ + B/—1, the same equation also admits m’ 
roots equal and conjugate to the first ones, and consequently represented by 


a—py/-l. 
Under this hypothesis, if after the decomposition of the rational fraction 


f(x) 
F(x)’ 


we combine in pairs the simple fractions which have as their denominators 


[319] and finally 
x-@—-B/-1 and x-—a+8/-1, 


the different sums obtained are the real and rational fractions which have as their 
respective denominators 
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and by which the system can be replaced by a sequence of other fractions which, 
with the same denominators, have as their numerators real linear functions of the 
variable x. Finally, it is easy to calculate directly this new sequence of fractions by 
beginning with those which correspond to the highest powers of (x — a)° +B. For 
example, let us seek the one which has as its denominator 


m! m! m 
[(— a)? +B] = (x-a-By-1) (x-a+BVv-1) : 
From the principles established in section I, the fraction is 


u 


(16) 7 
[(«- 0)? +B)" 


? 


provided that we make 


_ 1 f (a+Bv-1) — 
(17) “aval o(a+Bv=) | an) 
f (a—BV-1) 
aaa ee VAD 
and 
(18) ojac- 44 


We add that if we successively set 
x=a4+BV-14+z and x=a-—BvV-1+4+z 


in the preceding formula, [320] we conclude, taking into account the second of 
equations (8), that 


Fy (+ BV—1) + Fy (+ BVI) +... 


V=1+2) = 
p(a+B z) (2B —1I+z)” 
Fy (— B=) +2Fyiy1 (@—BV=1) +... 
ia v—-l1+z = 7 ’ 
9 (a B ) (-26 iT +2)" 


and consequently 


Fil (a + Bv-1) 
Pp (a+BV/-1) = i 


_ m! Foy a — B/—1) 
@ (a—BvV-1) =(-1) cava)” 


and 


Chapter 12 
On recurrent series. 


12.1 General considerations on recurrent series. 


[321] A series 
(1) a0, 1x, ax’, seg AyX", 


ordered according to the ascending integer powers of the variable x, is called recur- 
rent when in this series, starting after a given term, the coefficient of any power of 
the variable is expressed as a linear function of a fixed number of the coefficients of 
lesser powers, and consequently it suffices to run back! to the values of these last 
coefficients to deduce the one we are seeking. Thus, for example, the series 


(2) ly Be Be, cg TRIS 
is recurrent, considering that if we make 
a, =n+l, 
we always have, for values of n greater than 1, 
(3) Gn = 2an—1 — An—2. 


In general, series (1) is recurrent if, for all values of greater than a certain limit, 
the coefficients 


Gn, Gn-1, 4n-2, +++, An—-m 


of several consecutive powers of x are found related to each other [322] by an equa- 
tion of the first degree. Let 


(4) kan—m+ lan—m4i t+... + Pan—1 + day = 0 


' Cauchy uses the French verb recourir here. He seems to be commenting on the etymology of 
“recurrent” (récurrent in French), which has its origins in the Latin verb currere, “to run.” 
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be the equation in question, where k, /, ..., p and g denote determined constants. 
The sequence of these constants forms what we call the recurrence relation” of the 
series, the recurrence for which the constants themselves are the different terms. 

In series (1), assumed to be recurrent, the variable x and its coefficients ag, a1, a2, 
..., dn, can be either real quantities or imaginary expressions. Given this, represent 
the modulus of the expression a, by Pn, and consequently the numerical value of 
this expression whenever it is real. We conclude immediately from the principles 
established in Chapters VI and IX that series (1) is either convergent or divergent 
depending on whether the modulus or the numerical value of x is less than or greater 


i 
than the smallest of the limits towards which the expression (p,) ” converges, when 
n grows indefinitely. 


12.2 Expansion of rational fractions into recurrent series. 


Any time that a rational fraction can be expanded into a convergent series ordered 
according to ascending integer powers of the variable, that series is recurrent, as we 
will see. 

First consider the rational fraction 


A 


() 


in which a and A denote two constants, real or imaginary, and m an integer number. 
It can be put into the form 


("4 (1-2), 


[323] and it is expandable, as well as the expression 


(1 - *) m 
a 

into a convergent series ordered according to the ascending integer powers of the 
variable x if the numerical value of the ratio 7 in the real case, or the modulus of the 
same ratio in the imaginary case, is a quantity contained between the limits 0 and 1. 
This condition is satisfied if the modulus of the variable x, a modulus which reduces 
to the numerical value of the same variable when it becomes real,? is less than the 
modulus of the constant a, and we have, under this hypothesis, 


7 Cauchy uses the term échelle de relation, literally “scale [or ladder] of relation.” (tr.) 
3 Cauchy writes imaginaire here in [Cauchy 1821, p. 391, Cauchy 1897, p. 323]. 


12.2 Expansion of rational fractions into recurrent series. 259 
x\—m mx  m(m+1) x 
i=3) =a? a2 
_ Aoi 1) 2:3-4...m x 
@) ~ 1-2-3...(m—1) ° 1-2-3...(m—1)a 
3-4-5...(m+1) x2 
1-2-3...(m—1) a? 


Consequently, we find 


A A om Ax — m(m+1) Ax? 
3 = (-1)” sis 
( ) (x—a)” ( ) (3 + 1 qntl {#2 qnt+2 at 


If for brevity we make 


A 
ert 0; 
mim A 
(4) a ri 


we obtain the equation 


A 


Geng COTE Hae oa tle ss 


(5) 


[324] Now imagine that we multiply both sides of the preceding equation by (a — 
x). We find that* 


(-1)"A= |a™— mam—ly + Uc as —...£x" 


x (ap +ajx+anx? +...) 


= ql" (ay-tayx+agx?-+...+-dm Xx Lamy ert! +...) 


(6) — if” | (agx+ayx? +...+4m— 10" +m xntl +...) 


m(m—1 a 
+ me ge 2 (agx?-+...-+dm—2x" +4 1X"* +...) 


E(agx""+a} ntl +), 


or what amounts to the same thing, 


4 Cauchy writes a + before the ellipses in the first line of this equation in [Cauchy 1821, p. 392, 
Cauchy 1897, p. 324]. 
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(-1)"A _ a™ay + (aay _ malay) x 
a [aay -_ maml ay ae mera” a9| x2 


yi = =i ere 
( ) i” aay, = mam lant + id dan 2an_2 


This last formula ought to remain true any time that the modulus of the variable x is 
less than the modulus of the constant a, and consequently any time that we attribute 
to x a real value slightly different from zero. We conclude, by reasoning similar to 
that which we have used for the proof of theorem VI of Chapter VI (8 IV), that 


(-1)"A=a™ao, 
5 aa, 7 Za"lay =0, 
a™ay a" a, min NY) gray — 0, 
dahidueds peeRaNetawevewesecceuauieednes : 
[325] and in general, 
WM. pe: m(m—1) ,, 
(9) fio yt ee EG SO. 


It is essential to remark that equation (9) applies only for real integer values of n 
greater than or equal to m, and that whenever we suppose that n < m, it ought to be 
replaced by one of the formulas (8). Moreover, because equation (9) is linear with 
respect to the constants 


an) an-1, an-2, ee an—m) 


it gives the first of these constants as a linear function of all the other ones. It follows 
that in the series 

2 
(10) Qn, 1X, AX, .ee, AnX", 


starting from the term a,x", the coefficient of any power of x is expressed as a 
linear function of the m coefficients of lesser powers taken consecutively. This series 
is thus one of those that we have named recurrent. 

Among the various particular formulas which we can deduce from equation (3), 
it is good to mention those which correspond to the two suppositions m = | and 
m = 2. We find, under the first hypothesis, that 


> In [Cauchy 1897, p. 325], this is written as ax». It is given correctly in [Cauchy 1821, p. 394]. 
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A A A_ A 
(11) = ( + Sx Ses..), 


X—a a a a 


and under the second hypothesis, that 


A A A A A 
y= t2-4x4+3 pe +4 s+... 
(x—a) a a a a 


(12) 


The two preceding formulas, where the first determines the sum of a geometric 
progression, remain true, and thus equation (3) as well, as long as the modulus of x 
is less than the modulus of a. [326] When in equation (12) we make both 


A=1 and a=1, 


we obtain the following 


1 
(13) 5 = 14 2x43x +4 +..., 
(x—1) 


which has for its right-hand side the sum of series (2) (§ I), and supposes that the 
modulus of x is less than 1. 
Now consider any rational fraction 


(14) 


where f(x) and F(x) are two integer functions of the variable x. Represent by a, b, 
c, ... the various roots of the equation 


(15) F (x) =0, 


by m’ the number of roots equal to a, by m” the number of roots equal to b, by m’” 
the number of roots equal to c, ..., and by k the coefficient of the highest power of 
x in the polynomial F (x), so that we have 


Ui 


(16) F (x) =k(x—a)” (x—b)”™ (x—c)"".... 
For the decomposition of the rational fraction au into simple fractions, the method 


explained in the preceding chapter gives an equation of the form 
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7) =P a A Aj is Pesala 
F (x) (x—a)” (x—a)y"—! x—a 
it B a. By ce Bry 
(17) (x—b)™ = (x—py"") =) 
Cc Ci Gn —1 
as ml" + m1 io aera 
(x—c) (x —c) x—C 


where A, Aj, ..., B, By, ...,C, C), ..., etc. denote determined constants [327] and R 
is an integer function of x which vanishes when the degree of the polynomial f(x) 
is less than that of the polynomial F (x). Given this, imagine that the modulus of the 
variable x is less than the moduli of the various roots a, b, c, ..., and consequently 
less than the smallest of these moduli. We can expand each of the simple fractions 
that make up the right-hand side of equation (17) into a convergent series ordered 
according to the ascending powers of the variable x. Then, by adding the expansions 
formed like this to the polynomial R, we obtain a new convergent series, still ordered 
according to the ascending powers of x and where the sum is equal to the rational 


fraction aan Let 
(18) ay, Gx, ax, ...,  anXx", 


be the new series in question here. The formula 


(19) Ae =aytaxtant... 
remains true any time this new series is convergent, that is to say any time the 
modulus of the variable x is less than the smallest of the numbers that serve as 
the moduli of the roots of equation (15). I add that series (18) is still a recurrent 
series. We will easily prove this as follows. 

Denote by m the sum of the integer numbers m’, m", m'", ..., or what amounts to 
the same thing, the degree of the polynomial F(x), and consequently make 


(20) F(x) =e" 4+" '+...4+px+q, 

where k, /, ..., p and g represent constants, real or imaginary. Equation (19) becomes 
x 

(21) fe) =aytayxtanx’*+.... 


kx™ + Ix™-l + ...4+pxt+q 
After putting it into the form 
(22) f (x) = (q+ px+...+ no +kx") (ao Laixtax +. ly 


[328] we get, by expanding the right-hand side as we did for equation (6), 
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f (x) = qao + (gai + pag)x+... 
+ (gam + pam—1 +...4+la, Seley tec 


(23) n 
ar (gan + pany +... + ldg—mei + Kann) ® 


Because this last formula ought to remain true as long as the modulus of the variable 
x is less than the moduli of the constants a, b, c, ..., we can prove, by reasoning 
similar to that which we have used to establish theorem VI of Chapter VI (§ IV), 
that the coefficients of like powers of x in the two sides are necessarily equal to each 
other. It follows: 1° that the coefficients of the various powers of x in the different 
terms of the polynomial f(x) are respectively equal to the coefficients of the same 
powers of the series, the sum of which constitutes the right-hand side of equation 
(23); and 2° that in this series the coefficients of the powers where the exponent 
surpasses the degree of the polynomial f(x) reduce to zero. Moreover, if we consider 
a term of the series in which the exponent n of the variable x surpasses the degree 
of the polynomial f(x), and is at the same time equal to or greater than m, the term 
is of the form 
(gan + Pan—j +... ldn—m+1 + RGin=im at 


Thus, any time the value of n is greater than the degree of the polynomial f(x) and 
is also equal to or greater than the degree m of the polynomial F(x), the coefficients 


Gn, GAn-1, +++, Gn—m+1;  4n-m 
are found to satisfy the linear equation 
(24) Gan + pan—1+...+ lan—m+1 + kan—m = 0. 


Consequently, for such a value of n, the coefficent a, of the power x” is expressed 
as a linear function of those coefficients of m lesser powers taken consecutively. 
Series (18) [329] is thus one of those that we call recurrent. Its recurrence relation 
is composed of the constants 


l, vere P; q; 


respectively equal to the coefficients of the various powers of x in the polynomial 
F(x). 

Among the series which represent the expansions of the fractions contained in 
the right-hand side of formula (17) and which are all convergent in the case where 
the modulus of the variable x remains less than the moduli of the various roots of 
equation (15), at least one would become divergent if the modulus of the variable 
came to surpass that of some root. Consequently, series (18), still convergent in 
the first case, is divergent in the second. On the other hand, if we make the integer 
number 7 increase indefinitely, and if we denote by p, the modulus of the coefficient 
py in series (18), this series is convergent or divergent (see § I) depending on whether 


the modulus of x is less than or greater than the smallest of the limits of (Pa)o*. 
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Because the two rules of convergence that we have just stated must necessarily agree 

with each other, we can conclude that the smallest of the moduli which correspond to 

roots of equation (15) is precisely equal to the smallest of the limits of the expression 
1 

(Pn) "- 

When the two functions f(x) and F(x) are real, the coefficient a, is real as well, 
and its modulus p, is no different from its numerical value. If under the same hy- 
pothesis, the equation F(x) = 0 has no real roots, the root that has the smallest 
numerical value is, from what we have just said, equal (up the sign) to the small- 


est of the limits of (P,)— n . Finally, if the ratio ran converges to a fixed limit, we 


41 
can Spee it (Chap. II, § HL, theorem I) for the desired limit of the expression 


(Pn) ” "6 This remark leads to the rule that Daniel Bernoulli has given for determin- 
ing numerically [330] the smallest (ignoring the sign) of all the quantities which 
represent the roots, supposed to be real, of an algebraic equation. 


12.3 Summation of recurrent series and the determination of 
their general terms. 


When a series ordered according to the ascending powers of the variable x is at the 
same time convergent and recurrent, it always has a rational fraction as its sum. 
Indeed, let 

(1) ay, ax, ax, ..., anx", 


be such a series. Suppose that for values of n above a certain limit, the coefficient a,, 
of the power x” is determined as a linear function of the n coefficients of the lesser 
powers by an equation of the form 


(2) kam—n+ldn—myi t+ +--+ Pan-1 + 9an = 9, 


such that the constants 


k, I, ..., p and gq 


form the recurrence relation of the series. If we multiply the sum of the series, 
namely 
ay -tayxtanx +... 


by the polynomial 
mot a Ae 


the product obtained is the sum of a new series in which the coefficient of x”, cal- 
culated as in Chapter VI (§ IV, theorem V), vanishes for values of n greater than 
the assigned limit. In other words, the product in question is a new polynomial of a 
degree indicated by this limit. If we denote this new polynomial by f(x), we have 


© This was given as (p)7 in [Cauchy 1821, p. 400, Cauchy 1897, p. 329]. 
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(3) f= (ax oe 5 ea ee + px+q) (ao +aix+anx’ +.. .) 
[331] and consequently, 


f(&) 
kom + xl tt px tq 


(4) ay tayxtanrt+...= 


Thus, any series which is ordered according to the ascending and integer powers of 
the variable x and which is both convergent and recurrent has as its sum a rational 
fraction for which the denominator is a polynomial in which the successive powers 
of x have for coefficients the different terms of the recurrence relation of the series. 

When we describe a recurrent series by giving only its first terms and the recur- 
rence relation which serves to determine from the first terms all those which follow, 
then with the aid of the method which we have just indicated, we easily determine 
the rational fraction which represents the sum of the series in the case where it re- 
mains convergent. Once this rational fraction is calculated, we can substitute a sum 
of simple fractions for it, possibly augmented by an integer function of the variable 
x. If we then seek the recurrent series which expresses the expansions of the simple 
fractions in question for conveniently chosen values of x, and we add the general 
terms of these same series, we obtain the general term of the proposed series. 


NOTES.! 


NOTE I. 


ON THE THEORY OF POSITIVE AND NEGATIVE QUANTITIES. 


[333] There has been much dispute about the nature of positive and negative quanti- 
ties, and various theories have been given on this subject. The one we have adopted 
(see the Preliminaries, pages 2 and 3)* appears to us to be the best for clarifying 
all the difficulties. First we will state it in a few words. Then we will show how we 
deduce the rule of signs. 

Just as we see the idea of number born from the measurement of magnitudes, so 
also we acquire the idea of quantity (positive or negative) when we consider each 
magnitude of a given kind as being able to serve as the increase or diminution of 
another fixed size of the same kind. To indicate this intention, we represent the sizes 
that ought to serve as increases by numbers preceded by the sign +, and the sizes 
that ought to serve as diminutions by the numbers preceded by the sign —. Given 
this, the signs + or — placed in front of numbers can be compared, following the 
remark that has been made,’ with adjectives placed near their nouns. We designate 


' The last portion of the Cours d’analyse is a collection of 9 appendices, which Cauchy calls 
“Notes.” On p. 1 of the introduction [Cauchy 1821, p. ii, Cauchy 1897, p. ii], he describes them 
as “the derivations which may be useful both to professors and students of the Royal Colleges, as 
well as to those who wish to make a special study of analysis.” 

? See [Cauchy 1821, pp. 2-3, Cauchy 1897, pp. 18-19]. Curiously, this reference in [Cauchy 1897] 
was still to pages 2 and 3, even though that edition has no pages numbered 2 or 3. (tr.) 

: Cauchy’s footnote (1) reads “Transactions philosophiques, année 1806,” a reference is to [Buée 
1806]. Abbé Buée (1748-1826) in turn cited Carnot, Frend and Euler, so it seems that Buée, hence 
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numbers preceded by the sign + as positive quantities, and numbers preceded by 
the sign — as negative quantities. Finally, we agree to include the absolute numbers 
which are not preceded by any sign among the class of positive quantities, and it 
is for this reason that we sometimes dispense with writing the sign + before the 
numbers which ought to represent quantities of this kind. 

In Arithmetic we always operate on numbers for which the particular value is 
known, and which are consequently given as figures, while in Algebra, where we 
consider the general properties of numbers, [334] we ordinarily represent these same 
numbers by letters. There, a quantity is expressed by a letter preceded by the sign 
+ or —. Moreover, nothing prevents representing the quantities by simple letters as 
well as by numbers. It is an artifice which augments the resources of Analysis, but 
when we wish to use it, it is necessary to take account of the following conventions. 

Following what we have said above, in the case where the letter A represents a 
number, we can denote the positive quantity for which the numerical value is equal 
to A either by +A or by A alone, while —A denotes the opposite quantity, that is to 
say the negative quantity for which A is the numerical value. Thus, in the case where 
a represents a quantity, we regard the two expressions a and +a as synonyms, and 
we denote by —a the opposite quantity. 

Following these conventions, if we represent either a number or any quantity by 
A, and if we make 

a=+A and b=-A, 


then we have 
+a=-+A, +b=-—A, 


—a=-—A and —b=-+4A. 


In the last four equations, if we replace a and b with their values between parenthe- 
ses, we get the formulas 


+(+A)=-+4A, +(-A)=-—A, 


() —(+A)=-—A and —(—A)=-A. 


In each of these formulas, the sign of the right-hand side is what we call the product 
of the two signs of the left-hand side. To multiply two signs by each other is to form 
their product. Inspection alone of equations (1) suffices to establish the rule of signs, 
contained in the theorem which I am going to state. 


Theorem I. — The product of two signs that are the same is always + and the 
product of two opposite signs is always —. 


It also follows from the same equations that when one of the signs is +, the 
product of two signs is equal to the other one. Thus, if we have several signs to 


Cauchy, was fully aware of the controversy raging in England at the time, regarding the nature of 
negative numbers. This paper by Buée is described as “perhaps the very first purely mathematical 
theory of time” [Windred 1933]. 
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multiply together, we can ignore all the + signs. From this remark, we easily deduce 
the following propositions: 


Theorem II. — /f we multiply together several signs [335] in any order, the 
product is always + whenever the number of — signs is even, and the product is — 
in the opposite case. 


Theorem III. — The product of as many signs as we like remains the same, in 
any order in which we multiply them. 


An immediate consequence of the above definitions is that the multiplication of 
signs has no relation to the multiplication of numbers. However, we need not be 
surprised if we note that the idea of the product of two signs arises as one of the first 
steps that we make in Analysis, because in addition or subtraction of a monomial, 
we really multiply the sign of this monomial by the sign + or —. 

Starting from the principles which we have just established, we easily clear up 
all difficulties which the use of the signs + and — can present in the operations 
of Algebra and of Trigonometry. We need only distinguish carefully the operations 
relative to numbers from those which apply to positive or negative quantities. We 
especially ought to clarify precisely the goals of each kind of operation, to define 
their results and to describe their principal properties. This is what we are going to 
try to do in a few words, for the various operations which we commonly use. 


Addition and subtraction. 


Sums and differences of numbers. — To add the number B to the number A, or in 
other words, to subject the number A to an increase +B is what we call an arithmetic 
addition. The result of this operation is called the sum. We indicate this by placing 
the increase +B next to the number A, as follows: 


A+B. 


We will not prove it, but we admit as evident that the sum of several numbers remains 
the same in whatever order we add them. This is a fundamental axiom on which rest 
Arithmetic, Algebra and all the sciences of calculation. 

Arithmetic subtraction is the inverse of addition. It consists of taking away from 
a first number A some second number B, that is to say of finding a third number C 
which added to the second number reproduces the first number. This is also what we 
call subjecting to the number A the diminution —B. The result of this operation is 
called the difference. We indicate it by placing [336] the diminution —B following 
the number A, as follows: 

A-B. 


Sometimes we indicate the difference A — B with the name the excess or the remain- 
der or the arithmetic relation between the two numbers A and B. 
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Sums and differences of quantities. — We have explained in the preliminaries 
what it is to add two quantities together. In adding several quantities to each other, 
we obtain what we call their sum. Based on the axiom about the addition of numbers, 
it is easy to prove the following proposition: 


Theorem IV. — The sum of several quantities remains the same in whatever 
order we add them. 


We indicate the unique sum of several quantities by the simple juxtaposition 
either of the letters which represent their numerical values or of the quantities them- 
selves, with each letter preceded by the sign which it must have to express the cor- 
responding quantity. Moreover, the different letters can be arranged in any order, 
and it is permitted to suppress the + sign before the first letter. Let us consider, for 
example, the quantities 


a, b, Cc, esos g =; —8&; —h, 


Their sum could be represented by the expression 
a—f—g+b—-h-+c+.... 
In such an expression, each of the quantities 


a, b, c, ..., —-f, —-g, —h, 
is what we call a monomial. The expression itself is a polynomial, for which the 
monomials in question are the different terms. 

When a polynomial contains only two, three, four, ..., terms, it takes the name 
binomial, trinomial, quadrinomial, .... 

We easily prove that two polynomials for which the terms are equal and of con- 
trary signs represent two opposite quantities. 

The difference between a first quantity and a second is a third quantity which, 
added to the second, reproduces the first. On the basis of this definition, we prove 
that to subtract a second quantity b from a first quantity [337] a, it suffices to add 
the quantity opposite to b, that is to say —b, to the first quantity. We thus conclude 
that the difference of two quantities a and b ought to be represented by 


a—b. 


Note. — Subtraction, being the inverse of addition, can always be indicated in 
two ways. Thus, for example, to express that the quantity c is the difference of two 
quantities a and b, we can write either 


a—b=c or a=b+e. 
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Multiplication and division. 


Products and quotients of numbers. — To multiply the number A by the number B 
is to operate on the number A precisely as we operate on one to obtain B. The result 
of this operation is what we call the product of A by B. To better understand the 
preceding definition of multiplication, it is necessary to distinguish different cases, 
depending on the kind of number B is. This number may be rational, that is to say 
integer or fractional, or it may be irrational, that is to say not rational. 

To obtain B when B is an integer number, it suffices to add one to itself several 
times consecutively. Thus, to form the product of A by B, we must add the number A 
to itself the same number of times, that is to say the sum of as many numbers equal 
to A as there are ones in B. 

When B is a fraction which has numerator m and denominator n, the operation 
by which we arrive at the number B consists of separating the number one into n 
equal parts and then repeating the result m times. Thus, we obtain the product of A 
by B by separating the number A into n equal parts and then repeating one of these 
parts m times. 

When B is an irrational number, we can obtain rational numbers that approach 
it more and more closely. We can easily see that under the same hypothesis the 
product of A by the rational numbers in question approach a certain limit more and 
more closely. This limit is the product of A by B. If we suppose, for example, that 
B=0, we find a zero limit, and we conclude that the product of any number by zero 
vanishes. 

In the multiplication of A by B, we call the number A the multiplicand and [338] 
the number B the multiplier. These numbers are also designated together under the 
name the factors of the product. 

To indicate the product of A by B, we use any one of the following three notations: 


BxA, B-A or BA. 


The product of several numbers remains the same in whatever order we multiply 
them. This proposition, when it concerns just two or three integer factors, is derived 
from the axiom about the addition of numbers. We can then prove it successively: 
1° for two or three rational factors; 2° for two or three irrational factors; and finally 
3° for any number of factors, rational or irrational. 

To divide the number A by the number B is to find a third number for which 
its product by B is equal to A. The operation by which we arrive at this is called 
division and the result of this operation is the quotient. Moreover, the number A 
takes the name of dividend and the number B that of divisor. 

To indicate the quotient of A by B, we use at will one of the two following nota- 
tions: 


A 
— or A:B. 
B 


Sometimes we indicate the quotient A : B by the name ratio or geometric relation of 
the two numbers A and B. 
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The equality of two geometric ratios A : B and C: D, or in other words the equa- 
tion 
A:B=C:D 


is what we call a geometric proportion. Ordinarily, instead of the sign = we use the 
following ::, which has the same meaning, and we write 


A:B::C:D. 


Note. — From the definition, when B is an integer number, to divide A by B is 
to find a number which, repeated B times, reproduces A. Thus, it is to separate the 
number A into as many equal parts as there are ones in B. We conclude easily from 
this remark that if m and n denote two integer numbers, the nth part of one ought to 


be represented by 
1 


) 
n 


[339] and the fraction which has numerator m and denominator n by 


mx -. 
n 
Indeed, this is the notion by which we naturally denote the fraction in question. 
However, because we easily prove that the product 


mx — 
n 
is equivalent to the quotient of m by n, that is to say to “, it follows that the same 
fraction can be represented more simply by the notation 


m 


n 


Products and quotients of quantities. — The product of a first quantity by 
a second is a third quantity which has for its numerical value the product of the 
numerical values of the two others, and for its sign the product of their signs. To 
multiply two quantities by each other is to form their product. The first of the two 
quantities is called the multiplier and the other the multiplicand, and the two of them 
are both factors of the product. 

Using these definitions, we easily establish the following proposition: 


Theorem V. — The product of several quantities remains the same in whatever 
order we multiply them. 


To prove this proposition, it suffices to combine the similar proposition about 
numbers with theorem III about signs (see above).4 


4 [Cauchy 1821, p. 405, Cauchy 1897, p. 335]. 
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To divide a first quantity by a second is to find a third quantity which, multiplied 
by the second, reproduces the first. The operation by which we arrive at this is called 
division. The first quantity is the dividend, the second is the divisor and the result 
of the operation is the quotient. Sometimes we indicate the quotient by the name of 
ratio or geometric relation of the two given quantities. On the basis of the preceding 
definitions, we easily prove that the quotient of two quantities has as its numerical 
value the quotient of their numerical values, and as its sign the product of their 
Signs. 

[340] Multiplication and division of quantities are indicated just like the multi- 
plication and division of numbers. 

We say that two quantities are inverses of each other when the product of these 
two quantities is one. From this definition, the quantity a has : as its inverse, and 
reciprocally. 

We have remarked above that what we call a fraction in Arithmetic is equal to 
the ratio or quotient of two integer numbers. In Algebra we also denote the ratio or 
quotient of any two quantities by the name fraction. Thus if a and b represent two 
quantities, their ratio ¢ is an algebraic fraction. 

Again we observe that division, being an inverse operation of multiplication, can 
always be indicated in two ways. Thus, for example, to express that the quantity c 
is the quotient of two quantities a and b, we can write either 


a 
—=c or a=be. 
b 
Products and quotients of numbers enjoy general properties to which we often 
have recourse. We have already spoken of the one whereby the product remains 
the same in whatever order we may multiply its factors. Other properties, no less 
remarkable, are found in the formulas which I am about to write. 
Let 


be several sequences of quantities, positive or negative. For all possible values of 
these quantities, we have 


kK(atb+cH...) =ka+kb+ke+..., 


er a. 
k Te Bk ROO 
(2) a aa’ ada"... 
b BB BPP... 
k bk b 
Fae THT Xk. 
D a a 


The four preceding formulas give rise to a multitude of consequences [341] which 
would be too long to list here in detail. We conclude from the third formula, for 
example: 1° that the fractions 
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a ka 

— and — 

b kb 
are equal to each other, where a, b and k denote any quantities; 2° that the fraction 
5 has b as its inverse; and 3° that to divide one quantity k by another quantity a, it 


suffices to multiply k by the inverse of a, that is to say by 1 


Elevation of powers. Extraction of roots. 


Powers and roots of numbers. Positive exponents. — To raise the number A to the 
power indicated by the number B is to look for a third number which is formed from 
A by multiplication as B is formed from one by addition. The result of this operation 
made on the number A is what we call its power of degree B. To understand the 
preceding definition of the elevation to powers well, it is necessary to distinguish 
three cases, depending on whether the number B is integer, fractional or irrational. 

When B denotes an integer number, this number is the sum of several ones. The 
power of A of degree B thus ought to be the product of as many factors equal to A 
as there are ones in B. 

When B represents a fraction “ (m and n being two integer numbers), to represent 
this fraction it is necessary: 1° to find a number which, repeated n times, produces 
one; and 2° repeat the number in question m times. Thus, to obtain the power of A 
of degree “, it is necessary: 1° to find a number such that the multiplication of n 
factors equal to this number reproduces A; and 2° to form a product of m factors 
equal to this same number. When we suppose in particular that m = 1, the power of 
A under consideration reduces to that of degree i and it is found to be determined 
by the single condition that the number A be equivalent to the product of n factors 
equal to this same power. 

When B is an irrational number, we can then obtain rational numbers with values 
approaching it more and more closely. We easily prove that under the same hypoth- 
esis, powers of A indicated by the rational [342] numbers in question approach more 
and more closely towards a certain limit. This limit is the power of A of degree B. 

In the elevation of the number A to the power of degree B, the number A is called 
the root and the number B, which indicates the degree of the power, is the exponent. 
To represent the power of A of degree B, we use the following notation 


AP. 


From the preceding definitions, the first power of a number is nothing but the 
number itself. Its second power is the product of two factors equal to this number, 
its third power three such factors, and so on. Geometric considerations have led us 
to indicate the second power by the name square and the third power by the name 
cube. As for the power of degree zero, it is the limit towards which the power of 
degree B converges when the number B decreases indefinitely. It is easy to show 
that this limit reduces to one, from which it follows that we have, in general, 
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We always suppose that the value of the number A remains finite and different from 
zero. 

To extract the root indicated by the number B of a number A is to find a third 
number which, raised to the power of degree B produces A. The operation by which 
we accomplish this is called extraction and the result of the operation is the root of 
A of degree B. The number B which indicates the degree of the root is called the 
index. To represent it, we use the following notation: 


VA. 


The roots of second and third degree are ordinarily indicated by the names square 
roots and cube roots. When it is a matter of a square root, we almost always dispense 
with writing the index 2 along with the sign - Thus the two notations 


VA and VA 
ought to be considered as equivalent. 


Note. — The extraction of roots of numbers, being the inverse of their elevation 
to powers, can always be indicated in two ways. Thus, for example, to express that 
the number C is equal to the root of A of [343] degree B, we can write either 


A=C® or C=WA. 


We remark again that, by virtue of these definitions, if we denote any integer 


1 oie 
number by n, then A* is a number such that the multiplication of n factors equal to 
this number produces A. In other words, we have 


from which we conclude that 


An =WA. 


Thus, when 7 is an integer number, the power of A of degree i, and the nth root of 
A are equivalent expressions. We prove easily that it is the same in the case where 
we replace the integer number n by any number. 


Powers of numbers. Negative exponents. — To raise the number A to the power 
indicated by the negative exponent —B is to divide one by A®. The value of the 
expression 

AB 


is thus found to be determined by the equation 
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which we can also put into the form 
APA? = 1. 


Consequently, if we raise the same number to two powers indicated by two opposite 
quantities, we obtain as results two positive quantities that are inverses to each other. 


Powers and real roots of quantities. — In the definitions which we have given 
of powers and roots of numbers corresponding to exponents, either integer or frac- 
tional, if we substitute the word quantities in place of numbers, we obtain the fol- 
lowing definitions for powers and real roots of quantities. 

To raise the quantity a to the real power of degree m, where m is an integer 
number, [344] is to form the product of as many factors equal to a as there are ones 
in m. 

To raise the quantity a to the real power of degree “, where m and n are two 
integer numbers and, to avoid all uncertainty, where the fraction ° is reduced to its 
simplest expression, is to form a product of m factors chosen so that the nth power 
of each of them is equal to the quantity a. 

To extract the real root of degree m or 7 of the quantity a is to find a new quantity 
which, raised to the real power of degree m or “ produces a. From this definition, 
the nth real root of a quantity is evidently the same thing as its real power of degree 
n: Moreover, we easily prove that the root of degree = equals the power of degree 
" Finally, to raise the quantity a to the real power of degree —m or —* is to divide 
one by the same quantity a raised to the real power of degree m or 7. 

In these operations of which we have just spoken, the number or the quantity 
which marks the degree of a real power of a is called the exponent of this power, 
while the number which marks the degree of a real root is named the index of this 
root. 

Every power of a which corresponds to an exponent for which the numerical 
value is an integer, that is to say to an exponent of the form -+m or —m, where m 
represents an integer number, admits a unique real value which we denote by the 


notation 


As for the roots and powers for which the numerical value is fractional, they 
can admit either two real values, or but one real value, or admit none at all. The 
real values in question here are necessarily either positive quantities or negative 
quantities. However, in Algebra, in addition to these quantities we also use symbols 
which have no meaning by themselves, but nevertheless receive the names powers 
and roots because of their properties. These symbols [345] are among the algebraic 
expressions to which we have given the name imaginary, as opposed to the name 
real expressions, which only applies to numbers or quantities. 

Given this, it follows from the principles established in Chapter VII that the nth 
root of any quantity a and its powers of degree “ and —"’, where n is an integer 


n? 


number and = is an irreducible fraction, each of which admits n distinct values, real 
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or imaginary. Conforming to the notations adopted in the same chapter, we denote 
any one of these values, if it is a question of the nth root, by the notation 


aa =((a)", 


and if it is a question of the power which has for its exponent “ or —%, by the 
notation 


m _m 


(@))" or (@)*. 


1 
We add that the expression ((a))” is contained as a particular case of the more gen- 


eral expression ((a))". By calling A the numerical value of a, we find that the real 
values of the two expressions 


2° If n denotes an even number and 


ais +A............ +An and +A™7. 


In the last case, when we suppose that a is negative, all the values of each of the 
expressions ((a)) 7 and ((a))~* become imaginary. 

If we make the fraction vary in such a way that it approaches indefinitely an 
irrational number B, the denominator n then grows beyond any assignable limit, and 
likewise the number of imaginary values [346] which each of the expressions 


m m 


((@))" and ((a))* 


take on. Consequently, we cannot admit into calculation the notations 


(a)? and (a) 


or the notation 
b 
(a), 
when we make b = +B, unless we consider such a notation itself as representing an 


infinity of imaginary expressions. To avoid this inconvenience, we never employ the 
algebraic expression 
b 
(4) 


in the case where the numerical value of b is irrational. Under this hypothesis, only 
when a takes a positive value +A can we make use of the notation 
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a’ or (a)’, 


which we ought to consider as equivalent to 


+A? 
(see Chapter VII, § IV). 

Powers of numbers and quantities enjoy several remarkable properties which are 
easy to prove. Among others, we note those contained in the formulas which I am 
going to write. 

Let a, a’, a", ..., b, b', b”, ... be any quantities, positive or negative,. Let A, A’, 
A”, ... be any numbers and let m, m', m”, ... be integer numbers. We have 


APAY ae" i Abtel+e" +... 
(3) Ababa"... = (AA'A"...)”, 
/ 
( Ab)? = Abb 
and 
qalgém qt" = qtmtm' tm"... 
aaa n= (aa a" a.) 5 

(4) aq "ql"... =(ada" in.) "; 

(am) =(a-™)-™ =a™ and 

Cee ie ae 
where each of the numbers m, m’, m”, ... in the first equation (4) must be affected 


with the same sign on both sides of the equation. [347] Formulas (3) and (4) give rise 
to a multitude of consequences, among which we will content ourselves to indicate 
the following. We get from the second formula (3) that 


ge b 
Ar( 7} =1=1, 


and we then conclude that 


Thus, if we raise two positive quantities that are inverses to each other to the same 
power, the results are always two inverse quantities. 
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Formation of exponentials and logarithms. 


When we regard the number A as fixed and the quantity x as a variable in the ex- 
pression A*, the power A* takes the name exponential. Under the same hypothesis, 
if for a particular value of x we have 

A* =B, 
then this particular value is what we call the ogarithm of the number B in the system 
for which the base is A. We indicate this logarithm by placing before the number 
the initial letters In or log, like? 


InB_ or logB. 


However, as such a notation does not tell the base of the system of logarithms to 
which it refers, it is important to state in the discussion the value of this base. Given 
this, if we use the characteristic log to denote logarithms taken in the system for 
which the base is A, the equation 

A*=B 


implies the following one 
x=logB. 


Sometimes, when we must treat logarithms taken in different systems at the same 
time, we distinguish among them with the aid of one of several accents placed to 
the right of the letters log, and as a consequence we denote by these letters without 
accents the logarithms of a first system, by the same letters followed by a single 
accent logarithms of a second system, etc. 

Based on the preceding definitions and on the general properties of powers of 
numbers, we easily recognize: 1° that one [348] has zero for its logarithm in all 
systems; 2° that in any system of logarithms for which the base exceeds one, every 
number greater than one has a positive logarithm, and every number less than one 
has a negative logarithm; 3° that in any system of logarithms for which the base is 
less than one, every number less than one has a positive logarithm and every number 
greater than one has a negative logarithm; and finally 4° that in two systems for 
which the bases are inverses to one another, the logarithms of the same number are 
equal and of contrary signs. Moreover, we easily prove the formulas which establish 
the principal properties of logarithms, among which we ought to note these which I 
am going to write. 

If we denote by B, B’, B’, ..., C any numbers, by the characteristics log and log’ 
the logarithms taken in two different systems for which the bases are A and A’, and 
by k any quantity, positive or negative, we have 


5 As mentioned in the Preface and in a footnote in the Preliminaries, we use the more modern 
notations “In” and “log” to avoid confusion, whereas Cauchy used “/” and “L’, respectively. If 
Cauchy means the natural logarithm, we always use “In.” (tr.) 
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log BBB"... =logB+logB’+logB" +..., 
logB‘ = klogB, 


(5) Bios — AlogB-logc — ClogB 
logC _ log’C 
logB  log’B’ 


From the first of these formulas, we get 
logB+log 4 =log1=0 
and consequently 
log 5 =-—logB. 


From this it follows that two positive quantities that are inverse to each other have 
equal logarithms of contrary signs. We add that the fourth formula can be deduced 
easily from the second. Indeed, suppose that the quantity k represents the logarithm 
of the number C in the system for which the base is B. We have 


Cah 
and consequently 
logC=klogB and log’C=klog’B, 
from which we conclude immediately that 


logC _ log'C _ 
logB log’ BO 


[349] We can also remark that if we take B = A, then because logA = 1, we get from 
the fourth formula that 
log’C = log’ A - logC, 


or, taking for brevity log’A = LL, 
log’C = plogC. 


Thus, to pass from a system of logarithms for which the base is A to one for which 
the base is A’, it suffices to multiply the logarithms taken in the first system by a 
certain coefficient equal to the logarithm of A taken in the second system. 

The logarithms of which we have just spoken are those which we call real loga- 
rithms because they always reduce to positive or negative quantities. However, other 
than these quantities, there exist imaginary expressions which, because of their prop- 
erties, also bear the name of logarithms. We return to this subject in Chapter IX, in 
which we reveal the theory of imaginary logarithms. 
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Formation of trigonometric lines and arcs of a circle. 


We have remarked in the Preliminaries that a length measured on a curved or straight 
line can sometimes be represented by a number, sometimes by a quantity, depending 
on whether we simply regard it as the measure of this length, or if we consider it as 
being moved along the given line in one sense or another, relative to a fixed point 
which we call the origin, to serve as the growth or diminution of another constant 
length ending at this point. We have added that in a circle for which the plane is 
taken to be vertical, we ordinarily fix the origin of the arcs as the endpoint of the 
radius taken horizontally from left to right, and that, with respect to this origin, the 
arcs are counted as positive or negative depending on whether, to describe them, 
we begin by going up from there or by going down. Finally, we have indicated the 
origins of several trigonometric lines which correspond to these same arcs in the 
case where the radius of the circle is reduced to one. We will return to this topic 
shortly and complete the ideas which pertain to it. 

First, we easily establish with regard to lengths measured on the same line or 
curve relative to a given origin the following propositions: 


[350] Theorem VI. — Let a, b, c, ... be any quantities, positive or negative. To 
obtain on a line, straight or curved, the extremity of the length 


a+b+c+... 


measured with respect to a given origin and in the direction determined by the sign 
of the quantity 
at+b+c+..., 


it suffices to move along this line: 1° the length a starting from the origin in the 
direction determined by the sign of a; 2° the length b starting from the extremity of 
a in the direction determined by the sign of b; and 3° the length c starting from the 
extremity of b in the direction determined by the sign of c, and so on. 


Theorem VII. — Let a and b be any two quantities. Suppose also that we move 
along a straight line or curve starting from a given origin: 1° a length equal to the 
numerical value of a in the direction determined by the sign of a; and 2° a length 
equal to the numerical value of b in the direction determined by the sign of b. To 
pass from the extremity of the first length to that of the second, or reciprocally, along 
the line under consideration, it suffices to move a third length equal to the numerical 
value of the difference a—b. 


Theorem VIII. — Supposing the same things as in the preceding theorem, the 
extremity of the length represented by 


a+b 
2 
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is situated on the given line at a point at equal distances from the extremities of the 
lengths a and b (where the distances are measured along the line itself). 


Now we apply these theorems to arcs measured on the circumference of a circle 
for which the plane is vertical and for which the radius equals one, the origin of the 
arcs being fixed at the extremity of the radius drawn horizontally from left to right. 
If we denote the ratio of the circumference to its diameter by 7, following common 
usage, because the diameter is equal to 2, the entire circumference is found to be 
expressed by the number 27, half of the circumference by the number 7, and the 
quarter by 5. Moreover, if we denote by a any arc, [351] positive or negative, we 
conclude from theorem VI that, to obtain the extremity of the arc 


a+2mnz or a—2mnz7, 


(where m is an integer number), it is necessary to move along the circumference, 
starting with the extremity of the arc a, either in the direction of the positive arcs or 
in the direction of the negative arcs, a length equal to 2m7, that is to say to travel m 
times about the entire circumference in one direction or the other, which necessarily 
returns to the point from which we started. It follows that the extremities of the arcs 


a and at2mnx 


coincide. 
Likewise we conclude from theorems VI or VII: 1° that the extremities of the 
arcs 


a and ataZ 


contain between themselves an arc equal to 7 and as a consequence they consist of 
the extremities of the same diameter; and 2° that the extremities of the arcs 


a and at— 


contain between themselves a quarter of the circumference, and so they coincide 
with the endpoints of two radii perpendicular to each other. 
Finally, we conclude from theorem VIII: 1° that the extremities of the arcs 


a and z—a 


are located at equal distances from the extrtemity of the arc 

1 

2 ’ 
and as a consequence are placed symmetrically about the vertical diameter; and 2° 
that the extremities of the arcs 


TU 
a and 774 
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are situated at equal distances from the extremity of the arc 


T 


Zz 
[352] The arcs 
m—a_ and ae a 
2 


in question here are, respectively, called the supplement and the complement of the 
arc a. In other words, two arcs represented by two quantities a and b are supplements 
or complements of each other depending on whether we have 


a+b=a or a+b= . 

Because angles at the center which have for a common side the radius taken as the 
origin of the arcs grow or diminish proportionally with the arcs which they serve to 
measure, and because these angles themselves can be considered as the increases or 
decreases of one of these taken at will, nothing prevents us from denoting angles by 
the same quantities as arcs. This is a convention which has been effectively adopted. 
We also say that two angles are complements or supplements of each other when 
the corresponding arcs are themselves complements or supplements of each other. 

Now we move on to the study of trigonometric lines, and towards this end we 
consider a single arc represented by the quantity a. If we project it successively: 
1° on the vertical diameter; and 2° on the horizontal diameter, the two projections 
are what we call the sine and the versed sine of the arc a.° We can observe that the 
first of these is at the same time the projection on the vertical diameter of the radius 
which passes through the extremity of the arc. If we prolong this same radius until 
it intersects the tangent of the circle taken from the origin of the arcs, the part of this 
tangent contained between the origin and the point of intersection is what we call 
the trigonometric tangent of the arc a. Finally, the length measured on the radius 
extended between the center and the point of intersection is the secant of this same 
are. 

The cosine and versed cosine of an arc, its cotangent and its cosecant are nothing 
but the sine, versed sine, tangent and secant of its complement, and they constitute, 
along with the sine, the versed sine, the tangent and the secant of the same arc, the 
complete system of trigonometric lines. 

From what has been said above, the sine of an arc is measured on the vertical 
diameter, the versed sine on the horizontal diameter, the tangent on the line which 
touches the circle at the origin of the arcs, and the secant on the moving diameter 
which passes through the extremity of the given arc. Moreover, the sine and the 
secant have for their common origin the center of the circle, while the origin [353] 
of the tangents and versed sines correspond to that of the arcs. Finally, we generally 
agree to represent by positive quantities the trigonometric lines of the arc a in the 


® Some readers may have expected the projection onto the horizontal axis to be the cosine, but the 
cosine is the projection of the radius, not the arc. For a more complete account of the versed sine 
and other topics in the history of trigonometry, see [Van Brummelen 2009, Ch. 3-4]. 
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case where the arc is positive and less than a quarter of the circumference, from 
which it follows that we ought to measure the sine and the tangent positively from 
the base upwards, the versed sine from right to left, and the secant in the direction 
of the radius towards the extremity of the arc a. 

On the basis of the principles which we have just adopted, we immediately rec- 
ognize that the versed sine, and consequently the versed cosine, are always positive, 
and moreover, we determine without trouble the signs which ought to affect the 
other trigonometric lines of an arc for which the endpoint is given. To make this 
determination easier, we imagine the circle divided into four equal parts by two di- 
ameters perpendicular to each other, one horizontal and the other vertical, and these 
four parts of the circle are, respectively, designated as the first, second, third and 
fourth quarters of the circle. The first two quarters of the circle are situated above 
the horizontal diameter, namely the first on the right and the second on the left. The 
last two are situated below the same diameter, namely the third on the left and the 
fourth on the right. Given this, because the extremities of two arcs that are comple- 
ments of each other are equally distant from the extremity of the arc 7, we conclude 
that they are placed symmetrically on either side of the diameter which divides the 
first and the third quarters of the circle into two equal parts. If we then look for what 
signs ought to be attributed to the various trigonometric lines of an arc other than 
the versed sign and the versed cosine, according to whether the extremity of this arc 
falls in one quarter of the circle or in another, we find that the signs are, respectively, 


Inthe Ist Inthe 2nd Inthe 3rd In the 4th 

quarter of quarter of quarter of quarter of 

the circle thecircle the circle the circle 
For sine and cosecant + + _ _ 
For cosine and secant + = = + 


For tangent and cotangent + 


On this subject, we can remark that the sign of the tangent is always the product of 
the sign of the sine by the sign of the cosine. 

The preceding considerations now lead us to recognize that the cosine of an arc 
corresponds with the projection of the radius which passes through the extremity of 
this arc onto the horizontal diameter, and that on this diameter it ought to be mea- 
sured positively from left to right, starting from the center taken as the origin. The 
versed cosine can be measured on the vertical diameter [354] from the highest point 
on the circumference taken as the origin to the endpoint of the sine. The cotangent, 
measured positively from left to right along the horizontal tangent to the circle at 
the origin of the versed cosines, reduces to the length contained between this origin 
and the extension of the moving diameter the half of which is the radius taken to the 
extremity of the arc. Finally the cosecant, measured along the moving diameter, is 
measured positively in the direction of the radius in question and starting from the 
center taken as the origin to the extremity of the cotangent. 
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In the preliminaries we have sufficiently developed the system of notations used 
to represent the various trigonometric lines and the arcs to which they correspond. 
We shall not return to this subject, and we will content ourselves to observe that the 
trigonometric lines of an arc are at the same time supposed to belong to the angle 
at the center of the circle which it measures and which we designate by the same 
quantity. Thus, for example, if a, b, ... represent any quantities, we can say that the 
notations 

sina, cosb, 


express equally the sine of the arc or of the angle a, the cosine of the arc or of the 
angle b, .... 
We end this note by recalling some remarkable properties of trigonometric lines. 
First, if we denote by a any quantity, we find that the sine and the cosine of the 
angle a are always related to each other by the equation 


2 


(6) sin? a + cos? a = if 


and that the other trigonometric lines can be expressed by means of these first two 
as follows: 


: a __ sina _ 
7) siva= | —cosa, tana= 54, seca= aa 


cosa =>, ll 
cscad = sa: 


cosiv a= 1—sina, cota= =~, 


From formulas (6) and (7) we easily deduce several other equations, for example 


1 
(8) cota = ——, sec? a = 1+tan*a, csc 


tana 


2q= 1+cot?a, 


It is also easy to see that if the positive quantity R represents the length [355] of a 
straight line between two points and @ represents the angle, acute or obtuse, formed 
by this straight line with a fixed axis, the projection of the given length on the fixed 
axis is measured by the numerical value of the product 


Rceos a, 


and the projection of the same length on a perpendicular axis is measured by the 
numerical value of the product 
Rsin a. 


Finally, we recognize without trouble that if by starting from a point taken at 
random on the circumference of a circle of radius one, we move along this circum- 
ference in one direction or the other a length equal to the numerical value of any 
quantity c, the smallest arc contained between the endpoints of this length is less 
than or greater than 4, depending on whether cosc is positive or negative. 

Admitting these principles, imagine that on the circumference of which we speak 
we determine: 1° the extremities A and B of the arcs represented by any two quanti- 


286 Note I — On the theory of positive and negative quantities. 


ties a and b; and 2° the extremity N of a third arc represented by we ./ In addition, 
let M be the midpoint of the chord which joins the points A and B, and suppose that 
the point M projects onto the horizontal diameter of the circle to a certain point P. 
If the lengths measured on the diameter starting from the center taken for the origin 
are counted positively from left to right, like cosines, the distance from the center to 
the point P ought to be represented (by virtue of theorem VII) by the quantity 


cosa+cosb 
2 


Moreover, because (by virtue of the same theorem) the point N is situated at equal 
distances from the points A and B, the diameter which passes through the point NV 
contains the midpoint M of the chord AB and the distance from this midpoint M to 
the center of the circle is equal (ignoring the sign) to the cosine of each of the arcs 
NA and NB, or what amounts to the same thing, to 


a+b a+b a—b 
cos —a)=cos —b)=cos ; 
2 2 2 


To obtain the horizontal projection of this distance, it suffices to multiply it by the 
cosine of the acute angle contained between the radius taken horizontally [356] from 
left to right and the diameter which contains the point N, that is to say by a factor 
equal (up to sign) by cos ae In other words, the distance from the center to the 
point P has for its measure the numerical value of the product 


a—b a+b 


cos COS 
2 


I add that this product is positive or negative according to whether the point M is 
situated to the right or to the left of the vertical diameter. Indeed, cos ath is positive 
or negative according to whether the point N is situated to the right side or the 
left side with respect to this diameter. Also, cos wt is positive or negative — and 


consequently the product 

a—b a+b 
7 008 
is of the same sign as cos ae or of the opposite sign — according to whether each of 
the arcs NA and NB is less than or greater than a which in turn follows whether the 
point M is situated on the same side as the point N or on the opposite side. Moreover, 
because the vertical line which passes through the point M also contains the point P, 
it follows from the preceding remark that the distance from the center to the point 
P, even in the case where we pay attention to the signs, can be represented by the 


Cos 


7 At this point Cauchy is embarking on a delicate argument which, following the example of 
Lagrange, he is determined to carry out without the aid of diagrams. The reader who wishes to 
follow this argument carefully should note that the arcs a and b uniquely determine the point N, 
although their extremities A and B do not. However, Cauchy will soon show that the additional 


information of the sign of cos( a6) suffices to determine NV. 
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product 


a—b a+b 
cos : 
2 2 
Thus, this product and the quantity sued cee) have the same sign as well as the 
same numerical value, and we have, as a consequence, for all possible values of the 


quantities a and b, 


cos 


—b b 
(9) cosa+cosb = 2cos . cos = : 
If we replace b by b+ 7 in equation (9), we get 
b— b 
(10) cosa—cosb = 2sin 5 sin : 


Moreover, if in equations (9) and (10) we substitute for the angles a and b their [357] 
complements 5 —a and 5 — b, we obtain the following: 


(1D b +b 


sina+sinb = 2cos a sin 4 
sina — sinb = 2sin 5 cos 5” 


Once formulas (9), (10) and (11) are established, we then easily deduce a great 
number of others. We find, for example, 


sina — sinb _ tan 


sina+ sinb tan 


NIF  plrelNie 
Fae 
g 
> 
we 


(12) 
cosb—cosa 
=t —b)tan} 
.. ag eee 
cos (a—b) +cos (a+b) = 2cosacosb, 
(13) a 
cos (a—b) —cos (a+b) = 2sinasinb, 
14) sin(a+b) +sin(a—b) =2sinacosb, 
sin (a+b) —sin(a—b) =2sinbcosa, 
cos (a+b) = cosacosb F sinasinb, 
(15) : 
sin(a+b) = sinacosb+sinbcosa, 
tana + tanb 
16 tan(a +b) = ——____. 
(16) a )= 1 = tanatanb’ 
cos 2a = cos?.a — sin? a = 2cos*a— 1 = 1—2sin’a, 
(17) 
sin 2a = 2sinacosa. 


Now let a, b and c be any three angles. From the first formula (13), we get 
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18) iets emer as 


+cos(a+b—c) =4cosacosbcosc. 


In the preceding formula, if we write 54, 5b and se, instead of a, b and c and then 
we suppose that 


(19) a+b+c=T7, 
we find 

F ‘ ‘ a b c 
(20) sina +sinb+ sinc = 4008, cos , cos 5 


[358] Under the same hypothesis, formula (16) gives 
(21) tana+tanb-+tanc = tanatanbtanc. 


Equation (20) ought to remain true, along with equation (19), when we replace two 
of the angles a, b and c with their supplements, and then change the sign of the third 
one. Then we conclude 


sinb + sinc — sina = 4cos § sin b sin 5, 

. . . koe . a b . Cc 
(22) sinc + sina — sinb = 4sin 5 cos 5 sin 5, 
sina + sinb — sinc = 4sin § sin B cos 5. 


Combining these last formulas with equation (20), we deduce the following: 


21 (sina + sinb+sinc) (sinb+ sinc — sina) 
cos’ 5a = 
(23) 2 4sinbsinc , 
21 (sinc + sina — sinb) (sina + sinb — sinc) 
sin* 5a = _~ . 
4sinbsinc 


Finally, if we imagine that a, b and c denote the three angles of a triangle and that 
their opposite sides are, respectively, A, B and C, the six products, equal in pairs, 
namely 


Bsinc=Csinb, Csina=Asinc and Asinb=BsinA, 


represent the perpendiculars dropped from the vertices to the three sides. It follows 
that we have 


(24) 


sina sinb — sinc 


A BC’ 


and equations (23) become 


cos? 5a = coh ae 
(25) 
o1.__ (C+A—B)(A+B-C) 


sin pha = ABC 


Note I — On the theory of positive and negative quantities. 289 


Moreover, by taking into consideration formulas (19) and (24), we get from the first 
[359] equation (12) 


(26) tan 5 (a—b) 


A+B 
Formulas (19), (24), (25) and (26) suffice to determine three of the six elements 
of a rectilinear triangle when the other three elements are known and when this 
determination is possible. We can also remark that the values of cosa and sina, 
deduced from equations (25) with the aid of formulas (17), are, respectively,® 


cot tee 


B?+C?—A? 
cosa = ——————___ and 
(27) 2BC 
sing - MAtB+O (B+C—A) (C+A—B)(A+B-C) 


2BC 


The first of these values can be drawn directly from a known theorem of Geometry. 
As for the second, it gives a means of expressing the area of a triangle as a function 
of its three sides. Indeed, this area, equal to the product of the base C by half the 
height corresponding to Bsina is? 


(28)  5BCsina= 4\/(A+B+C)(B+C—A)(C+A—B)(A+B-C). 


8 The first formula in (27) is the Law of Cosines. 


° Formula (28) is known as Heron’s formula. The area is often given as \/S(S—A)(S— B)(S—C) 
where S = (A+B-+C)/2 is the semiperimeter of the triangle. 


Note II — On formulas that result from the use of 
the signs > or <, and on the averages among 
several quantities. 


[360] Let a and b be two unequal quantities. The two formulas 
a>b and a<b 


serve equally to express that the first quantity, a, surpasses the second, b, that is to 
say that the difference 
a—b 


is positive. On the basis of this principle, we easily establish the propositions that I 
am going to state: 


Theorem I. — /f a, a’, a”, ..., b, b’, b", ... represent quantities subject to the 
conditions 
a>b, 
a’ >b' 
q! > b!’ 


then we also have 
a+a +a" +...>b4+b +b" +.... 


Proof. — Indeed, when the quantities 
a—b a’ —b' qa’ —b" 
are positive, we can be sure that their sum 
at+a't+a"+...—(b+b'+b" +...) 
is positive as well. 


Theorem II. —/f A, A’, A", ..., B, B’, B”, ... represent numbers [361] subject to 
the conditions 
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then we also have 
AAA 0 > BBB! ccc 


Proof. — Indeed, because each of the differences is positive by hypothesis, 
A—B Al=PR A” —B" 
each of the products 


(A—B)A'A"... =AA'A"...—BA’A"... 
B(A'—B’)A"... =BA’A"...— BBIA"... 
BB’ (A” — B")... = BBA" ...— BB'B" ...., 


is positive as well, and consequently, so is their sum 
AA'A" ...— BB'B" .... 
Theorem III. — Let a, b and r be any three quantities and suppose that 
a> b. 
We then conclude that if r is positive, then 
ra > rb, 


and if r is negative, then 
ra <rb. 


Proof. — Indeed, the product 
r(a—b) =ra—rb 
is positive in the first case and negative in the second. 
Corollary. — Suppose that a and b are positive. If we successively take 
1 1 
SS — d = _— 
r and r=; 


we then conclude that 


Note II — On formulas that use the signs > or < and on averages. 293 


We are thus brought back to the proposition, obvious by itself, [362] that a fraction 
is less than or greater than | according to whether the larger of its two terms is its 
denominator or its numerator. 


Theorem IV. — Let A and A’ be two numbers that satisfy the condition 
A>A’, 
and let b be any quantity. If b is positive we have 
APSA”, 


and if b is negative, 
A? <A”. 


Proof. — Indeed, because the quotient 4 is > 1, the fraction 


af AS? 

£-(8) 
is evidently greater than or less than | according to whether the quantity b is positive 
or negative. 


Theorem V. — Denote any number by A and let b and b' be two quantities 
subject to the condition 
b>b'. 


We then conclude that if A is greater than 1, then 
Ara? 


and if A is less than 1, then 
Ben’. 


Proof. — Indeed, because the quantity b — b’ is positive by hypothesis, the frac- 
tion 


is evidently greater than or less than | according to whether A > 1 or A < 1. 


Theorem VI. — Let log be the characteristic of logarithms taken in the system 
for which the base is A, and denote by B and B' two numbers subject to the condition 


B>E. 
IfA is greater than 1, we have 


logB > log B’, 
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[363] and if A is less than 1, we have 
logB < log B’. 
Proof. — Indeed, the logarithm 
log : =logB—logB’ 
is positive in the first case and negative in the second. 


Corollary. — If we use the symbol In to indicate the Napierian logarithms taken 
in the system for which the base is 


(1) e =2.7182818..., 
[Chapter VI, § I, equation (5)], then the condition 
B>B' 


always entails the formula 
InB > InB’. 


To the preceding theorems we add the following, from which we can deduce 
several important consequences. 


Theorem VII. — Let x be any quantity. We have 
(2) l+x<e’, 


where the letter e denotes, as usual, the base of the Napierian logarithms. 


Proof. — Because the right-hand side of formula (2) still remains positive, the 
stated theorem is evident by itself if the quantity 1 +x is negative. Thus it suffices 
to examine the case where we suppose that 


(3) l+x>0. 


Now, for all possible real values of x, equation (23) of Chapter VI (8 IV) gives 


a x4 x 


e=l+t+ : 1-2-3 344 Loa 
(4) 2 


27 
aga? = (1+3 )+ pee a ee 


[364] Because the products! 


' The first term is given as = + 3) in [Cauchy 1897, p. 364]. It is given correctly in [Cauchy 
1821, p. 442]. (tr.) 
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ata: gaa) 
2 3/’ 2-3-4 5)? 


are positive not only when the quantity x is positive but also when x is negative but it 
has a numerical value less than 1, we get from equation (4) that whenever condition 
(3) is satisfied, 


e“>1+4x. 


Corollary I. — In the case where | + x is positive, if we take the Napierian loga- 
rithms of both sides of formula (2), we obtain the following: 


(5) In(1 +x) <x 


(see the corollary of theorem VI). This last formula remains true whenever its left- 
hand side is real. 


Corollary II. — Let x, y, z, ... be several quantities subject to the conditions 
(6) 1+x>0, Il+y>0, 1+z>0, 
By virtue of formula (2), we have 
l+x<e", lt+ty<e, l4+z<e@, ..., 
and so we conclude (theorem II) that 
(7) (1+x)(1+y)(1+z)...< er, 


This last formula remains true whenever its left-hand side contains only positive 
factors. 


Corollary II. — In the preceding corollary, if we suppose that 


} ene Mol 
x=aa, y=aQd, z=aaQ, ..., 


where a, a’, a”, ... denote positive quantities and a, a’, a’, ... denote other quan- 
tities, respectively, greater than 


[365] then formula (7) becomes 
(1+aq) (I1+a/a’) (1ta"a")... < carte al tata. 


Moreover, if the quantities a, a’, a’, ... are all less than a certain limit A, then we 
have (by virtue of theorems I and III) that 


MM 


aata'a'+a"a"+...<A(ata’+a"+...), 
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and consequently we finally have 


(8) (1+aq@) (1+a'a’) (1+a’a")...< Alatal tal...) 


Formula (8) can be used to good advantage in the approximate solution of differen- 
tial equations. 

Now we move on to theorems on averages. As we have already said (Preliminar- 
ies),” we call an average among several given quantities a new quantity contained 
between the smallest and the largest of those under consideration. From this defini- 
tion, the quantity / is an average between two quantities g and k, or among several 
quantities among which one of these values is the largest and the other is the small- 
est, if the two differences 

g—-h and h—k 


are of the same sign. Given this, if we use the notation 
td W 
M (a,a 5a oe 


for denoting an average among the quantities a, a’, a”, ..., as we did in the Prelimi- 
naries, we establish the following propositions without trouble: 


Theorem VIII. — Let a, a’, a’, ... and h be several quantities subject to the 
condition 
(9) h=M(a,d ,a",...), 


and let r be an entirely arbitrary quantity. Then we always have 
(10) rh=M (ra,ra',ra",...). 


Proof. — Indeed, let g denote by the largest and k denote the smallest of the 
quantities a, a’, a", .... The two differences 


g—-h and h—-k 
[366] are positive, and consequently the products 
r(g—h) and r(h—k) 
or in other words, the two differences 
rg—rh and rh—rk 
are of the same sign. Thus we have 
rh = M (rg,rk) 


and a fortiori, 


> See [Cauchy 1821, p. 14, Cauchy 1897, p. 27]. 
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/ iW 
rh = M (ra,ra ra ole 


given that rg and rk are necessarily two of the products 


Theorem IX. — Let A, A’, A", ... and H be several numbers which satisfy the 
condition 
(11) H=M(A,A',A",...), 


and let b be any quantity. Then we have 
(12) H? =m (4?,A",A",...). 


Proof. — Indeed, let G and K be the largest and the smallest of the numbers A, 
A’, A", .... Because the differences 


G—H and H-K 
are positive, we conclude from theorem IV that the following 
G?—H?® and H°’—kK? 
are of the same sign. Thus we have 
H’=M ex 
and a fortiori, 
H’=M (4°,4”,a™, .) 


Corollary. — In particular, if we make b = 7 we find 


Vi =M (VA,VA',VA"....). 


[367] Theorem X. — Let A denote any number and let b, b’, b", ... and h be 
several quantities subject to the condition 


(13) h=M(b,b’,b",...). 


Then we have 


(14) A'=M (4,44, . i 


Proof. — Denote by g the greatest and k the smallest of the quantities b, b’, b”, 
.... Because the two differences 


g—-h and h—-k 
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are positive, we conclude from theorem V that the quantities 
A&—A" and A*—A* 
are of the same sign. Thus we have 
hi k b yb! yb" 
AN = (A8,A : =m (A Am A see) 


Theorem XI. — Let log be the characteristic of logarithms in the system for 


which the base is A and denote by B, B', B", ... and H several numbers subject to 
the condition 
(15) B= M (BBB! fens) 


Whatever A may be, we have 


(16) logH = M (logB,logB’ log B”,...) . 
Proof. — Indeed, suppose that we represent by G the largest and by K the small- 
est of the numbers B, B’, B”, .... Then because the two fractions 
G H 
— and — 
H K 


are greater than 1, the logarithms 
G H 
log i and log ra 
or in other words, the differences 
logB—logH and logH—logK 
are of the same sign. Thus we have 
logH = M (logG, log K) = M (log B, log B’ ,logB",...) . 


[368] Theorem XII. — Let b, b’, b", ... be several quantities of the same sign, n 


in number, and let a, a’, a’, ... be any quantities, also n in number. Then we have 
/ / Wy 
atd+a"+... ada 
7) MS ge) 


Proof. — Let g be the largest and k the smallest of the quantities 


be b”’ bl!” 


Then the differences 
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a a 
——= and —~—k 
& b b D 
! / 
a a 
8 my and FF] —K, 
" "7 
a a 
8 pr and Bp —k Fi 


are all positive. By multiplying the first two by b, the following two by D’, etc., we 
obtain the products 


gb—a and a-—kb, 
gb'—a’ anda’ —kb’, 
gb" _ q!' and q! a kb", 
which are all of the same sign as the quantities b, b’, b”, .... Consequently, the sums 
of these two kinds of products, namely 
g(b+b'+b’+...)—(ata+a"+...) and 

ata +a"+...—k(b+b'+b"+...), 
and the quotients of these sums by b+ b’ +b" +..., namely 

at+a't+a"+... atad+ta"+... 

BT bth +b" ame ae 


are also quantities of the same sign. From this we conclude that 


a a’ q!' 


bp pn 


Lg! 4 


Lb! 4 


ba’ +... 
L bla. =M (ek) =m ( 


a- 


b4 


) 


[369] Corollary I. — Suppose that the quantities b, b’, b”, ... reduce to 1. We 
find that 


(18) 


[see in the Preliminaries theorem I and formula (6)]. 


ata’ +a"+... 
n 


=M(a,a 01 .<s,). 


The left-hand side of the preceding formula is what we call the arithmetic mean of 
the quantities a, a’, a", .... 


Corollary II. — Because the average among several equal quantities is equal to 
/ 
a 


. . Us 
each of them, if the fractions ¢, #7, ¢7, --. are equal, we have 
; at ad’ f(t, qq! aes a a’ a!’ 
oe) b+b'+b"+ b bi bt’ ” 


and this is easy to prove directly. 
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Corollary III. — If we denote by a, a’, a”, ... new quantities which have the 
same sign, then by virtue of equation (17) we have 


adat+a'd+ala"+... aa a'ad ala" 
ab+a'b'+alb' +... a ab? ab!’ op 


a a’ q! 
=m (¢. Bb” bl sd 


This last formula suffices to establish theorem III of the Preliminaries. 


(20) 


Theorem XIII. — Let A, A’, A”, ..., B, B’, B", ... be two sequences of numbers 
taken at will, each of which we suppose has the same number of terms ,n. With these 
two sequences form the roots 


YA. Vat, an 


Then we have 
(21) PE ATA =o (WA, Ral, A/AM ea) 


Proof. — The logarithms of the quantities 


B+Bl +B! +... B BI Bl 
VAA'A".... YA, “Al, AVA", 
indicated by the characteristic In are, respectively, 


InA+InA’+InA”+.... InA Ind’ Ind” 
B+Bi+B"' +... : B’ B? Boe 


[370] and equation (17) gives the following relation among these logarithms: 


InA+InA’+InA” +... _ InA Ind’ 1InA” 
B+Bi+B"+... 0 B? Bl? Beery: 


Now if we return from logarithms to numbers, as is permitted by virtue of theorem 
X, we again find formula (21). 


Corollary I. — By supposing that the numbers B, B’, B’, ... reduce to 1, we have 
simply 
(22) VAA'A"...=M(A, A’, A", rieel 


The left-hand side of the preceding formula is what we call the geometric mean of 
the numbers A, A’, A”, .... 


Corollary I. — If all the roots 


VA aU B\/ann 
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are equal, then their average is equal to each of them. Thus we have 


(23) BBE el CATAWBA ae LAM me, 


which would be easy to prove directly. 

The numerical value of an average among several given quantities is not always 
an average among their numerical values. Thus, for example, —1 is an average be- 
tween —2 and +3; however, | is not an average value between 2 and 3. Among the 
various ways of obtaining an average among numerical values of n quantities 


and then extracting the square root of the result. In operating in this way, we first 


find 
a+azt+ad’? +... 


= =M (a’, ge tie suds 


? Fe 


[371] and then, taking into account the corollary of theorem IX, we find 


2, 12 112 as 
(24) vata -_ gue =m (va, Va?, Val, sea) 
n 


Now because the positive quantities 


Va2, Va?, Val, 


represent precisely the numerical values of the given quantities 


it follows from formula (24) that we obtain an average among the values if we divide 
the very simple expression 


V@+ar%+a2+... 


by \/n. This expression, which is greater than the largest of the numerical values in 
question, is what we could call the modulus of the system of quantities a, a’, a", .... 
The modulus of a system of two quantities a and b is nothing other than the modulus 
itself of the imaginary expression a +b\/—1 (see Chapter VII, § II). In any case, real 
expressions of the form 


V@+a2+a2+... 


enjoy some very remarkable properties. In Geometry, they serve to determine the 
measured lengths of a straight line and the areas of plane surfaces by means of 


302 Note II — On formulas that use the signs > or < and on averages. 


their orthogonal projections. In Algebra, they are the subject of several important 
theorems, among which I will content myself to state those which follow. 


Theorem XIV. — [f the fractions 


a a’ q’ 


Bb? OB? op 


are equal, then the numerical value of each of them is expressed by the ratio 


Vae+a2+da?+... 
Vee +b? 4b +. 


so that we have 


al a’ Va 4+q2+qla+... 


a 
bh po peo Ve +be +b...” 


(25) 


[372] where the sign + or the sign — is adopted according to whether the given 
fractions are positive or negative. 


Proof. — Indeed, under the given hypothesis, the fractions 
a q2 q'? 
b2? pi? pia? 
are equal, and as a consequence we have 
2 2 


a a a a t+d*t+ada'*+... 


b2 p’2 pl2 0 p2eprptple2+..” 


By extracting the square roots, we recover formula (25). 


Theorem XV. — Let a, a’, a’, ... be any n real quantities. If these quantities are 
not equal to each other, then the numerical value of the sum 


ata’ +a' +... 
is less than the product 
VnVa+a2+a2+..., 
so that we have 
(26) val.num. (a+a’ +a" +...) < VnVa+ar+a'2+.... 


Proof. — Indeed, if to the square of the sum 


ata’+a"+... 
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we add the squares of the differences among the quantities a, a’, a”, ... combined 
in pairs in every possible manner, namely 


(asa), =a. ag, CHa), x, 
we find 
did td el eee) Hee Pe ey eu. 
(27) 
=n(a*+a?+a'"+...), 
and we conclude that 
(gtd 404.) <nl@ He? 4a7+...). 


By taking the positive square roots of both sides of this last formula, we obtain 
precisely formula (26). 


[373] Corollary. — If we divide both sides of formula (26) by n, we find 


ata'+a"+... S V@+a2+a+... 


n vn 


Thus the numerical value of the arithmetic mean among several quantities a, a’, a”, 
... 1s less than the ratio 


(28) val.num. 


Vae+a2+a?+... 
vn j 
which represents an average among the numerical values of these same quantities, 
as we have remarked above. 


Scholium I. — When the quantities a, a’, a", ... become equal, we evidently have 


val.num. (a+a' +a" +...) = VnVa+a2 +a? 4+... =n. 


Scholium IT. — If we successively set n = 2, n = 3, ... in equation (27), we 
conclude that 


Theorem XVI.° — Leta, a’, a", ..., a, a’, a", ... be two sequences of quantities 
and suppose that each of these sequences contains n terms. If the ratios 


3 This is now known as the Cauchy-Schwarz Inequality. 
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a’ a? al 
are not all equal to each other, then the sum 


aad+a'a' +a"a" +... 


is less than the product 


Vat+a2+al2+..Ve+a2+al2+..., 


so that we have 


(30) 


val.num. (aa +a’a' +a" +...) 
< Vaet+a2 +d? +..Jore+a2+a/2+.... 


[374] Proof. — Indeed, if to the square of the sum 


aad+a'a’ +a"a" +... 
we add the numerators of the fractions which represent the squares of the differences 


between the ratios 
a ad’ q!' 


a’ oa? Ql 
combined with each other in every possible way, namely 


(ao! —a'a)’, (aot —a"a)”, si (a'ar" —a"'a’)”, é 
we find 
(aa +a’ a! +a"a +...)° + (aa! —a'ay 
(31) laa" aay pee" ae) be 


= (+a? +a" +...) (@+a°+a'+...), 
and we conclude that 
(aata'al+ala"+.. y < (ata? ta? +...) (P+a°+a'?+...). 


By extracting the square roots of both sides of this last formula, we obtain precisely 
formula (30). 


Corollary. — If we divide both sides of formula (30) by n, we find 


adta'a’t+ala"+... 
n 


val.num. 
(32) 


e Vata? +a +... Vee+ar+are+... 


Va Va 
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Thus the arithmetic mean among the products 


has a numerical value less than the product of the two ratios that represent the aver- 
ages among the numerical values of the two kinds of quantities contained in the two 
sequences 

, +. and 


a, a’, a”,.... 
[375] Scholium I. — When the ratios 


a’ al? Qi? 
become equal, we get from formula (31) that 

(aa+a'a’ tao" +...)? =(2@ +a? +a? 4...) (W+a?+a'?+..), 
and consequently 


val.num. (aa +a’ a! +a" a" +...) 


= Vata? +d? +... Ve+ar+al2+.... 


It is easy to arrive directly at the same result. 


Scholium IT. — If we successively set 


in formula (31), then we conclude that 


(aata'a’)” + (aa! —a'a)’ = (a +a?) (a? +0), 


(aa+a' a! +a"a") + (aa! —a'a)’ 
(33) + (aa" — a")? +(a'a" — a"? 
= (a? +a? +a'”) (a? + a? + a!) ; 


The first of the preceding equations agrees with equation (8) of Chapter VII (8 I). 
The second can be written as follows 


cay [lao da)? + (aar” —al'a)* + (da” —alal)? 
= (a? +a? +a’) (a? + a? + a’) _ (aata'a’+a"a")?, 


and in this form it can be used with good advantage in the theory of radii of curvature 
of curves traced on any surfaces, thus in several questions of Mechanics. 
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We end this note with the proof of a theorem worthy of remark, which leads to 
comparing the geometric mean of several numbers with their arithmetic mean. It 
consists of the following: 


Theorem XVII.* — The geometric mean of several numbers A, B, C, D, ... is 
always less than their arithmetic mean. 


[376] Proof. — Let n be the number of the letters A, B, C, D, .... It suffices to 
prove in general that 


nh A B C D  Koe 
(35) Vasco. ee 


n 


or what amounts to the same thing, 


A+B+C+D+4...\" 
(36) ABCD... < ( ieee ) . 


n 


Now in the first place, it is evident, for n = 2, that 


2 2 2 
AB = A+B A-—B 2 A+B . 
2 2 2 


and by taking successively n = 4, n = 8, ..., and finally n = 2”, we conclude that 
A+B\’ D\? (A+B D\’ 
ABCD < | ——— C+D < A+B+Ct+D ; 
2 2 2 
A+B+C+D\*(E+F H\* 
ABCDEFGH < . Ueda 
4 4 
— (AtB+C+DLES+F+G+H ® 
8 d 
and a 
A+B+C+D4... 
(37) ABCD... < ( = = si ) . 


In the second place, if 7 is not a term of the geometric progression 


2, 4, 8, 16, 


on 
we denote by 2” a term of this progression greater than n, and we make 


_A+B+C+D+4... 
n 


K 


? 


4 This is the Arithmetic-Geometric Mean Theorem, originally due to Gauss. 
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then, returning to formula (37) and supposing that in the left-hand side of this for- 
mula, the last 2”” —n factors are equal to K, we find 


APBLELD 4+" MK)! 
am uy 


ABCD...K2"—" < | 


or in other words, 
ABCD 2K" PSR 


[377] Thus we have as a consequence 


MCD... 2s (errr) 


n 
which is what we set out to prove. 
Corollary. — We conclude generally from formula (36) 
(38) A+B+C+D+...>nWABCD..., 
whatever the number of the letters A, B, C, D, ... may be. Thus, for example, 


A+B>2VAB, 
(39) A+B+C > 3WABC, 


Note III — On the numerical solution of 
equations. 


[378] To solve numerically one or several equations is to find the values in num- 
bers of the unknowns which they contain. This evidently requires that the constants 
contained in the equations be themselves constrained to numbers. We will concern 
ourselves here only with equations that contain one unknown, and we will begin by 
establishing, in this connection, the following theorems. 


Theorem I.! — Let f(x) be a real function of the variable x, which remains 
continuous with respect to this variable between the limits x = xo and x = X. If the 
two quantities f (x9) and f(X) have opposite signs, we can satisfy the equation 


(1) f(x) =0 
with one or several real values of x contained between xo and X. 
Proof. — Let xo be the smaller of the two quantities x9 and X. Let 
X—xj=h, 


and denote by m any integer number larger than 1. Because one of the two quantities 
f (xo) and f(X) is positive and the other negative, if we form the sequence 


f (xo), (m+), F(ro+2%), gee : r( -*), f(x), 


and if we suppose that, in this sequence, we successively compare the first term with 
the second, the second with the third, the third with the fourth, etc., eventually we 
must find one or more times that two consecutive terms have opposite signs. Let 


' This is a special case of the Intermediate Value Theorem. See Chapter II, § II, theorem IV, p. 32 
[Cauchy 1821, p. 43, Cauchy 1897, p. 50]. Cauchy’s proof there was quite intuitive. The version of 
the theorem in Chapter II is given here as corollary II [Cauchy 1821 p. 463, Cauchy 1897, p. 381]. 
See also [Grabiner 2005, pp. 69-75]. 
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f(xi) and f(x’) 


[379] be two such terms, x; being the smaller of the two corresponding values of x. 
We evidently have* 
agai < xX! <X 
and 
h 1 


x! = = (x Xo). 


Having determined x, and X’ as we have just said, we can likewise locate two other 
values x2 and X” between x; and X’, which give results of opposite signs when 
substituted into f(x), and which satisfy the conditions 


xX, <x2 << X" < X! 


and 


x" n=— (x nes (X —x0). 
In continuing like this, we obtain: 1° an increasing series of values of x, namely 
(2) X0, X1, X2, ---5 
and 2° a series of decreasing values 
(3) X, X', X",..., 


which exceed the corresponding values of the first series by quantities, respectively, 
equal to the products 


1 1 
1x (X x0), = x (X x0), =a x (X20), +s 


and they eventually differ from the terms of the first series by as little as we might 
wish. We must conclude that the general terms of series (2) and (3) converge towards 
a common limit. Let a be that limit. Because the function f(x) is continuous from 
x= xg tox = X, the general terms of the following series 


F300): F(4)s: Flea) ws 
Fy: FOF ees 


converge likewise towards the common limit f(a). As they approach that limit they 
always have opposite signs, so it is clear [380] that the quantity f(a), being neces- 
sarily finite, cannot differ from zero. As a consequence, it satisfies the equation 


(1) f(x) =0, 


? Here, Cauchy does not make the distinction between “less than” and “less than or equal to.” 
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by assigning to the variable x the particular value a, contained between xo and X. In 
other words, 
(4) x=a 


is a root of equation (1). 
Scholium I. — Suppose we have extended series (2) and (3) to the terms 
X, and X (”) 


(where n denotes any integer number). If we take the half-sum of these terms as 
the value approximating the root a, the error made is less than their half-difference, 
namely 


1X — Xo 
2 m2 . 
Because this last expression decreases indefinitely as n increases, it follows that, 


by calculating a sufficient number of terms of the two series, we eventually obtain 
values as close to the root a as we wish. 


Scholium IT, — If there exist several real roots of equation (1) between the limits 
xq and X, the preceding method locates some, and sometimes all of them. Then, we 
find for x; and X’ or for x2 and X”, ... several systems of values which enjoy the 
same properties. + 


Scholium III, — If the function f(x) is constantly increasing or constantly de- 
creasing from x = x9 to x = X, then between these limits there exists but a single 
value of x that satisfies equation (1). 


Corollary I. — If equation (1) has no real roots between the limits x9 and X, then 
the two quantities 


f(xo) and f(x) 


have the same sign. 


[381] Corollary IT. — If in the statement of theorem I, we replace the function 
F(x) by 
f(x)—b 
(where b denotes a constant quantity), then we obtain precisely theorem IV of Chap- 


ter II (§ I).4 Under the same hypothesis, and following the method indicated above, 
we can determine numerically the roots of the equation 


(5) f(x) =b 


3 Cauchy is saying in other words that if m > 2, then we may see more than one sign change in 
f (x) in the interval at any given stage. 


4 See p. 32 [Cauchy 1821, p. 43, Cauchy 1897, p. 50]. 
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contained between xo and X. 


Note. — When equation (1) has several roots contained between xo and X, in 
calculating series (2) and (3), we are not always assured of finding the smallest or 
the largest of the roots in the interval. However, we could do this following another 
method that Mr. Legendre has used in his Supplément a la Théorie des nombres.° 
This second method follows immediately from the two theorems I am about to state. 


Theorem II. — As in theorem I, suppose that the function f(x) remains continu- 
ous from x = Xo to x = X (where X is greater than xq), and denote by @(x) and x(x) 
two auxiliary functions also continuous on the given interval, but also subject to: 1° 
that they both increase constantly® with x on this interval; and 2° that they give for 
the difference 


p(x) =2(%); 


an expression which initially is negative when we give x the particular value xo, and 
which always remains equal (up to sign) to f (x). If the equation 


(1) f(x) =0 
has one or several real roots between xy and X, then the values of x given by 
(6) XO, X1, X2, 43, +++ 


and derived from one another by means of the formulas 


(7) P(x1) = (x0), P(x2) = X(21), P(™3) = X (22), --- 


make an increasing series of quantities, for which the general term converges to- 
wards the smallest of these roots. On the other hand, if equation (1) does not have 
[382] real roots contained between xy and X, then the general term of series (6) 
eventually exceeds X.! 


Proof. — Let us suppose in the first place that the equation f(x) = 0 has one or 
several real roots between xp and X, and denote by a the smallest of these roots. It 
satisfies the equation in question, or what amounts to the same thing, the following: 


(1) P(x) — x(x) =0. 


Taking x = a, we have as a consequence 


(8) 9(a) = x(a). 


> See [Legendre 1816, p. 43]. 

® Legendre used the word omale to describe these functions that we now call “monotonic.” Galois 
also used the term. It seems that Cauchy did not adopt the word, though he must have known of 
Legendre’s use of it, and its use seems to have died out. 


7 See [Galuzzi 2001] for more on Legendre’s method. 
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Moreover, because the function (x) is constantly increasing with x from x = x9 
to x = X and ais greater than x9, we have 


x(a) > x(0)- 


By combining these last two formulas with the first of equations (7), namely 


X(x0) = P(x1), 


we conclude that 
9(a) > P(x) 


and consequently 
(9) a > eis 


In the same way, by combining the three formulas 
pla)=x(a), x(a) >xXO1) and X01) = P(22), 


where the second follows immediately from formula (9), we find 


9(a) > (x2), 


and consequently 
(10) a> Xp. 


By continuing like this, we are assured that all the terms of series (6) are less than the 
root a. I will add that these various terms form an increasing sequence of quantities, 
and indeed, because the difference 


(x) — x(x) 


[383] is negative by hypothesis for x = x9, we have 
(x0) < % (x0). 


But 7 (x0) = (x1), so 
(x0) < P(x1) 


and 
(11) xo < Xj. 


Moreover, because x; is contained between x and a, no real root of the equation 
p(x) — x(x) =0 


is found contained between the limits x9 and x;, and consequently (see theorem I, 
corollary I) 


(x0) —X(x0) and p(x1)— X(%1) 
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are quantities of the same sign, that is to say, both of them are negative. So we have 


P(x1) <%(%1), 


and consequently, because ¥ (x1) = @ (x2), 


9 (x1) < P(x2), 


and so 
(12) xX) <Xo, 


etc. Thus, the quantities 
XO, X1, %2; +--+ 


form a series for which the general term x, increases constantly with n without ever 
surpassing the root a, and it necessarily converges to a root equal to or less than this 
root. Let us call this limit /. Because, by virtue of equations (7), we have, for every 
n, 


P (%n+1) = % (An), 


we conclude, by letting n increase indefinitely and passing to the limits, 


(13) e()=x(). 


Thus, the quantity / is itself a root of equation (1), and because this quantity is 
greater than x9 without being greater than the root a, we evidently have 


(14) l=a. 


[384] In the second place, let us suppose that equation (1) has no real roots be- 
tween x9 and X. We will now prove under this hypothesis that the general term x,, 
of series (6) grows constantly with x, at least as long as this term remains less than 
X. Indeed, as long as this condition is satisfied, the difference 


P(Xn) — X (Xn) 


has (theorem I, corollary I) the same sign as 


9(x0) — X (x0), 


that is to say negative, and consequently, we establish formulas (11), (12), ..., as 
above. Moreover, x, cannot converge towards a fixed limit / less than X, because 
the existence of this limit would evidently involve equation (13), and consequently 
the existence of a real root contained between xo and X. Thus necessarily, under the 
given hypothesis, the value of x, eventually surpasses the limit X. 


Corollary I. — The conditions to which the auxiliary functions @ (x) and x (x) 
are subject in the statement of theorem IJ can be satisfied in infinitely many ways. 
However, among the infinitely many values we could give to the function @ (x), it 
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is important to choose one that permits the easy solution of equations (7), that is to 
say in general, any equation of the form 


© (x) = const. 


After choosing the value of @ (x) as we just said, we calculate without difficulty 
the various terms of series (6), and it suffices to find the limit towards which they 
converge to obtain the smallest of the roots of equation (1) contained between xo 
and X. If these same terms eventually surpass X, then equation (1) does not have a 
real root in the interval from xo to X. 


Corollary II. — If we take 
xo = 0, 
and if also equation (1) has positive roots, then the quantities x;, x2, ... are all less 
than the smallest root of this kind, and they give its value more and more closely. 


Theorem III. — As in theorem I, suppose that the function f(x) remains contin- 
uous from x = xy to x = X (where X is greater than xo), and [385] denote by @ (x) 
and % (x) two auxiliary functions also continuous on the given interval, but also 
subject to: 1° that they both increase constantly with x on this interval; and 2° that 
they give for the difference 

@ (x) — x (x) 
an expression which becomes positive when we give x the particular value X, and 
which always remains equal (up to sign) to f(x). If the equation 


() f(x) =0 

has one or several real roots between xo and X, then the values of x given by 
(15) Xe. 2 Ay Oe, 

and derived from one another by means of the formulas 


(16) o(') =7@), 02) =7(%@); O28") =x (@"), 


make a decreasing series of quantities for which the general term converges towards 
the largest of these roots. On the other hand, if equation (1) does not have real 
roots contained between xo and X, then the general term of series (15) eventually 
descends below xo. 


The proof of this third theorem is so similar to that of the second that for brevity 
we will dispense with recounting it here. 


Corollary I. — Among the infinitely many values we could give to the function 
@ (x) in a way that satisfies the given conditions, it is important to choose one that 
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permits the easy solution of equations (16), that is to say in general, any equation of 
the form 
@ (x) =const. 


After choosing the value of @ (x) as we just said, we calculate without difficulty 
the various terms of series (15), and it suffices to find the limit towards which they 
converge to obtain the largest of the roots of equation (1) contained between xo and 
X. If these same terms eventually fall below xo, then equation (1) does not have a 
real root in the interval from xo to X. 


[386] Corollary I. — If equation (1) has positive roots and if X surpasses the 
largest root of this kind, the quantities X’, X’’, ... always remain larger than this root 
and they give its value more and more closely. 


Scholium I. — If equation (1) has but one real root a, contained between xo and 
X, the general terms of series (6) and (15), where the first is increasing and the 
second is decreasing, converge towards a common limit equal to this root. Then, if 
we extend these series up to the terms 


x, and x") ‘ 


and then if we take the half-sum of these two terms as a value close to the root a, 
the resulting error is less than 

x) _x, 

= 


Scholium IT. — To show an application of the principles that we have just estab- 
lished, consider in particular the equation 


(17) Pa a Aa = Age it Aye, 
where m denotes any integer number and where 
Ai, Ap, sees Am-1; Am 


denote quantities, positive or zero. Because the left-hand side of this equation is 
negative for x = 0 and positive for very large values of x, it follows that it has at 
least one root that is positive and finite. Moreover, this same equation is not different 


from the following 
At A Am-1 | Am 
e+. te 
BO ok 


xn xn ea: 
where the right-hand side remains invariable, while the left-hand side decreases 
constantly for positive and increasing values of x, so it evidently admits but a single 


real positive root. Let a be that root, and let A be the largest of the numbers 


Al, Ad, earary Am-1,; An- 
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Finally, denote as usual an average of these numbers by the notation 
M (Aj,Ao, 22 Am-1 Am) . 


[387] By making x = a and taking into account formula (11) of the Preliminaries, 
we get from equation (17) 


a™ =Aja™—! 4+ Ana™ 2 +... +Am—1a+Am 
= (a™ | +a"? +...+a+1)M(Aj,A2,...,Am—1,Am) 
a _ 1 a = i 


M (Aj,A2, see Am—1,Am) <A 
a-—1 a-—1 


I 


9 


and consequently 


qd" —] 


a—-1<A <A 


qm 


and 
(18) a<A+l. 


As a consequence, the positive root of equation (17) is contained between the limits 
0 and A + 1. On the other hand, by letting 
A,a"" and A;sa’”* 
denote the smallest and the largest of the terms contained in the polynomial 
Aya” Apa” * + bAn faAm, 


and denoting the number of these that are different from zero by® n < m we evidently 
have 

a" >nA,a”"~" and 

q” < nA,a™~*, 


and consequently 
1 


a>(nA,)" and 


1 
a<(nAs)*. 


It is clear that the root a is contained between the smallest and the largest of the 
numbers , : , 
(19) nA,, (nAz)?, (nA3)3, «2.5 (MAm)™. 


Finally, because by virtue of theorem I (corollary I), the left-hand side of equation 
(17) remains negative from x = 0 to x = a and positive from x = a to x =», it 


8 Cauchy is simultaneously defining n and noting that it has the property that it is less than or equal 
to m. He used the notation “n = or < m” in [Cauchy 1821, p. 472, 474]. In [Cauchy 1897, p. 387, 
389], the editors used a symbol resembling n<m. There is a similar situation in Note VI with the 
symbol > in [Cauchy 1821, pp. 533-534, Cauchy 1897, pp. 437-438]. 
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follows that we can also choose as a lower bound? of the root a the largest of the 
integer numbers which make negative the expression 


(20) CSA SA SAG SA, 
[388] and as an upper bound the smallest of these that make it positive. Now let 
xo and X 


be the lower and upper bounds found following the rules that we have just given. 
Moreover, if we make 


(21) O(x) =x" and 
1x 


4 (x) =Ayx | + Agr”? +...+Ap ix tAn 


then theorems I and II are applicable to equation (17), and because under this 
hypothesis, each of equations (7) and (16) can be reduced to the form 


x” = const., 


it becomes easy to calculate the quantities contained in the two series 


X, X',X" x". and 
XO, X1, X2, X3, +s, 


where the general terms are values approaching the root a from above and from 
below. 


Scholium III. — Consider again the equation 
(22) TA tA? + ...+Ayat—Ap =O, 
where m still denotes an integer number and where 
Ai, Ao, ..-, Am-1, Am 


denote quantities, positive or zero, the largest of which is equal to A. By taking + as 
the unknown,!° we can rewrite this equation in the following form: 


1 m A es 1 m—1 Am_ 1 m—2 Ail 1 
(23) a : Rr =0, 
x Am x An x Amx Am 


° Here we translate Cauchy’s words limite inférieure as “lower bound.” He does not seem to mean 
“limit inferior” in its modern sense. Likewise we translate limite supérieure as “upper bound” in 
the next phrase. (tr.) 


'0 Note that equation (23) is algebraically equivalent to equation (22). Cauchy has not substituted 
‘ in place of x in equation (22). 
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which is similar to that of equation (17). We thus conclude that equation (22) admits 
but one positive root less than the quotient 


1 
A ) 
—+1 
A m r 


(24) 


[389] and this root is contained, not only between the smallest and the largest of the 
quantities 


1 1 1 1 
Am Am 2. Am 3 Am a A 1 m 
(25) ; : | ig. O45 ; —“), 
nAm—| nAm—2 nAm—3 nA, n 


where n < m represents the number of variable terms contained in the left-hand side 
of equation (22), but the root a is also contained between the largest of the integer 
numbers that make the following expression negative 


(26) ei Ae ft A eA 


and the smallest of those that make it positive. Following these remarks, after having 
determined two limits, one greater than and one less than the root in question, in 
order to approach it more closely, it suffices to apply theorems II and III to equation 
(23) and to consider 1 as the unknown that we are trying to find. 


Scholium IV. — If equation (1) had two real roots contained between xo and X, 
but extremely close to each other, the general terms of series (6) and (15) would 
appear at first to converge towards the same limit, and we would not be able to 
extend the series very long before we would perceive the difference between the 
limits towards which they are effectively converging. The same remark applies to 
series (2) and (3). Consequently, the solution methods based only on theorem I or 
else on theorems II and III are not always useful in all cases to find the number 
of real roots of a numerical equation. However, they always give the value of any 
single root which is found contained between any two given limits as accurately as 
we might wish. 

In the particular case where the numerical equation that we are considering has 
for its left-hand side a real integer function of the variable x, we can determine the 
number of real roots all at once, as M. Lagrange has shown, and calculate their ap- 
proximate values. To do this easily, it is best to start by reducing the given equation 
so that it has only unequal roots, and then proceeding as follows. 

Let 
(27) F(x) =0 


be the given equation. Denote by a, b, c, ... the various roots, real or [390] imag- 
inary, and let m be the degree of the left-hand side, for which we suppose that the 
coefficient of this highest power of x is reduced to 1. Finally, let m’ be the number 
of these roots equal to a, m” the number equal to b, m’” the number equal to c, .... 
Then we have 


320 Note II — On the numerical solution of equations. 


(28) m+m +m" +...=m 
and / a a 
(29) F (x) =(x—a)” (x—b)” (x-c)” .... 


Let z be a new variable. We conclude that 


/ i at 


F (x+z) 7 Zz m Zz m Zz m 
(30) ee = (14+) (1+=,) (1+=.) ae 


Now if we make 


(31) F (x+z) =F (x) +2Fi (x) +2 (x)+..., 


and if we expand the expressions 


(+=). (+44) (1+) 
x—a x—b X—C 


according to increasing powers of z, equation (30) becomes 


F, (x) > Fa (x) 
Fa) * Fa) 


= (14+ 242+...) (14+ 42+...) (14+ met...) 


wa 


=14+ (54+ +e. )ete. 


1+z +... 


x— 


Then, by equating corresponding coefficients of the first power of z on the two sides, 
we find 


Fy(x) _ mn! mm!" 
F(x) ~ x-a cz x—b + xX-C +... 


(32) 


__ m'(x—b)(x—c)...+-m"" (x—a)(x—c)...-m!" (x—a)(x—b)...+..- 

~~ (x—a)(x—b) (x—c)... . 

Because the preceding formula has for its right-hand side an algebraic fraction that 
is evidently irreducible, it follows that it is enough to divide the [391] left-hand side 
F(x) of equation (27) by the greatest common divisor of the two polynomials F (x) 
and F(x) to reduce this equation to the following 


(33) (x—a)(x—b)(x—c)...=0, 


which has only unequal roots. 

We will not stop here to show how we could use these same principles to deduce 
various equations whose distinct roots would be equal, either to the simple roots, or 
to the double roots, or to the triple roots, etc., of the given equation. Here we will 
only add some remarks relative to the case where we begin by supposing that all the 
roots of equation (27) are distinct from one another. Each of these numbers m’, m”, 


m', ... then reduces to 1, and we get from formula (32) 
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(34) Fy (x) = (x—b) (x—c)...4+(x—a) (x—c)...4+(x—a)(x—b)...4+..., 


and consequently 


(35) 


and 


m(m—1) 


(36) F,(a)F\(b)F,(c)...=(-1) 7 (a—b)(a—c)’...(b—c)*.... 


Thus, under the given hypothesis, the product of squares of the differences between 
the roots of equation (27) is equivalent, ignoring the sign, to the product 


Fi (a) Fi (b) Fi (c)..., 


and consequently to the last term of the equation in z given by the elimination of x 
between the two following 


(37) F(x)=0 and z—Fi(x)=0. 


Then, by calling the numerical value of the last term H, we have 


(38) (a—b)’ (a—c)’...(b—c)*... = +H. 


Under the same hypothesis, because the values of F\ (a), Fi (b), ... given by formu- 
las (35) are never zero, if we denote a real root of equation (27) by a, it suffices to 
give very small values of the number & for [392] the two quantities 


F(a+a@)= @F(a)+07?F(a)+... and 
F(a—a)=-— aF,(a)+a7F,(a)-... 


to have opposite signs. Moreover, if we represent by xo and X a lower bound and an 
upper bound where a is the only real root contained between them, then by virtue 
of theorem I (corollary I), F (X) has the same sign as F (a+ a) and F (xq) the same 
sign as F (a— a), and consequently the two quantities 


F(xo) and F(X) 


have opposite signs. 

When equation (27) does not have equal roots, or it has been disencumbered of 
those that it did have, then for this equation it becomes easy to determine not only 
two limits between which all the real roots are contained, but also a sequence of 
quantities which, taken two by two, serve, respectively, as limits of the various roots 
of this kind, and finally values as close to these same roots as we might want. We 
will establish this by solving, one after another, the three following problems. 
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Problem I. — To determine two limits between which all of the real roots of the 
equation 


(27) F(x) =0 


are contained. 


Solution. — By hypothesis, F(x) is a real polynomial of degree m with respect 
to x, and in which the highest power of x has 1 for its coefficient. If we denote the 
successive coefficients of the lesser powers by 


G1, 42, +++, Gm-1, 4m; 
and the numerical values of these same coefficients by 
Al, Ad, ai | Am-1, Am, 


then we have identically 


(39) 


=x" +Ayx™-! 4Anx? 2 £Am—1xX Am. 


F (x) =x" +x"! + any? +... +ap-ia +n 


[393] Now let k be a number greater than the unique positive root of equation (17) 
(theorem III, scholium ID). Polynomial (20) is positive whenever we suppose that 
x > k. Consequently, it suffices to give x a numerical value greater than the number 
k for the sum of the numerical values of the terms 


m—1 m—2 
Ax" ’ Aox ‘ yo RRS Am—1%; Am 


to become less than the numerical value of x”. As a result, the left-hand side of 
equation (7) can never vanish while the value of x is located inside the limits 


—k and +k. 


Thus all the roots, positive and negative, of equation (27) are contained between 
these same limits. 


Scholium I. — If the number k is subject to the sole condition of surpassing 
the positive root of equation (17), then we can suppose it to be equal either to the 
largest of the expressions (19), or to the smallest of the integer numbers which, when 
substituted in place of x in polynomial (20), give a positive result. 


Scholium IT. — We could easily assure that the number k, determined as we have 
just said, is greater not only than all the numerical values of the real roots of equation 
(27), but also than the moduli of all the imaginary roots. Indeed, let 


L=—=f (cose-+V=1 sint) 
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be such a root. At the same time we have two real equations 


r™ cosmt £A,r"—! cos(m—1)t 
(40) 9 
+Aor”*cos(m—2)t+...£Am—ircost+Am =0 
and 
r™ sinmt + Ayr"! sin(m—1)t 
(41) 2. ; 
+Aor™ ~~“ sin(m—2)t+...+Am—irsint = 0. 


By adding the first equation multiplied by cosmt to the second one multiplied by 
sinmt, we conclude 


(42) 


re +A,r"—! cost + Apr"? cos2t+... 
+Am_ircos(m—1)t+A,,cosmt = 0. 
Now it is clear that we would not satisfy this last equation by supposing [394] r > k, 
because under this hypothesis the numerical value of r’” exceeds the sum of the 
numerical values of the terms 
Ayr, Agr™?, a] Am-1", Am, 

and a fortiori it exceeds the sum of the numerical values that these same terms 
acquire when they are multiplied by the cosines. 


Scholium II. — By comparing the polynomial (26) with the left-hand sides of 
equations (27) and (40), we easily prove that if g denotes a number less than the 
unique positive root of equation (22), then g is a lower limit not only for the nu- 
merical values of all the real roots of equation (27), but also of the moduli of all the 
imaginary roots. This is what happens, for example, if we take g to be the smallest 
of expressions (25), or the largest of the integer numbers which, substituted in place 
of x in polynomial (26), give a negative result. The number g being determined as 
we have just said, all the positive roots of equation (27) are contained between the 
limits 

+g and +k 


and the negative roots of the same equation are between the limits 


—k and —g. 


Scholium IV. — When we only propose to obtain a lower limit on the smallest 
of the positive roots or an upper limit on the largest of them, we can sometimes do 
this by using the corollary to theorem XVII (preceding Note). Indeed, suppose that 
all the terms of the polynomial F(x) except one have the same sign. Then equation 
(27) takes the following form: 
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x Ax"! tee a ds_1x"—St1 


(43) 
Ay eb Am xt Am = Asx, 


Now let n be the number of terms in the left-hand side of equation (43) which do 
not reduce to zero, and 
Bx" 


the geometric mean of these terms, where B denotes the geometric mean of their 
coefficients. By virtue of the corollary to theorem XVII (Note II), every real and 
positive value of x that satisfies the given equation, [395] or what amounts to the 
same thing, serves as its root, necessarily satisfies the condition 


Ayx”* > nBx" 


and consequently, one of the two following 


1 


nB\ =H 
44 hia 
a“ ee wa 
or ; 

A, \ rs 
4 aia 
(45) r<(4) 


namely, the first, if 7: — s is greater than 1, and the second in the contrary case. It is 
worth observing that if the number s vanishes, then A, reduces to the coefficient of 
x", that is to say, to 1. 


Scholium V. — It is again easy to obtain two limits, one less than and the other 
greater than the positive roots of equation (27), by the method I am going to indicate. 
We observe initially that any equation for which the left-hand side gives but one 
change of sign, that is any equation that presents itself in the form 


Aox” +A,x""! 436. -Ag? Ae —...=0 
or in the following 
—Agx” mA =... 4. Aes Awe ae 0, 


where Ao, Aj, ..., An, An+1, -.. denote any numbers, admits but one positive root, 
evidently equal to the only positive value of x for which the fraction 


Aox* + Aya?! 4+-Agx? +... 
2 | 
An +An+1 (4) +An+2 (4) +... 


which increases without stopping from x = 0 to x = ~, can be reduced to 1. Conse- 
quently the left-hand side of such an equation has the same sign as its first or its last 
terms, depending on whether the value of x is larger than the root in question, or it is 
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contained between zero and this same root. Given this, imagine that in polynomial 
, —Asx* is the first negative term after x”, tha nx" is the first positive term 
39), —A;2° is the first negative t fter x”, that +-A;,x” is the first positive t 
after —A,x*, that —A,x” is the first negative term after A,,x”", that +A,,x"” is the first 
ositive term after —A,x", ..., so that equation ecomes 
396] positive t fter —A,x” that equat 27) b 
x Aux! 4+... 
_ Agx™§ Angie t ns 
a A,x”—" 4Asqg tt ah 
—AxmV_A ae et _ 
‘i . er 


Age Ae OB a =O, 


We conclude from the preceding remarks that every positive value of x that satis- 
fies equation (27) ought to be: 1° less than the largest of the positive roots of the 
equations 
xn +A,x"! 4 —A.x"-5—A ae _ —0 
wii—Ag 7 = 


Anx™—” Ang xP! 4 Ay? Ay etl = 0, 


and 2° greater than the smallest of the same roots, when A,, is preceded by the sign 
—, and in the contrary case, to the smallest positive roots of equations of the form 


—A,x™5 —Agy xs! ee ole A,x +A, a +... =0 
a ’ 
—Ayx™-" —Ayy px vt! ait Ayx™W +A! +..= 0, 


Sometimes the two conditions which we have just stated are mutually exclusive, and 
then we can be assured that equation (27) has no positive roots. 


Problem II. — To find the number of real roots of equation (27) with a sequence 
of quantities which, taken in pairs, serve as limits to these same roots. 


Solution. — Suppose that equation (27) is reduced so that it has only unequal 
roots. Then, if we denote by k (see the preceding problem) an upper limit of all 
of the real roots, and by 4 a number less than the smallest difference between these 
roots, and finally by ky, k2, ..., k, some other numbers chosen so that in the sequence 


(46) —k, —k, —k, cole —kn, 0, Kn, wey ko, ki, k, 


the difference between any term and the term which precedes it is always a positive 
quantity less than or equal to h,!! it is clear that two consecutive terms of the se- 
quence (46) never contain more than one real root between them. Moreover, when 


'l From here to equation (49), Cauchy will be working to get a lower bound on the size of h. 
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we substitute in the place of x in the polynomial F(x), two quantities [397] between 
which there is at most a single real root, the results obtained are of the same sign or 
of contrary signs. Put another way, the comparison of these two results gives either 
no change in sign or a variation in sign depending on whether there does or does 
not exist a real root between the two quantities in question. Consequently, if we take 
the terms of sequence (46) for the successive values of the variable x and then form 
the sequence of corresponding values of the polynomial F(x), this new sequence 
gives as many variations in sign as equation (27) has real roots, and each of these 
roots is contained between two consecutive values of x which, substituted into F(x), 
give results with contrary signs. Thus, all the difficulty consists in finding a suitable 
value for the number h. We do that in the following way. 

Denote by H the numerical value of the last term in the equation in z given by 
eliminating x in formulas (37). The number H, as we have already remarked, is 
equivalent (ignoring the sign) to the product of the squares of the differences be- 
tween the roots, real and imaginary, of equation (27). Consequently, H 2 is equiv- 
alent to the product of the moduli of these differences (where the modulus of each 
real difference is just its numerical value). Given this, let a and b be two distinct 
roots of equation (27). If these two roots are real, each of them has a numerical 
value less than k, and the numerical value of their difference, that is to say the dif- 
ference or the sum of their numerical values, never surpasses 2k. On the other hand, 
if one or both of these roots becomes imaginary, denoting their moduli by 7; and r2 
and two real arcs by f; and f2, we can suppose that 


a=ri (cos tr +vV-1 sint) ) and 
b=ro (cos tz +vV-1 sintz) ‘ 


From this we deduce that 


a—b =r cost; —1r2cost2 + (r) sint — rz sintz) /—1, 
1 
mod .(a—b) = G cost} — ro costz)” + (rj sinty —r2 sint)*| . 


1 1 
= [rj — 2rir2cos (t) —t) +75] 2 (7? +2rjr +73) a 
Thus we have 
mod.(a—b) <rj+r2, 


and consequently 
(47) mod .(a—b) < 2k, 


[398] provided that the number k has been chosen, as in the first problem, in a way 
that surpasses not only the numerical values of all the real roots, but also the moduli 
of all the imaginary roots. In the same way, we prove that each of the differences 
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has for its modulus a number less than 2k. If we form all the moduli of this kind, 
numbering an y , and if we set aside one of them, for example, the modulus of the 
difference a —b, then we conclude that the product of all the others is a number less 


than the expression 


m(m—1) 


Qa =: 
Then, if we multiply this expression by the modulus of the difference a — b, we find 
a result greater than the product of the moduli of all the differences, that is to say a 


1 
result greater than H2. In other words, we have 


m(m—1) 


(2k) =~! x mod. (a—b) > H2, 
or what amounts to the same thing, 


1 
H?2 
m(m—1) 1 : 
= 


(48) mod .(a—b) > 
(2k) 


When the roots a and b are real, the modulus of the difference a — b reduces to its 
numerical value. Consequently, if we set 


(49) h= 


m(m—1) ) 
(2k) 2! 

then we obtain a number h less than the smallest difference between the real roots 
of equation (27). 


Scholium I. — It would be easy to prove that if each of the numbers A, A2, ..., 
Am (problem I) is integer, then the number # is integer as well. Consequently, under 
this hypothesis, the number H, which cannot vanish as long as the roots of equation 
(27) are unequal to each other, has a value equal to or greater than |. Given this, 
formula (48) gives 


(50) mod .(a—b) > 

(2k) 
[399] We conclude that, to obtain a number / less than the smallest difference be- 
tween the roots, it suffices to take 


1 


m(m—1) I . 
= 


1 
(51) h= ae 
=i 
(2k)? 
Scholium I. — Let 
(52) Z=0 


be the equation in z given by the eliminating x from formulas (37). If, by the method 
indicated above (problem I, scholium III), we determine a limit G less than the 
moduli of all of the roots, real or imaginary, of equation (52), and if we still denote 
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the roots of equation (27) a, b, c, ..., then we have 
mod .F\ (a) > G, 
or what amounts to the same thing [see equations (35)], 
mod.(a—b)(a—c)...>G. 


We conclude that 


G 
d. b 
meee mod .(a—c) 

and consequently, 

G 
(53) mod .(a—b) > PRET Ee) 

(2k) 
because the differences 
a—b, a-c, ; 


which involve the root a combined successively with each of the others, are m— 1 
in number, or if we set aside the difference a — b, they are m— 2 in number. Given 
this, it is clear that the number / still satisfies the required conditions if we take 


G 
54 h= ——_... 
( ) u el) aie 


Scholium ITI. — Having determined h by one of the preceding methods, we are 
able to choose for the sequence of numbers 


a decreasing arithmetic progression for which the difference is equal to or less than 
h, in which the terms must always [400] lie between the limits 0 and k. Moreover, if 
we denote by g (see problem I, scholium HI), a limit less than the numerical values 
of all of the real roots of equation (27), we are evidently able to remove from series 
(46) all the terms, positive and negative, whose numerical values are smaller than g 
and write in their place just the two terms 


—g and +g. 


If after modifying sequence (46) as we have just said, we substitute successively 
into the polynomial F(x): 1° the negative terms of this series from —k to —g; and 
2° the positive terms from +g to +k, and every time that two consecutive terms of 
the first or the second kind give results of contrary signs, we are certain that a real 
root, negative in the first case, positive in the second, is contained between these two 
terms. 


Scholium IV. — When, by whatever means, we have determined for equation (27) 
a value close to the real root a, either above or below, then in a great number of cases 
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we can obtain a value close to this same root in the contrary direction, and thus fix 
two limits, one greater than the real roots less than a, and the other less than the real 
roots greater than a, by applying the proposition I am about to state. 
As usual, let 
Fils); F,(x), F3 (x), 


represent the coefficients of the first, second, third, ... powers of z in the expansion 
of F(x+z), a, b, c, ... the various roots of equation (27) and k a number greater 
than their moduli. In addition, suppose that the quantity € has a value close to the 
real root a, where the difference a— & and the quantity a determined by the equation 


_F(E) 
F, (6) 


are so small, ignoring the signs, that in the polynomial 


(55) C= 


(56) F, (€) +2(2@) Fo (E) +3 (2a)? (E) +4 (20)? Fa(E)+..., 


the numerical value of the first term surpasses the sum of the numerical values of 
all the others. Finally, denote by G a number less than [401] the excess of the first 
numerical value of the given sum. We are certain: 1° that the real root ais contained 
between the limits 

€ and €+2a; 


and 2° that the difference a—b or b —a between the root a and a new real root b 
does not surpass 


G 
37 —__. 
( ) Qn 


To prove the preceding proposition, we first observe that under the given hypoth- 
esis, because polynomial (56) has the same sign as its first term, we can say as much 
a fortiori about the two polynomials 


a eee ame 
Fi (E) + (201) Fe (E) + (20)? (6) + (20° Fa (E) +.-, 


which we obtain by expanding the fractions 


F(& —2a) F F(€+2a) 
a ue 4 


according to the ascending powers of @ and using equation (55). Consequently, 
because the first terms of the two polynomials are of opposite signs, the same is true 
for the two fractions and for their numerators 


F(&—2a) and F(§+2qa). 


So there is at least one real root of equation (27) between the limits 
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&—2a and €+2a. 


I add that there is only one of them, and indeed, it is easy to see that if several 
real roots were contained between these limits and if a and b denote two such roots 
taken one after the other from the sequence, we would find for the values of the 
expressions 

F, (a) =(a—b)(a—c)..., and 


F, (b) = (b—c)(b—a)..., 
two quantities with contrary signs. Consequently the equation 
(59) Fi (x) =0 
[402] would have a real root contained between a and b, of the form 
ot+z, 


where the quantity z is contained between the limits —2@ and +2a@. Now this cannot 
be accepted, because if we replace z in formula (31) by y+ z and if we expand the 
left-hand side of this formula, modified according to the ascending powers of y, we 
get 


F (x+z)+yFi(xtz) +... =F) +042 R(x) +(yte F(x)t.., 
then, in equating the coefficients of the first power of y on both sides, 
(60) Fy (x +z) =F (x) +22) (x) 43° (x) +47 R(x) +.... 


Consequently, the expansion of 


(61) F, (€ +2) 
becomes 
(62) Fi (€) +22 (E)432°F3(E) +427 Fy (E)+.... 


Because in polynomial (56) the numerical value of the first term exceeds the sum of 
the numerical values of all the others, the same is true a fortiori for polynomial (62), 
as long as the numerical value of z is supposed to be less than that of 2a. It follows 
that under this hypothesis expression (61) does not vanish. Thus equation (59) does 
not have real roots contained between the limits € —2a@ and € + 2a, and equation 
(27) has only one root between these limits. The root in question is necessarily the 
one closest to the quantity €, and which we have denoted by a. On the other hand, 
because the fraction 
F(€+2a) 
a 

is equivalent to the second of the two polynomials (58) and has the same sign as the 
first term of this polynomial, namely 
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we ought to conclude that 
F(é) and F(&+2a) 


[403] are two quantities of contrary signs and that the root a is found bound between 
the two limits 
€ and €+2a. 


As for the second part of the proposition stated above, it is an immediate con- 
sequence of scholium II, because the quantity G evidently lies below, ignoring the 
sign, polynomial (62), that is to say of the expansion of Fi, (€ +z), as long as the 
numerical value of z does not exceed that of 2a, and consequently is less than the 
quantity F| (a), which we deduce from F; (€ +z) by setting 


z=a-—E. 


Thus it follows from this second part that the real roots greater than a are all greater 
than the limit 


G 
(63) a+ Pree) 
(2k) 
and the roots smaller than a are less than the limit 
G 
(64) oS 
(2k) 


Problem III. — To find values as close as we might wish to the real roots of 
equation (27). 


Solution. — We begin by determining, with the aid of the preceding problem, 
two limits, one greater than and one less than each real positive root. Suppose in 
particular that the root a is of this kind, and denote by xo and X the two limits, 
below and above this root. If we form two different sums, the first with the positive 
terms of the polynomial F(x), the second with the negative terms taken with the 
contrary sign, then the one which is smaller for x = x9 becomes the larger for x= X. 
Represent this sum by @ (x) and the other by 7 (x). The two integer functions @ (x) 
and y (x) enjoy the properties stated in theorems II and III, and consequently, if the 
function @ (x) is such that we can easily solve equations of the form 


© (x) =const., 


then formulas (7) and (16) immediately give values closer and [404] closer to the 
root a. This is what happens, for example, whenever the function is given in the 
form 

B(x+C)"+D, 
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where B, C, D are any three integer numbers and n an integer number equal to or less 
than m, because then we obtain the successive terms of series (6) and (15) by the 
extraction of roots of degree n. If the function @ (x) is not of the form that we have 
just indicated, we can easily put it into that form by adding an integer polynomial 
y (x), in which all the terms are positive, to both sides of the equation 


Indeed, it is clear that the values of @ (x) and of y¥ (x), modified by the addition of 
such a polynomial, preserve all of the same properties. Moreover, we can assign an 
infinity of different values to the polynomial y (x). Suppose, for example, that 


p(x) = +3x7 +8. 


The value of @ (x) modified by the addition of the polynomial y (x) becomes 


(1) +7 
if we suppose that 
y (x) = 3x, 
but it becomes 
(x+2)° 


if we suppose that 
W (x) = 3x7 + 12x, 


etc. On this matter, it is worth remarking: 1° that we can always choose the integer 
function y(x) so that the number B is 1; and 2° that in many cases, one of the 
numbers C or D can be reduced to zero. 

After using the preceding method to determine the real positive roots of equation 
(27), it evidently suffices to obtain the negative roots as well by using the same 
method to seek the positive roots of the equation 


(65) F(—-2) =0. 


Scholium. — There exist several methods of approximation other than the one 
we have just described, among which we must mention that of Newton. It supposes 
that we already know a value & close to the [405] root that we are seeking, and 
it consists of taking as a correction to this value the quantity @ determined by the 


equation 
F(S) 


(55) a (2) 

However, because this last method is not always applicable, it is important to exam- 
ine the cases in which it can be used. On this subject, we are going to establish the 
following propositions: 
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Theorem IV. — Suppose that a denotes any one of the real roots, positive or 
negative, of equation (27) and that € is a value close to this root. Suppose that we 
determine & by means of equation (55). If & is small enough, ignoring the sign, 
that the numerical value of the first term of polynomial (56) exceeds the sum of the 
numerical values of all the others, then of the two quantities 


€ and €+a, 
the second is closer to a than the first. 


Proof. — We have already seen (problem I, scholium IV) that under the given 
hypotheses, the root a is the only root between the limits 


€ and €+2a. 


Given this, if we take 
(66) a=§ +z, 


then z is a quantity contained between the limits 0 and 2a and satisfies the equation 
F(§+z)=0, 

or what amounts to the same thing, 

(67) F(€)+2F\(€)+7°R(E)+...=0. 

If, for convenience, we make 


Fy (E) + 2F3 (&) 
Pris) 


and consider formula (55), then equation (67) becomes 


(68) {== 


(69) Z=A+q2. 
[406] Consequently, we have 
(70) a=E+z=E+a+qz, 


from which it follows that by taking § + @ in place of € for the value close to a, 
we commit an error that is equal, no longer to the numerical value of z, but rather 
to that of gz”. Moreover, because polynomial (56) has the same sign as its first term 
F, (6), the two polynomials 


(71) Fy (§)+2(2a) Fe (€)+2(2a@) 2F3 (€) +... =(1—40¢q) Fi (€) and 
Fi ($) — 2 (20) Fo ($) —2(2@) cF3 (G) —... = (1 +4aq) Fi (5) 


334 Note II — On the numerical solution of equations. 


evidently enjoy the same property, which requires that the numerical value of 20q 
and a fortiori that of gz be less than 5. We conclude immediately that the numerical 
value of qz* is less than that of 5z. Thus, of the two errors which we make by taking 


€ and €+a 


as values close to a, the second error is smaller than half of the first. 


Scholium I. — Because we get 


a 


2= 7 
1—qz 


from equation (69) and because the numerical value of gz is less than 5. we are 
certain that the value of z always remains between the limits 


fa and 2a. 


Scholium I. — By solving equation (69) as if the value of g were known, we find 


1tV/1—4aq _ 2a 
2q ~ 14,/1-—4aq" 
Here the radical ,/1 — 4a@q is given a double sign. However, because the value of z 


ought to be smaller than that of 2, it is clear that we ought to prefer the inferior 
sign. Thus we have 


(72) 


— 


_ 2a 
o 14/1 —40q° 
[407] Given this, if we call go and Q two limits, the first less than and the second 


greater than the quantity g determined by formula (68), we conclude from equation 
(72) that the exact value of z is contained between the two expressions 


2a 2a 
————————— and — 
14+ /1—4aq0 1+./1-—4a0 


Consequently, this value contains all the decimal digits common to the two expres- 
sions expressed as numbers. 


(73) 


Scholium III. — Suppose that of the two quantities go and Q, the second has 
the larger numerical value and that this numerical value is less than 1. Then, if the 
difference a — € = z is, ignoring the sign, smaller than the unit decimal of order n, 
that is to say if we have 

il n 
74 i OP ae (ere 
(74) val.num ( a) 
then the difference 
a—(E+a)=qz 
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is smaller, ignoring the sign, than a unit decimal of order 2n. Indeed, we find that 


2n 
1\2 
75 Lnum.gz<(—)} . 
(75) val.num. gz <(¥) 
Thus, by taking € +a in place of & for the value close the root a, we double the 
number of exact decimal places. 
If we suppose that the numerical value of Q is not only less than | but also less 
than 0.1, we conclude from formula (74) that 


1 2n+1 
Lnum. gz? < ( — . 
val.num. gz (=) 


More generally, if we suppose that the numerical value of Q is less than (75) where 
r denotes any integer number, then formula (74) implies the following 


1 2n+r 
16 Lnum.gz? < { — 
(76) val.num. gz" < ( i 3) 


Finally, if the value of Q is greater than | but less than (10)’, we [408] find 


2n—r 
fas Lnum. gz? < ( — 
(77) val.num.qz" < (35) 


Scholium IV. — The error that we make by taking + a@ as a value close to a, or 
the numerical value of the product gz’, can itself be calculated by approximation. 
Indeed, if we consider equation (69), we find 


2 
qv =q(at+qz) =o? + (2a)92 +q%2". 


Now suppose that the numerical value of 2a, and consequently that of z, is less than 
(4)" and that the numerical value of Q, and consequently that of gq, is less than 


(10)*", where n and r denote two integer numbers. We evidently have 


1 3n+2r 
val.num. (20) q72" < (<3) 


10 
and 
1 4n+3r 
Inum.q?z* < ( — 
val.num.q°z 10 
Moreover, if the numerical value of the fraction 
F- vd aayh 
a 3 (G) +2Fa (6) + 


FG) 
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is known to be less than (10)**, where s again denotes an integer number, we can 


take F(é) 
9#2 
A) 


for a value close to the term ga? without fearing an error more considerable than 


1 3n+s 
(10) 


Consequently, if we choose € + a — a” ee in place of € + a for a value close to 


the root a, that is to say if we set 


Fy (6) 
Fils)’ 


then the error made affects only the decimal units of [409] the order given by the 
largest of the three numbers 


(79) a=E+a-07 


3n+s, 3n+2r and 4n+3r. 


In the particular case where the numerical value of Q is less than (qo) and that of 
fraction (78) is less than (b)’ the new error becomes less than 


1 3n 
(10) 
Thus it suffices to substitute the right-hand side of equation (79) for the quantity € 
to triple the number of exact decimal digits in the value close to a. This is also what 
happend, more or less, when the number n becomes very considerable. These results 


agree with those which M. Nicholson has obtained in a work recently published in 
London, which has for its title Essay on involution and evolution, etc. 12 


Theorem V. — Under the same hypotheses as the preceding theorem, imagine 
that the first term of polynomial (56), that is to say the polynomial that represents 
the expansion of F\ (€ +2a), has a numerical value not only greater than the sum 
of the numerical values of all the other terms, but also greater than the double of 
this sum. Then if we denote a quantity contained between the limits 


€ and €+2a 
by €1, then the second of the two quantities 


F (61) 


€1 and 51— FE) 


!2 Peter Nicholson (1765-1844); see [Nicholson 1820]. 
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is always closer to a than the first. 


Proof. — To establish the proposition that we have just stated, it suffices to ob- 
serve that the numerical value of the difference 


a-—& 


is greater than that of 


F(&)]_ F(a)—F (Ei) 
4 E Fen] = $1) 


or what amounts to the same thing, that the fraction 


Fi (61) — eget 


a~61 


Fi (1) 


[410] has a numerical value less than 1. Represent this fraction by %. It is enough to 
prove that 


v—u and v+u, 
in other words, 
F (a) —F (41) F (a) —F (41) 
a= 6) a—§\ 


are two expressions with the same sign. Now if we make 


(80) and 2F, (€1) — 


(81) a=&+z and €=—E+8, 


where z and f are two quantities of the same sign contained between the limits 0 
and 2a, and if we expand the functions 


F(Git+z), F($it+B) and Fi(¢+B), 
then expressions (80) become, respectively, 
Fi (€)+(B +z) Fo (€) + (B? + Bz+2’) B(E)+... 


and 
F\ (€) — (B +z—4B) P(E) — (8B? + Bz+2 — 6B?) (E)+.... 


Because in each of these last polynomials the coefficient of F, (€) has a numerical 
value evidently less than | of the quantities 


nz"! and 2np""!, 


and consequently less than the double of the numerical value of the product 
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n(2a)""', 


it is clear that if the condition stated in theorem V is satisfied, then they both have 
the same sign as F, (€). Thus, etc. 


Scholium I. — The errors committed when we take successively 


F (Gi) 
F (61) 


for values close to the root a are, respectively, equal to the numerical values of the 
two quantities 


é&: and €;— 


F (1) 
a-— and a—€\+ i 
bi b+ ee 
[411] Considering formulas (81), we also find 
(82) a—€\)=z—- 
and 


F F (a) -F (61) 
aot Re) AG) 
_,-p-FG+-FE+B) 
Fi(§ +B) 
Then, by expanding the functions F (€ +z), F(§ +f) and F\ (6 +B), we find 


a~Oi+ re 
Co ae py (E) + (z+2B8) P(E) + (2 +28z+3p7) i (E)+... 
_— Fi (€) + 2BF2 (E) +3623 (€) +... 


Given this, imagine that for all values of B and z contained between 0 and 2a@ the 
numerical value of the polynomial 


(84) Fy (&) + (z+ 28) Fs (&) + (2? +282+3B7) Fa(§)+... 
is always less than the limit M, and that of the polynomial 

(85) Fi (§) + 2BF2 (6) + 3B°Fs (6) +... 

is always greater than the limit NV. If we have 

(86) val.num. (z— 8) < (3) 


and 
(87) uy < (10)*" 
N J 
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where n and r denote any two integer numbers, we conclude from equation (83) that 


(88) val.num. c ae 7 oy Z ( [) 


It is essential to remark that to obtain suitable values of M and N, it suffices: 1° to 
replace z and B by 2a in polynomial (84), then to calculate the sum of the numerical 
values of all the terms; and 2° to replace B by 2a in polynomial (85) and then to 
look for the difference between the numerical value of the first term and the sum of 
the numerical values of all the others. 


[412] Scholium II. — Under the same hypotheses as in theorem V, if we succes- 
sively make 


then the quantities €;, €2, €3, ... are values that are closer and closer to the root a. 
Moreover, if we give M and N the same values as in scholium I, then by supposing 
that 


val.num. (a—&) < (a) 


we conclude that 
val.num. (a— 6&1) < ( 


val.num. (a— &2) < ( 


val.num. (a—&3) < ae 


These last formulas contain the proposition stated by M. Fourier in the Bulletin 
de la Société philomathique'> (read in May 1818), relative to the number of exact 
decimal places given by each new operation of Newton’s method. 

Any time the fraction a is less than 1, we can take r = 0 and consequently the 
successive differences between the root a and its nearby values 


G St, 2, $3, wes 


are, respectively, less than the numbers 


1 n 1 2n 1 An 1 8n 
(io) > (Gs) > Go) > Ga) > 


Thus we find that the number of exact decimal places at least doubles for each new 
operation. 


'3 See [Fourier 1818]. 
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The preceding researches give several methods for solving numerical equations. 
In order to give a better sense of the advantages that these methods present, I will 
apply them to the two equations 


(90) x —2x-5=0 
and 
(91) x —7x+7=0, 


[413] which Lagrange chose as his examples (Résolution des equations numeriques, 
Chap. IV)!* and the first of which was earlier treated by Newton. 

If we first consider equation (90), we find (theorem II, scholium II) that it has a 
single positive root contained between the two limits 


/2-2=2 and ~/2-5=2.15.... 


Moreover, the positive value of x that satisfies the equation 
x+5=x 


satisfies (problem I, scholium IV) the condition 
2V5-2x <x’, 


or what amounts to the same thing, the following: 


x > (40)3 = 2.09... 


The root in question is thus contained between the numbers 2.09... and 2.15..., 
so that its value, to less than a tenth part, is 2.1. To obtain a more exact value, we 
observe that in the present case, 


F(x) =x —2x—-5, F(x) =3x7-2, K(x) =3x and (x) =1, 


and that, if we take 
6=2.1, 


then the condition stated in theorem IV is satisfied. Given this, because from equa- 
tion (55) we get 
5+4€ & 
a= — = = —0.005431878... 
362-2 3 , 


we find for the new values close to the unknown x 


E +0 =2.094568121... 


and 


'4 See [Lagrange 1769]. 
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E+a-a =E+a-a =2.0945515.... 


Fi (S) 367-2 
Finally, because the exact value of x is presented in the form x = & +z, [414] zisa 
quantity contained between the limits 0 and 2@ and that consequently we evidently 
have 


_B(6)+72 (6) 6342 
I~ Re 211.23 


F3(€) 1 
A) 11.23 ~ 


<0.6<1, 


0.1, 
and 
val.num.z = val.num. (a+ qz’) < val.num. a + (2a) val.num.q < 0.01. 
Then we conclude (theorem IV, scholia III and IV) that in taking 
x = 2.094568 1, 
we commit an error smaller than 0.0001, and in taking 
x = 2.0945515 


an error smaller than 0.000001. 

Instead of using the general formulas, we could carry out the calculation in the 
following manner. After finding 2.1 as the value close to x, we make in equation 
(90) 

x=2.1+4+z, 


and we find, by dividing all the terms by the coefficient of z, that 

(92) 0.005431878...+z+0.560997328...2* + 0.089047195...23 =0, 
or what amounts to the same thing, 

(93) z= —0.005431878...+4z”, 

where the value of g is determined by the formula 

(94) q = —0.560997328 ... —0.089047195...z. 


The double of the first term of equation (92) is almost 0.01, and because the left- 
hand side of this equation gives two results of contrary signs when we successively 
make 

z=0 and z=-—0.01, 


we can be sure it has a real root contained between the limits 0 and —0.01. To 
prove that this root is unique, it suffices to observe that by virtue of formula (60) the 
equation 
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Fi (2.1 +z) =0 
[415] reduces to 


1+2 x 0.560997328...2+3 x 0.089047195...22 =0, 


and this last equation is not satisfied by any value of z between the limits in ques- 
tion. Moreover, it is clear that for such a value of z, the quantity g determined by 
formula (94) remains contained between —0.560 and —0.561. Because we draw 
from equation (93) 


(95) z= —0.005431878...— 0.000029505...(—q) 


— 0.000000320...(—q)? —..., 
we conclude: 1° supposing that —g = 0.560, 
z= —0.00544850...; 
and 2° supposing that —g = 0.561, 
z= —0.00544853.... 


Consequently, the real positive value of x that satisfies equation (90) is contained 
between the limits 
2.1 —0.00544850 = 2.09455150 


and 
2.1 —0.00544854 = 2.09455146. 


Thus this equation has a unique positive real root very nearly equal to 
2.0945515. 


Moreover, it is easy to assure ourselves that it does not have any negative roots, for 
if it had one, we would be able to satisfy with a positive value of x the formula 


(96) x —2x+5=0, 


and this value of x (see scholium V of problem J) is at the same time less than the 
positive root of the equation 
x —2x=0, 


that is to say, than 
V2=1.414..., 


and greater than the root of the equation 


5—2x=0 


d 
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[416] that is to say than 


which is absurd. 

We now move on to equation (91) and begin by looking for its positive roots. To 
have a limit greater than the roots of this kind, it suffices to observe that the equation 
under consideration can be put into the form 


vP+7= aX. 
and we find (problem I, scholium IV) by supposing x is positive, that 


2V 7x3 < Tx 


and consequently 
x< 4 . 


Thus we can take i as a value close the largest positive root. Given this, if we make 


: =F 
x=- 

ate 

in equation (91), we find 
2 32 3 

(97) 0.5+2+2.40z + 79% =0, 
or what amounts to the same thing, 
(98) z= -0.05-+q2, 


where the value of g is determined by the formula 


32 
99 = —2.40——~z. 
(99) q 70° 


The double of the first term of equation (97) is 0.1. Because the left-hand side 
changes sign as it passes from z = 0 to z= —0.1, while the polynomial 


32 4 
1+2 x 2.40z7+3 x — 
+2x Z+3 xX 70< 
remains always positive in this interval, it follows that it has a real root, but only one 


of them, contained between the limits 0 and —0.1. The [417] corresponding value 
of q is evidently contained between the two quantities 


—2.354... and —2.40. 


From equation (98), we find that 


344 Note III — On the numerical solution of equations. 


0.1 
(100 2 14+ /1+0.2q 
= —0.05 — 0.0025 (—q) — 0.00025 (ae — 0.00003 125 (=¢) oe. 


In this last equation, if we successively make 
q=-—2.354 and gq=-2.40, 
we find the corresponding values of z, 
z=-—0.05788... and z=—0.05810..., 


and we conclude that the largest positive root of the given equation is contained 
between the limits 


7 _ 0.05788... = 1.69211... 


and 7 
ge UOIEN x = 1.69189.... 


Thus, if we call this largest root a, its value approximated to eleven one hundred 
thousandths is given by the formula 


(101) a= 1.6920. 


Starting with this first approximate value, in just one operation we could obtain a 
second value in which the error would not be more than decimals of the twelfth 
order. 

In addition to the root a which we have just considered, equation (91) evidently 
admits a negative root equal, up to sign, to the unique positive solution of the equa- 
tion 
(102) x —Tx-7=0, 


and consequently (theorem HI, scholium II) contained between the limits 
-V14=-3.7416... and —W14=-2.41.... 


[418] Call this negative root c. The third real root b of equation (91) is evidently real 
and positive because the product abc of the three roots is equal to the negative of the 
third term, that is to say, equal to —7. Let us now determine this third root. To find 
it, we first look for a number G equal to or less than the numerical value of Fj (a). 
Because in this case!> 

F(x) = -—7x+7 and 

F, (x) = 3x? -7, 


we conclude 


'S The first term of F(x) is written as x” in [Cauchy 1897, p. 418]. It is correctly written as x? in 


[Cauchy 1821, p. 512]. (tr.) 
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F, (a) = 3a? —7. 


Thus we can take 
G =3(1.69189)* —7 = 1.5874... 


Moreover, by virtue of what has come before, we also have 
a<1.6922 and —c <3.7417, 


and consequently 
a—c <5.4339. 


Given this, we find (problem II, scholium II) 


G 1.5874 
a—b> a > 5.4339 = 0.29212... 


and as a consequence we have 
b< 1.69211...—0.29214... < 1.40. 


After having recognized, as we have just done, that the root b is less than the limit 
1.40, suppose that 
x= 1.40+<z. 


Under this hypothesis, equation (91) gives 


25 

(103) 0.05 + z— 3.7527 — =z3 =0, 
28 

or what amounts to the same thing, 

(98) z= 0.05 +42, 


where the value of g is determined by the formula 


104 3.75 a 
(104) q=3.15+ 58° 
[419] The double of the first term of equation (103) is 0.1, and because the left-hand 
side of this equation changes sign when it passes from z = 0 to z = —0.1, while the 
polynomial 

25 5 


1—2 x 3.75z—3 x 79° 

always remains positive in the interval, it results that the polynomial has a single 
real root contained between the limits 0 and —0.1. The corresponding value of gq is 
evidently contained between the two quantities 


3.66 and 3.75. 
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By successively substituting these two quantities in place of the letter g in equation 
(100), we obtain two new limits for the unknown z, namely 


0.1 
= —0.04317... 
14+ V1.732 


and 
0.1 


iio 


so we conclude that the positive root is contained between 


0.04305..., 


1.40 — 0.04317... = 1.35682... 


and 
1.40 — 0.04305... = 1.35694.... 


Thus we obtain the value approximating this root to a ten thousandth part if we take 
(105) b = 1.3569. 


As for the negative root c of equation (91), we already know that it is contained 
between the limits 
—3.7416... and —2.41.... 


Thus we have its value approximated to within one unit if we suppose it is equal to 
—3. Given this, take in equation (91) 


x=-3+4+2z. 


We find 
(106) 0.05 +z—0.45z7 + 0.05z? = 0, 


[420] or what amounts to the same thing, 

(98) z= 0.05442’, 
where the value of qg is determined by the formula 
(107) q = 0.45 — 0.05z. 


Moreover, we easily recognize: 1° that equation (106) has a real root, but only one 
of them, contained between the limits 0 and —0.1; 2° that the corresponding value 
of q is contained between the two numbers 


0.45 and 0.455; 


and 3° that these two numbers substituted in place of the letter g in equation (100) 
give two new values close to z, namely 
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0.1 


———— = —0.048922... 
1+ v1.09 


and 


0.1 
= —0.048911.... 
1+ Vv 1.091 


Consequently, the value approximating c to a hundred thousandth part is 


(108) c = —3.04892. 


Finally, we could have immediately deduced the value approximating c from formu- 
las (101) and (105). Indeed, because in equation (91) the coefficient of x is reduced 
to zero, we conclude 

a+b+c=0, 

c=-—a-—b 


and consequently, to within a very small margin, 
c = —(1.6920 — 1.3569) = —3.0489. 


To end this note, we will present here two theorems, the second of which contains 
the rule stated by Descartes relative to the determination of the number of positive 
or negative roots that pertain to a polynomial of any degree. With this plan, we will 
begin by examining the number of variations and permanences in signs exhibited 
by [421] a sequence of quantities, when we suppose that the different terms of the 
sequence are compared to each other in the order in which they appear. 

Let 
(109) 40, 41, 42, +++; GAm-1, Gn 


be the sequence we are considering, composed of m-+ | terms. If none of these terms 
reduce to zero, then the number of variations in sign which we obtain in comparing 
consecutive terms two by two is completely determined. However, if some of the 
terms are zero, then because in this case we can arbitrarily decide the sign of each 
of these terms, the number of variations in sign depends on the decisions themselves, 
but it depends in such a way that the number cannot fall below a certain minimum, 
nor rise above a certain maximum. A similar remark can be made about the number 
of permanences in signs. We add that to obtain the maximum number of variations 
in sign, it suffices to consider each term that vanishes as having the opposite sign of 
the term that precedes it. Imagine, for example, that sequence (109) consists of the 
four terms 
+1, 0, O and —1l. 


Because the first of these terms is positive, we obtain the maximum number of vari- 
ations in sign by considering the second term as negative and the third as positive, 
or what amounts to the same thing, by writing 


+1, -0, +0 and —l. 
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Consequently, in this particular case the maximum number in question is equal to 
3. On the other hand, we obtain the minimum number of variations in sign, equal to 
1, by assigning each 0 term a sign the same as that of the preceding term, that is to 
say, by writing!® 

+1, 40, +0 and —l. 


If we adopt these principles, we establish the following propositions without diffi- 
culty: 


Theorem VI. — Suppose that the constant h is real and positive and that we 
multiply the polynomial 


(110) age” tax | +a? +... + amit tan 


by the linear factor x +h. This multiplication does not increase [422] the maximium 
number of variations in sign of the successive coefficients of the descending powers 
of the variable x. 


Proof. — By multiplying polynomial (110) by x+A, we obtain a new polynomial 
in which the descending powers of the variable have for their respective coefficients 
the quantities 


(111) ap, @+haj, dothay, ..., Gnthan—-1, ham. 


Thus it suffices to prove that the number of variations in sign does not increase 
in the passage from sequence (109) to sequence (111), when we have carried this 
number to its maximum in both sequences by giving each term that vanishes the 
sign opposite to that of the preceding term. Now, I say that initially fixing the signs 
according to this rule, each term of sequence (111), represented by a binomial of the 
form 

Gn +han-1, 


takes the same sign as one of the terms a, or dj_ 1 of sequence (109). This assertion 
is equally evident in the two cases that can present themselves, namely: 1° when 
the terms a,—1 and a, are originally, or by virtue of the rule adopted, given opposite 
signs, for example, when a,, vanishes; or 2° when a, has a value different from zero 
and a,_; has the same sign as a,. Consequently, if we give the quantities 


(112) hag, hay, haz, ..., ham—-1, han 


the same signs as the corresponding terms of sequence (109), we can, without alter- 
ing in any way the succession of signs in sequence (111), replace each binomial of 
the form 

An + hay—| 


'6 The third term in this sequence is written as —0 in [Cauchy 1897, p. 421]. It is correctly given 
as +0 in [Cauchy 1821, p. 516]. (tr) 
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by one of the two monomials a, or hay,—;. In operating like this, we obtain a new 
sequence in which each term of the form a, finds itself followed by another term 
equal either to the monomial a,.; or to the monomial ha, which is the second part 
of the binomial a,+41 + ay, while each term of the form ha, is followed either by 
the monomial ha, , or the monomial a,42, which is the first part of the binomial 
An+2 + hay+1. Given this, imagine that in the new sequence we distinguish: 1° each 
term of the form a, which [423] is followed by another term of the form ha,; and 
2° each term of the form ha, which is followed by another term of the form ay+2. 
Let, respectively, 
as, hay, a, hay, 


be the different terms of these two kinds arranged following the increasing size of 
the indices which describe the letter a. The new sequence, composed of the mono- 
mials 
(113) a0, 4], ---, as, has, has41, Ra hay, Ay+2) +++) Ay, 

hay, hay+1, ---; hdy, Aw42, Gw435 +++ Mam, 
evidently exhibits only those changes of sign like those of sequence (109) along 
with those which can arise in the passage from hay, to dn+2, from hay to ay+2, .... 
Moreover, it is easy to see that if the two quantities 


han and ans, 
or what amounts to the same thing, 
a and apn42, 


have contrary signs, then the variation in sign does nothing but replace another vari- 
ation of sign in sequence (109), namely the one that had been between term ay+1 
and one of the two terms a, Or dy+2. A very similar remark applies in the case that 
the monomials ha,, and a,,42 have contrary signs, etc. We can thus conclude that 
the maximum number of variations in sign does not increase when we pass from 
sequence (109) to sequence (113), and consequently to the sequence (111). This is 
what we set out to prove. 


Corollary. — If we multiply polynomial (110) by several linear factors of the 
form 
xth, xth’, x+th",..., 


where h, h’, h", ... denote positive quantities, we do not increase the maximum 
number of variations in sign among the coefficients of successive descending powers 
of the variable x. 


Theorem VII. — In the polynomial 


(110) F (x) = agx™ +ayx" |! +... 4am_1x+am, 
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[424] let m' be the minimum number of permanences in signs, and m" the minimum 
number of variations in sign among the successive coefficients of descending powers 
of x. Then in the equation 


(114) F(x) =0, 


the number of negative roots is equal to or less than m’, the number of positive roots 
is less than or equal to m", and the number of imaginary roots is equal to or greater 
than to the difference 

m— (mi + m’') : 


Proof. — To establish the first part of the theorem, I observe that if we call h, h’, 
h', ... the negative roots of equation (114), then the polynomial F(x) is divisible by 
the product 

(x +h) (x +H’) (x +h")... 


Denote the quotient by Q. From the corollary to the preceding theorem, the maxi- 
mum number of variations in sign in the polynomial F(x) is less than or equal to the 
maximum of these variations in the polynomial Q, and as a consequence less than 
or equal to the degree of that polynomial. It follows that the minimum number of 
permanences in sign of the polynomial F(x) is equal to or greater than the differ- 
ence between the number m and the degree of the polynomial Q, that is to say, the 
number of real negative roots of the equation 


(114) F(x) =0. 


To prove the second part of theorem VI, it suffices to remark that by writing 
—x in place of x in equation (114), we interchange all at once the positive and the 
negative roots and the variations and permanences in sign. 

Finally, because this equation is of degree m, it ought to have m roots, real and 
imaginary, so it is clear that the third part of the theorem is an immediate conse- 
quence of the two others. 


Corollary. — To show an application of the preceding theorem, consider the 
particular equation 
(115) x"+1=0. 


[425] We find: 1° if we suppose that m is even, that 
m =0 and m”=0; 
and 2° if we suppose that m is odd, 
m =1 and m’=0. 


Consequently, in the first case equation (115) does not have any real roots, and in 
the second case it has only one real root, namely a negative root. 


Note IV — On the expansion of the alternating 
function (y — x) x (z—x) (z—y) x... xX 


(v—x)(v—y) (v—z)...(v—u). 


[426] We denote the function in question! by @. As we have already remarked 
(Chap. III, § ID, each term of its expansion is equivalent, ignoring the sign, to the 
product of the various variables arranged in a certain order and, respectively, raised 
to powers indicated by the numbers 


0, 1, 2, 3, ..., a—-1. 


Moreover, it is easy to see that each of the products of this kind can be derived from 
each other with the aid of one or several exchanges operated between the variables 
taken two by two. Thus, for example, we derive the product 
yl? yt2yn-l 

from any of the products of the same form by making the letter x pass to the first 
position by successive exchanges, then the letter y to the second position, then the 
letter z to the third, etc. Moreover, because the function @ changes sign but takes the 
same value, up to sign, every time we exchange two variables with each other, we 
ought to conclude: 1° that the expansion of this function contains all the products 
mentioned above, some taken with the sign + and the others with the sign —; and 
2° that in the same expansion, two products, taken at random, are affected with the 
same sign or with contrary signs depending on whether one can derive one from the 
other by an even number or an odd number or exchanges. As a consequence of these 
remarks, we establish without difficulty the following proposition: 


Theorem I. — Add to the product 


' In the chapter heading of this note in [Cauchy 1897, p. 426], the formula is given in a slightly 
different form. This version of @ is what appears on [Cauchy 1821, p. 521] as well as in the tables 
of contents of both editions. (tr.) 
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all those products which we can derive with the aid of one or several exchanges 
[427] successively performed among the variables 


x, Y, Z, wey Wy Vv 
taken two by two. The number of products which we obtain is 
1-2-3...(n—1)n, 


and they divide themselves into two distinct classes in such a way that we can al- 
ways derive two products of the same class from each other by an even number of 
exchanges, and two products of different classes by an odd number of exchanges. 
Given this, if we attach the sign + to all the products of one class and the sign — to 
all the products of the other class, then we find that the sum is the expansion of + 
or the expansion of —Q, depending on the class to which we give the sign +. 


It evidently suffices to consider the preceding proposition in constructing the ex- 
pansion of the alternating function +. However, we also ought to mention another 
theorem, with the aid of which we can decide immediately if two products taken 
at random in the expansion in question are found to have the same sign or contrary 
signs. We will content ourselves with stating here this second theorem without giv- 
ing its proof, which we can deduce without trouble from the principles which we 
have already explained. 


Theorem II. — To decide if, in the expansion of the alternating function £@Q, 
two products of the form 


x°y!z* ee a 


are affected with the same sign or with contrary signs, we distribute the variables 


Xe Pe Zp wns, cy! 7V 
into several groups, taking care to put two variables into the same group whenever 
they carry the same exponent in the two products that we are considering, and form- 
ing an isolated group for each variable that does not have a change in exponent in 
the passage from the first product to the second. Given this, the two products are af- 
fected with the same sign if the difference between the total number of variables and 
the total number of groups is an even number, and they are affected with contrary 
signs if this difference is an odd number. 


[428] The use of the preceding theorem is facilitated by writing the two products 
one over the other and arranging the variables in each of these according to the size 
of the exponents that they carry. 

To apply these two theorems stated above to an example, consider in particular 
five variables 

x, y, Z, u and v. 


The product of their differences, or if we wish, the alternating function 
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(y—x) (z—x) z—y) (ux) (uy) (uz) 
x (v— x) (v—y) (v—z) (v—w) 
gives an expansion composed of 120, respectively, equal to the 120 products where 


60 are preceded by the sign + and 60 by the sign —. One of the products affected 
by the sign + is the one which has for its factors the first letters of the binomials 


y—-X, ZX, ae cy sees v—-U4, 


namely 


ey err: 


To judge whether another product such as 


Ozh y2y3y4 

ought to be taken with the sign + or with the sign —, it suffices to observe that if we 
compare the two products in question here with respect to the changes which take 
place among the given variables when we pass from one to the other, we are led to 
divide these variables into three groups, the first containing the single variable x, a 
second containing the three variables y, z and v, and the third the single variable u. If 
from the number of variables, five, we subtract the number of groups, three, we find 
there remains two, that is to say, an even number. Consequently, the two products 
ought to be affected with the same sign, and because the first is preceded by the sign 
+, the second ought to be as well. 


Note V — On Lagrange’s interpolation formula. 


[429] When we wish to determine an integer function of x of degree n — 1, givena 
certain number of particular values assumed to be known, it suffices to use formula 
(1) of Chapter IV (§ I). This formula, first given by Lagrange, may easily be deduced 
from the principles outlined in section I of Chapter II. Indeed, let us denote the 
function we seek by 

(1) u=atbx+cx +...+hx"! 


and denote its particular values by 


Uo, Uy, U2, .--, Un—1, 
corresponding to the values 

XO, X1, X2, ---5 Xn-1 
of the variable x. The unknowns in this problem are the coefficients a, b, c, ..., h of 


the various powers of x in the polynomial uw. In order to determine these unknowns, 
we have the equations of condition 


uy =atbxg + on Re ae 
uy =at+bx,; + on + thx, 
(2) uy =atbxy + xe +...+ ne, 
sahil unas Poeeaghebaraedheaeand S 
Un—| =aA+bxy-1 + Ce 4 +...+h. at 


Given this, in order to obtain the explicit value of the function u, we need only 
eliminate the coefficients a, b, c, ..., h from among the formulas (1) and (2). We 
do this by adding equation (1) to equations (2), after [430] multiplying these latter 
ones by quantities chosen in such a way as to make the sum of the right-hand sides 
disappear. Let 

—Xg, —X1, —X2, ..., —Xn-1 
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be the quantities in question. We have 


u— Xouo — Xuy — Xun — ... — Xp—1Uy—1 
= (1-Xp)—X)—-X.—...—Xn-1)a 
aE (x xoXo xX] X2X oes Knit Xn ) b 
+ (ae x5X0 2X] x3X2 a6 Bet) Cc 
+ Gr xX cee. ae.o) _ ees) h, 


and consequently 
(3) u = Xoug + Xu, + XgQu2+...+Xn—1Un-1, 


as long as the quantities 
Xo, X1, X2, -.-, Xn-1 


are subject to the equations of condition 


Not Mit Xotet Xa =, 
XoXot+ xpXi+ XQX2+..-+ Xn—-1Xn-1 =X, 
2 2 2 2 
(4) XoXot xpXi+  XGXQ+...+ | Xn-1 SH", 
ss ilale-d ed duuoardaua waenowhioianatedeaca,t4 ous deabaanc hens ; 
n-ly n—ly n—ly, n-ly n—1 
Xo Or Xy 11 X5 217++. 7 XH, jAn-1 =X 


If we solve these new equations by the method described in Chapter III (§ I), we 
obtain the formulas 


(x —x1)(x — x2)... (*%—Xn_-1) 


= (xo — x1) (x9 — x2)... (40 — Xn-1)’ 

X= (x—x0)(x — x2)... (*%—Xn-1) 
(5) (x1 —X0)(x1 —X2).-- (1 —Xp-1)’ 

Xi (x—x0)(x—%1)...(* —Xn_2) 


by virtue of which equation (3) is transformed into the formula of Lagrange. 

[431] Moreover, Lagrange’s formula is contained in another more general for- 
mula, to which we find ourselves drawn when we wish to determine not just an 
integer function, but a rational function of the variable x, given a certain number of 
particular values assumed to be known. To clarify the ideas, imagine that the rational 
function should be of the form 


_ atbx+texr+...+hx"! 
~~ + Bx+ pet... + Ox” 


(6) 
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In this case, the unknowns in the problem are the coefficients 
a,b,c,...,h and a, B,y,..., 8, 


or better still, the ratios 


abe h a p yY 7) 
aaa "a aaa’ "a 
There are n+ m such ratios. It is easy to conclude from this that the function wu is 
completely determined if we know n+ m particular values 


(7) Ud, Uj, U2, ---) Untm—1 

corresponding to the n+ m values 

(8) X05 X15. X25 @22> Xam 

of the variable x. We arrive at the same conclusions by showing that a second rational 


function of the form 


(9) a +b'x4+cxr24+...+h'x""} 
a! + Blxt+ 7x27 +...+ 0x" 

cannot satisfy the same conditions as the first without being identically equal to it. 

Indeed, suppose that the fractions (6) and (9) become equal to each other for the 


particular values of x contained in series (8). Therefore, the equation 


£5 (at+bx+...+hx!)(a! + B’x+...+0'x™) 
— (a +b'x+...+h'x""!)(a+ Bxt+...+ 0x") =0 


[432] remains true for n+ m values of the variable, while its degree remains less 
than n+ m, so it must necessarily be an identity. From this it follows that we have 
identically 
é+-betoee tu. 
a+ Bxt y2+...4+ 0x" 

dd 4+bxtexP +... 4h'x! 

MAB t ptt... +O” 
Thus, we may solve the given question in only one way. We effectively resolve it by 
taking the general value of u to be the fraction 


(11) 


(X=Xm+1 \Ma=Am42 ) -(4=Xm4n—1 ) 


ugu;...u 
of ™ (XO= X41) + (KO Xm-tn—1) + m—Xm-41) +m —Xm-tn—1) 
(x0 =) (41 =x)... m1 =*) : 
UgUu, ...Um— 
OM] m1 (xo—Xm)---(X0 —Xm+n-1 )-(m—1 Xm) +(%m—1 —Xm+n-1 ) 


in which the denominator must be replaced by | when we suppose that m = 0 and 
the numerator by the product ugu1 ...u, when we suppose that n = 1. Given this, 
we find that for m = 0, 
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(x—2x1)(x— x2)... (%—Xn-1) 


12 = wae 
(2) “ ea = ae Vy 95) an (AREA) * 
For m= 1, 

(x—x2)(x—x3)...(x—xn) 
(13) — MOU Ge —x3) 9 —¥3) Fn) 1 —¥9) 93) im) 


xXQ—x Xj xX 
x9—X1) (X09 —*2)---(%0-Xn) vu (41 —X0) (1 —X2)---(41 Xn) 


HOT 


and so forth. For n = 1, 


_ Uguy, ...Um 
(14) Edd) t=) =) Cm 9) 
OM1---4m—1 (x0 —%m)(%1 —Xm)---%m—1—Xm) 


In each of the preceding formulas, we may complete the numerator or the denomi- 
nator of the fraction that represents the value of u without trouble by adding to the 
first term of this numerator or of this denominator all of those terms that we may de- 
rive with the assistance of one or several exchanges performed among the indices. 
For example, if we suppose that m = 1 and [433] n = 2, we find the completely 
expanded value of u to be 


x—-X2 xX—X]1 x—X0 
(15) u= HOU Toman Vox) 1 4OM2 Come Jepm—ai) + M12 ema yCe 70) 
—_ ” xo—x + wy x1 =* + x2—X : 
9 (eo) 022) (x1 —x0) (1 —x2) * (x2—x0) (%2—-41) 


It is worth noting that formula (12) is Lagrange’s formula, and that to deduce for- 
mula (14) from it, it suffices to replace n — 1 by m and then to take as the unknown 
the function i assumed to be integer, in place of the function uw. 


Note VI — On figurate numbers. 


[434] We call numbers figurate of the first order, second order, third order, etc. 
which serve as the coefficients of the successive powers of x in the expansions of 
the expressions 


(1—x)*, (I—x)°, (1—-x)“, 


This definition gives an easy means to calculate them. Indeed, we have proved in 
Chapter VI (8 IV), that we have, for any real values of ts and for numerical values 
of x less than 1, 


H u(u-1) » H(w—1)...(u—n+]) 
1) Hoj]4+y45 aoe To. 
(1) (1+) ee hoe x" 4+ 
If in the preceding equation we set 4 = —(m+1), where m denotes any integer 
number, we find 
(its =] m+1 (m+ I)(m+2) > 
1 1-2 
(2) 
(m+1)(m+2)...(m+n)_, 
a XX SE 
1-2-3...n 


Moreover, because we evidently have! 


(m+1)(m+2)...(m+n) — (m+1)(m+2)...m(m+1)...(m+n) 


s 1-2-3...n (1-2-3...m)(1-2-3...n) 
— (nt+1)(n+2)...(n+m) 
7 1:2-3...m 


[435] it follows that equation (2) can be written as follows: 


' This is evidently the familiar identity for binomial coefficients ( is = ") ‘ 
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1-2-3...m  2-3-4...(m+1) 


1 i 
ae iOS. 123.00 ~ 
(4) 3:4:5...(m+2) 9 = n(n+1)...(n+m—1) 94 
1-2-3...m 1-2-3...m 
(atl) (nt2)... atm) an 
_ 1-2-3...m 


The numerical coefficients of the successive powers of x in the right-hand side of 
this last formula, namely 


1-:2-3...m  2:3-4...(m+1) n(n+1)...(n+m-—1) 


©) 1-2-3...m’ 1-2-3..m 7 7” 1-2:3...m 7 


are precisely the figurate numbers of order m. The sequence of these same numbers 
or series (5) extends to infinity. Its nth term, that is to say the fraction 
n(n+1)...(n+m-—1) 
1-2-3...m , 


is at the same time the numerical coefficient of x”! in the expansion of (1 +x 


and the coefficient of x” in the expansion of (1 nS . Moreover, if in series (5) 
we successively make 


aan 1 


m=). (ms=2, m=3, 2.2; 
we obtain: 1° the sequence of natural numbers, or figurate numbers of the first order, 


te. By. vey. He weed 


2° the sequence of numbers which we call triangular, or figurate of the second order, 
namely 

n(n+1) ; 

“7.2? cry 

and 3° the sequence of numbers we call pyramidal, or figurate of the third order, 
namely 


1, 3; 6. 10, <5 


n(n+1)(n+2) 
1-2-3 ae 


[436] If we write these different sequences one below the other, preceding them by 
a first sequence composed of terms all equal to 1, and additionally placing them 
so that the first term of each is under the second term of the sequence immediately 
above it, we obtain the following table: 
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(6) 


The numbers contained in the (n+ 1)st vertical column of this table are the coeffi- 
cients of the nth power of a binomial. Pascal, in his Traité du triangle arithmétique,” 
first gave the law of formation for these very numbers. Newton later showed how the 
formula established from this law can be extended to fractional or negative powers. 

Several remarkable properties of figurate numbers are deduced immediately from 
formula (4) of Chapter IV (§ II). Imagine, for example, that after replacing n by 


n—1 in this formula, we suppose that 
x=m+1 and y=m' +1, 


where m and m’ are any two integer numbers. Then we find that 


(m+n +2) (m+m' +3)...(m+m' +n) 
f:23intp=1) 
_ (m+1)(m+2)...(m+n—1) 
123.4n-1) 
(m+1)(m4+2)...(m+n—2) m'+1 
(7) * 1-2-3...(n—2) 1 


_m+1 (m'+1)(m!+2)...(m'+n—2) 


1 LCi 2) 
(m' +1) (m'4+2)...(m'+n—-1) 
- 1-2-3...(n—1) 


[437] Then, by making m! = 0, we find that? 


(m+2)(m+3)...(m+n) 


1-2-3...(n—1) 
- (m+1)(m+2)...(m+n-—1) 
es [5 =) 
__(m+1)(m+2)...(mt+n—2) 
(:9:3...0=2) 
m+1 
Feb +1. 


2 See [Pascal 1665]. 


3 Formula (8) is sometimes called the “hockey stick pattern” in Pascal’s Triangle. 
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Likewise, if after replacing n by n— 1 in formula (4) (Chap. IV, § III), we instead 
make 
x=m+1 and y=—(m'+1), 


then we conclude that 


(m—m’')(m—m! +1)...(m—m! +n—2) 


1-2-3...(n—1) 
_ (m+1)(m+2)...(m+n—-1) 
128.9) 
(m+1)(m4+2)...(m+n—2) m'+1 
(9) 12:3 ...{n—2) 1 


1 1-2-3...(n—2) 
__(m'+1)m'...(m'—n+3) 
= a ety, 


When in the preceding equation we suppose that m’ > m and at the same time n > 
m’ +2, we find that* 


(m+1)...(m+n—1) m! +1 (m+1)...(m+n—2) 
i93,00=1) 1 ~ $03n.0—2) 
(m' +1)m! (m+1)...(m+n-—3) 
1-2 1-2-3...(n—3) 
(10) Sblassee vlaushoadaedasbacedhacalnes 
_ ml +1(m+1)...(m+n—n' —1) 
1 1-2-3...(n—m' —1) 
(m+1)...(m+n—m! —2) 
1-2-3...(a—m! —2) 


0O= 


[438] Finally, because equations (8) and (10) can be written as follows 


1-2-3...m 2-3-4...(m+1) 
1-2-3...m 1-2-3...m 
n(n+1)...(n+m—1) n(n+1)...(n+m) 


1-2-3...m 1-2-3...(m+1) ’ 


(1) 


and 


4 The numerator m’ +1 in the first line of equation (10) was incorrectly written as m+ 1 in [Cauchy 
1821, p. 534], but not noted its Errata. It was corrected in [Cauchy 1897, p. 437]. (tr.) 
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n.(ntm—1) m+1(—1)...+m—2) , 


0 72-3. 1 or re 
(12) _m +1 (n—n’)...(n+m—m' —1) 
1 1-2-3...m 
em —1)...(n-+m—m' —2) 
= 1-2-3.205m : 


it is clear that they entail the two propositions which I am going to state: 


Theorem I. — [f we form the sequence of figurate numbers of order m, and then 
if we add together the first n terms of this sequence, we obtain for the sum the nth 
figurate number of order m+ 1. 


Theorem II. — If we denote by m and m' two integer numbers subject to the 
condition 
m' >m, 


/ 
and if in the expansion of (1 —x)" *T we replace the successive powers of x by 
m' +2 consecutive terms taken from the sequence of figurate numbers of order m, 
we obtain a result equal to zero. 


Corollary I. — If we suppose that the different terms of the sequence 
(13) 40, 41, 42, +++, Gn; 


successively represent the natural numbers, the triangular numbers and the pyrami- 
dal numbers, we find in the first case that 


(14) An — 2an—1 + Qn-2 = 0, 

in the second case that 

(15) An — 3ay—1 +3an_2 — An_3 = 0, 
and in the third case 


(16) An — 4an—| + 64n—2 — 4n—3 + dn—4 = 0. 


[439] The first of the preceding equations becomes identical to formula (3) of Chap- 
ter XII (8 I). 


Corollary I. — If we denote the figurate numbers of order m in general by 


(13) 40, 1, G2, +++, Any ++, 
then 

2 
(17) a0, aX, 2x, ..-, nx", 


is a recurrent series for which the recurrence relation has for its terms the quantities 
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m+1 (m+1)m — (m+1)m(m-—1) 


1 1 
(18) tet po 12-3 ; 


ee 


that is, the coefficients of successive powers of x in the expansion of (1 aay : 
Thus, for example, the series 


, 3x, 6x7, 10x’, 


in which the successive powers of x have for coefficients the triangular numbers, is 
recurrent and its recurrence relation is composed of the quantities 


1, -—3, +3 and —l. 


Among the principal properties of figurate numbers, we ought to point out those 
which equations (7) and (9) give when we put them in the following forms: 


n(n+1)...(a+m+m’') 
1-2-3...(m+m’ +1) 
_ n(ntl1)...(n+m—1)1-2-3...m' 


1:2-3...m 1-2-3...m! 
(19) (n—1)n...(n+m—2)2-3-4...(m' +1) 
1-2-3...m 1-2-3...m! 


1-2-3...mn(n+1)...(n4+m!—1) 


“1-2-3...m 1-2-3...m! 
[440] and 
n(n+1)...(a+m—m' —2) 
1-2-3...(m—m'—1) 
— n(n+l)...(nt+m—1) m’4+1(n—-1)n...(n+m—2) 
7 1-2-3...m 1 1-2-3...m 
(20) HP eiiacih Adidas deh cekasnehnuitieecime Mi bebeiea: 


1-2-3...(n—2) 1-2-3...m 
(m' +1)...(m' —n+3)1-2-3...m 
1-2-3...(n—1) 1-2+3...m 


We add that in the sequence of figurate numbers of order n, the (n + 1)st term equals 
the sum of the squares of the coefficients which are contained in the nth power of a 
binomial. Indeed, if in formula (2) (Chap. IV, § IIL) we suppose that both x = n and 
y=n, we find 
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2n(2n—1)...(n+1) 


1-2-3...(n—1 
(21) 3...(n—1)n 
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[441] Let 

ug, Uj, U2, +) 

/ / / 

u u,, Uu caw 
] 0? 1? 2) ’ 
( ) HN / " 

Uo; 1? 2° ’ 


be any quantities arranged in horizontal and vertical lines in such a way that every 
series, horizontal or vertical, contains an infinity of terms. The system of all these 
quantities is what we can call a double series, and these quantities themselves are 
the different terms of the series, which has for its general term 

(m) 

n ’ 


where m and n denote any two integer numbers. Given this, imagine that we repre- 


sent by 
(m) 


n 


the sum of the terms of series (1) which are contained in the following table 


uo, “1, u2, +++) Un-1; 
/ / / / 
Uo; U,, U5, a] Un—1> 
/) /) /} HN 

2) ij Uh Wy -wqtl gy 
ie ae erg it Fal GOOG 
(m—1) —(m—1) | (m—1) (m—1) 
Uy Uy , Us aeigs. y 


that is to say, of terms which carry at the same time a lower index smaller than 
n and an upper index smaller than m. If the sum of the remaining terms, taken in 
whatever order and whatever number as we might wish, becomes infinitely small 


for infinitely large values of m and n, it is clear that the sum sv”) — and all those 


sums which we can then derive by adding to 5”) some of the terms excluded from 
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Table (2) — converges, for increasing values [442] of m and n, towards a fixed limit 
s. In this case we say that series (1) is convergent, and that it has the limit s for its 
sum. In the contrary case, series (1) is divergent and it does not have a sum. 

When, for infinitely large values of m and n, the terms excluded from Table (2), 
however many may be added together, never give anything but infinitely small sums, 
we can say as much a fortiori about the sums of the terms which belong to one or 
several horizontal or vertical rows of Table (1). It follows immediately from this re- 
mark that if the double series contained in Table (1) is convergent, each of the simple 
series contained in the rows, horizontal or vertical, of the same table is convergent 
as well. Under this hypothesis, denote by 


(m) 


the result which we obtain by adding the sum of the first m horizontal series of Table 
(1), that is to say, the m first terms of the simple series 


03) Ug tujtug+..., Ugtujtuht..., ugtuftust+..., 


and by 


the result which we obtain by adding the sums of the first n vertical series, that is to 
say the first n terms of the simple series 


4) Uptugtugt..., wtujtuft..., uztuytugt+..., 


Then s(") is evidently the limit of the expression sh”) for increasing values of n, and 


Sy is the limit of the same expression for increasing values of m. Consequently, it 
suffices to make m grow indefinitely in s(™) and n in s, to make 5) and sp, converge 
towards the limit s. We can thus state the following proposition: 


Theorem I. — Suppose that the double series contained in Table (1) is convergent, 
and denote by s the sum of this series. Then series (3) and (4) are likewise convergent 
and each of them have for their sum the quantity s. 


Now imagine that the numerical values of the quantities contained [443] in Table 
(1) are, respectively, denoted by 


Po; Pl, P2, +++, 
Pox Ris Pax xs 
-) Pos Pie Payxos4 


es 
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The terms of Table (1) which are excluded from Table (2), however many of them 
we wish to add together, evidently give a sum less than or at most equal (ignoring 
the sign) to the sum of the corresponding terms of Table (5). Thus, if for infinitely 
large values of the numbers m and n, this last sum becomes infinitely small, and it 
is the same, a fortiori, as the first one. We can also express this by saying that if the 
double series contained in Table (5) is convergent, then series (1) is convergent as 
well. I add that we are completely assured of the convergence of the double series 
contained in Table (5) any time that the horizontal series of this table are convergent 
and their sums, namely 


(6) Potpitpot..., potpi+po+---, patel +pyt...; 


themselves form a simple convergent series. Indeed, under this hypothesis, let € be 
a number as small as we may wish. We can choose m large enough that the addition 
of the sums 


(m) (m) (m) (m+1) (m+1) 


pe ep ep pe ep ep Sc 


and consequently that of the terms of Table (5) affected with an upper index greater 
than or equal to m, never produces a result greater than sé. Moreover, if the number 
m is determined as we have just said, and because each of the horizontal series of 
Table (5) is convergent, we can also choose n large enough so that each of the sums 


Pn +Pnst +Pnv2 +... 

ae ae eee 
m m—1 m-1 

alt spit” pls! +. 


is equal to or less than oe. In this case, the addition of the terms in [444] Table (5) 
which have an upper index less than m and a lower index at least equal to n never 
produces a result greater than se. When the two preceding conditions are satisfied, 
it is clear that in series (5), the addition of the terms with an upper index at least 
equal to m and a lower index at least equal to n cannot give anything but a sum 
at most equal to €. Thus if we attribute infinitely large values to the numbers m 
and n, this sum becomes infinitely small, because we can make € decrease below 
any assignable value. Thus the given hypothesis entails the convergence of series 
(5), and consequently that of series (1). By combining this principle with the first 
theorem, we deduce a new proposition which I am going to state. 


Theorem I. — Suppose that all the horizontal series of Table (1) are convergent 
and their sums, namely 
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(3) ug t+uy+u2+..., Uj tu tuy+..., ug tu tust..., 


also form a convergent series, and that this double property of horizontal series 
remains true in the case where we replace each term of Table (1) by its numerical 
value. Then we can affirm: 1° that all the vertical series are convergent; 2° that their 
sums, namely 


4) Ugptuyptugt..., ututult..., ugtuituyt..., 


also form a convergent series; and 3° finally that the sum of series (4) is precisely 
equal to that of series (3). 


Corollary I. — The preceding theorem remains true as well when we suppose that 
some of the series, horizontal or vertical, are composed of a finite number of terms. 
Indeed, each series of this kind can be considered as a convergent series indefinitely 
extended, but in which all the terms for which the rank surpasses a given given 
number vanish. 


Corollary II. — Let 
(7) 


uo, uj, U2, U3, ile 
Vo, Vi, V2, V3, +--+ 


be two convergent series which have, respectively, for their sums the two quantities 
s and s’, and for which each remains convergent when we reduce [445] its various 
terms to their numerical values. If we form the table 


UQV0, U1Vo, U2VO, U3V0, ---, 

UoV], U1V1, U2V1, ---, 

(8) UOV2, W1V2, «++; 
U0V3, ---; 


ry 


we recognize without trouble that the horizontal series of this table enjoy the prop- 
erties stated in theorem II, and that their sums are, respectively, 


(9) vos, Vis, V25, V3, 


Consequently, by virtue of theorem II and its first corollary, the vertical series, 
namely 
(10) uoVo, UOVi+UiV0, UovV2+uU1Vi+U2V0, .«.-, 

UQVy + U{Vyp—p +--+ Un—1V] +Unvo, «++; 
form a new convergent series and the sum of this new series is equal to that of series 
(9), that is to say, evidently equal to the product ss’. Thus we find that we have 
returned to theorem VI of Chapter VI (§ IID) by the consideration of double series. 
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Corollary III. — Let x be the sine of an arc contained between the limits — F and 
+4, and let z be its tangent. We find that 


x 
V1—x2 


Given this, and by virtue of formula (39) (Chap. IX, § II), for numerical values of z 
less than 1, we have 


Nie 


— 


=x(1-x)~ 


gtenge ea ot 
= 3 5 - chats 


We conclude that, for numerical values of x less than a 


ih 
arcsinx = arctanx (1 —x?) 2 


Nin 


=x (1 eg ie = 2242 (ey 


[446] or what amounts to the same thing, 


3x 3659 3-5-7x! 
arcsinx =x-+ 


23 TA 5 * 2-4-6 7 ee 
x 5x 5-7x! 
3 25 2:47 
x” 7x! 
, @” 23 
ay 

= a= 


Because the horizontal series contained in the right-hand side of the preceding equa- 
tion evidently satisfy the conditions stated in theorem IJ as long as the variable x 
maintains a numerical value less than wen it follows that this equation can be writ- 
ten as follows: 


arcsin (x) = 1 an = 2 44 a 
ee AG 5° 3a 2 5 


(gece) eine Fae 
2:4:6 2-4 2 go 
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Moreover, if in formula (5) of Chapter IV (8 HI) we attribute to y the negative value 


—2 and to x one of the positive values 3, 5, 7, ..., we get successively 
Sgn! 
2 2 
i ae 1-3 
(11) 2:4 2 2-4’ 
7°5°3 ae. ja 
2-4-6 2-4 2 2-4-6’ 


and consequently we find finally 
; Ae Ae, Ve 
arcsinx = x buts 
(12) 23 2:45 2-4-67 
ts = 441, 
(« =e x= + +5) ‘ 


[447] It is easy to prove with the aid of infinitesimal Calculus that this last equation 
remains true not only between the limits x = “5 and x = +35 but also between 


the limits x = —1 andx= +1. 


Corollary IV. — By virtue of formula (20) (Chap. VI, § IV), we have, for all 
values of x contained between the limits —1 and +1, 
(1+x)*-1 Fa x 


7 =% ae. W)+> (1 H(t SH) to 


or what amounts to the same thing, 


(l+x)"-1 x 


u 
x2 x2 
2S 
xe 1\ x 2 1 x 
Sou (145) p+ (F3)5 
-F4u(isdeg)e 2 Stites) 4 
4 2 3/4 1:3 1-2 2-3) 4 
3 1 x4 
le eae 
fe tata dane ae al wien ed wcna Senate Ute naraaa tna nana kiss oa eke s MO 


Because the horizontal series which make up the right-hand side of the preceding 
equation satisfy the conditions stated in theorem II, as long as the variable x main- 
tains a numerical value less than 1, it follows that this equation can be written as 
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follows: 
(l+x)*—-1_ x ee ae 
u 1 2 3 4 
aera 
(13) 2 2/ 3 2 3/4 
x 1 ‘i 


However, we already have found (Chap. VI, 8 IV, problem I, corollary II) 


(1+x)*-1 


7 [In(1 +x)? +..., 


(14) 


=In(1+x) +5 


where In is the characteristic of the Napierian logarithms. Formulas (13) and [448] 
(14) ought to agree with each other (see theorem VI of Chapter VI, § IV), and we 
conclude that for all values of x contained between the limits —1 and +1, 


Int ae=s ee 2, 
2 


4 
2 3 
Lin(l+x)? = F-(1+4) 54+ (14444 4-... 
1 1 xt 
(15) stoi pA se Goh ae 2s 
1 3 1x 1 1 1) x4 
ys ln +2) = 735 -(atistas) a+. 


In what precedes, we have not considered anything but double series, conver- 
gent or divergent, for which the different terms are real quantities. However, what 
has been said with regard to these series can just as well be applied to the case 
where their terms become imaginary, provided that we write throughout imaginary 
expression in place of quantity and modulus in place of numerical value. With these 
modifications, theorems I and II still remain true. We prove this without trouble by 
applying the following principle: 


The modulus of the sum of several imaginary expressions is always less than the 
sum of their moduli.! 


To establish this principle, it suffices to observe that if we make 


p (cos@ + /—Isin@) +p’ (cos 6’ + V/—Isin@’) +... 
=R(cosT + V—IsinT), 


where p, p’, ... and R denote positive quantities, then we conclude that 


! This is the triangle inequality for complex numbers. 
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R? = (pcos@ +p’cos 6’ +...) +(pcos@+p’cos@’+...)° 

= p*+p?+...+2pp’cos(0—0')+... 

<p? +p” 2pp'+...=(ptp'+...)°, 


and consequently 
R<ptp’+.... 


Note VIII — On formulas that are used to convert 
the sines or cosines of multiples of an arc into 
polynomials, the different terms of which have 
the ascending powers of the sines or the cosines 
of the same arc as factors. 


[449] The formulas in question here are those which we constructed in solving the 
two first problems stated in section V of Chapter VI, and which we gave the num- 
bers (3), (4), (5), (6), (9), (10), (11) and (12). They give rise to the following remarks. 

First, if in the calculations we used to establish formulas (3), (4), (5) and (6), 
we substitute equations (24) of Chapter IX (§ I) into equations (12) of Chapter VII 
(§ ID, we recognize immediately that the same formulas remain true in the case 
where we replace the integer number m by any quantity while we suppose that the 
numerical value of z is less than 7. Thus, under this hypothesis we have 


(u+2)m-b(u—2) 


_, HH. 9 +4 
cos Uz = | Tg et 1203-4 sin” z 
() 
(H+4)(M+2) H+ (HM —2)(H—4) Og 
1-2-3-4-5-6 __—* 
sin Uz = cosz lu sinz use 2) sin? z 
(2) 1-2-3 
, +4) (H+ 2) nH 2)(H-4) Os 
1-2-3-4-5 =: 
and ‘ i 
COs UZ = COSZ f - sue Coa eee 
33) 1-2 
, (+3) (+1) (1) 3) a 
1-2-3-4 cae | 
sin Uz = LL sinz EE ins 
(4) i 
+3) (+1) eH =-1) (4-3) Os 
Zz 
1-2-3-4-5 


[450] Moreover, by virtue of the principles established in Chapter IX (8 II) and 
in the preceding note, we can expand not only cos Wz and sin Wz, but also the right- 
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hand sides of formulas (1), (2), (3) and (4), according to ascending powers of LL, 
and because the coefficients of these powers ought thus to be the same in the left- 
and the right-hand sides of each formula, we obtain, by comparing two by two the 
coefficients in question, one series of equations among which we distinguish those 
which I am going to write: 

1, sin’z  2sintz  2-4sin®z | 
(5) = 5 a 7 +375 a= and 
Isinez 1-3 sin?z 
Died 7 2:4 5 


(6) z=sinz+ 


We still suppose here that the variable z is contained between the limits —7 and 
a However, we easily prove, with the aid of infinitesimal Calculus, that, without 
changing equations (1), (2), (3), (4), (5), (6), ..., we can make the numerical value 
of z as large as $. We add that by taking sing = x, we make equation (6) coincide 


with formula (12) of Note VU, and equation (5) with the following: 


2, 2a 2-4x° 2-4-6x8 
Xx Perey 
32° 3:53 ° 3+5-7 4 


This last formula is found in the Mélanges d’Analyse, published in 1815 by Mr. de 
Stainville,' lecturer at the Ecole Royale Polytechnique. 

Imagine for now that in the formulas in Chapter VII (§ V) already cited, we 
attribute an imaginary value to the variable z. We conclude without trouble from 
the principles developed in Chapter IX (§ IID) that they are still exact. Suppose, for 
example, that 


(arcsinx)? = 


z= V-—IInx, 


where In is the characteristic of the Napierian logarithms. Because under this hy- 
pothesis we have 


1 : 1 1 
cosz = 5 (el +e7™) rs (x+ ~) and 
V-l1 . V-1 1 
sing = ~— (e™—e™*) =i ge5 |, 
2 2 x 


[451] and in general 


x” 


He) 


1 il 
cosnz = 5 (*"+5) and sinnz= > 


where n denotes any integer number. From equations (3), (4), (5) and (6) (Chapter 
VIL § V), we get: 1° for even values of m, 


' See [Stainville 1815, pp. 406-408]. 
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1+ 57 (3 LY" @t2imnio 2) (x a 
x 


1 
m —=2 
ee 2-4 2-4.6-8 


(7) ee (. ee 
poe Re) ee) 


(m+4) (m+2)m(m—2)(m—4) i\? 
+ 7.4-6-8-10 (x ) buss 


and 2° for odd values of m, 


2 
we G= (s+) (ee (x +) 
am x 2-4 x 
. (m+3)(m+1)(m=1)(m=3) (._ 1)" 
m+3)(m+ m— m— 
* 2-4-6-8 (x ~) wee 4 
m lt —.|m 1 (m+ 1)m(m—1) 1\* 
aa ake = (4 +)+ 2-4-6 (x -) 
(10) 


3 I —1)(m-3 1\° 
__ (+3) (m+ 1) m(m=1)(m=3) (V8) 
2-4-6-8-10 
Formulas (9), (10), (11) and (12) of section V (Chap. VII) give analogous results. 
Now we return to formula (3) of the same section. By virtue of this formula, for 
even values of m, cosmz is an integer function of sinz of degree m, and because 
this function, as well as cosmz, ought to vanish for all values of z contained in the 
sequence 
(m—1)a 3x 1 1 3x (m—1)a 


* 2m’ Tn? Ont eS 2m 


2m 


[452] it is clear that it is divisible by each of the binomial factors 


. . (m—1)a ; 3x, _ a 

sinz + sin —_——., ..., sinz+ sin ——, sinz+sin —., 
2m 2m 2m 

_ (m—1)% ' ae 

sinz — sin ———., ..., sinz—sin , sinz—sin , 
2m 2m 2m 


Consequently it is equal to a the product of all these binomial factors by the numer- 
ical coefficient of sin’ z, namely 
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m (m+m—2)...(m+2)m(m—2)...(m—m+2) 
1-2-3...(m—1)-m 

= (=ij2 Ql 


(-1) 


Thus we have, for even values of m, 
1f..2 % : 93h, 
cosmz =2"""! (sin? — — sin? z) sin? — —sin?z)... 
2m 2m 


—1 
7 (si? Ueto EL — sin? z) : 


2m 


(1) 


By similar reasoning, from formulas (4), (5) and (6) (Chap. VHI, § V) we get: 1° for 
even values of m, 


: . 9 20 . 2 40 «9 
sinmz = 2”! sinzcosz | sin? —— — sin? z ) ( sin? — —sin?z)... 
2m 2m 


- (si? (a 2)n — sin? 2) : 
2m 


and 2° for odd values of m, 


(12) 


= 2 0 . 730, 
cosmz = 2"! cosz (sin? aire 2) sin? — —sin?z)... 
2m 2m 


(13) 
oe (si? Cee — sin? 2) 
2m 
and 5 j 
5 5 
sinmz = 2”! sinz ( sin? —— —sin?z ) ( sin? —— —sin?z)... 
2m 2m 
(14) 


Si (si? (ase EL — sin? ) ' 
2m 


In the preceding four equations, if we reduce the constant part of each binomial 
factor to 1 by writing, for example, 


‘2 
sin“z 2 0 : 
1——,—- _ implace of sin? — — sin” z, 
sin’ 2m 


the numerical factors of the right-hand sides evidently become equal to those of the 
terms in formulas (3), (4), (5) and (6) of Chapter VII (§ V), which are indepen- 
dent of sinz or contain its first power, that is to say equal to 1 or to the number m. 
Consequently, we find: [453] 1° for even values of m, 
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sin? z sin? z 
cosmz= | 1-—_,— we | ee 
sin’ 5- sin’ 5, 


(5) 


(16) 


and 2° for odd values of m, 


sin? z sin? z 

cosmz = cosz | 1— —,— eri oan bee 
sin* <— sin* 5— 
2m 2m 


(17) 
sin? z 
(se), 
SS aaa es 
. . 1 sin? z 1 sin? z 
sinmz = msinz ue 
sin? 3 sin? 4 
(18) “ 


sin? z 

: eee = : 
sin 5 
m 


Moreover, if we observe that in general we have 


: : cos 2a — cos 2b 
sin? b — sin? a = a 


we recognize without trouble that equations (11), (12), (13) and (14) can be replaced 
by these which follow 


m_y a5 31 
cosmz = 22 cos 2z—cos — } {| cos2z—cos — }... 
m m 


—1 
an (cos2<—cos mi) ; 


m 


) 20 4a 
sinmz = aa sin 2z (cos2:—co =) (cos 2z— cos =) ohne 
m m 


—2 
ieee (cos2z—c0s a) ; 


m 
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m—1 10 3m 
cosmz = 2 2— cosz (cos2z—cos =) cos 2z— cos — }... 
m m 


vps (cos2<—cos m2") F 


m 


(20) i m-l , 20 4a 
sinmz=2 2 sinz {| cos2z— cos — cos2z—cos— }... 
m m 


—1 
me (cos2:—cos mi) , 
m 


where the first two equations apply in the case where m is an even number and the 
last two in the case where m is an odd number. 

The 12 preceding equations remain true whether the values attributed to the vari- 
able z are real or imaginary. Thus, we can replace this variable by  —z, by /—IInx, 
.... In the first case, we obtain several new equations corresponding to [454] formu- 
las (9), (10), (11) and (12) of Chapter VII (§ V). In the second case, equations (19) 
and (20) give, respectively, for even values of m, 


1 T 1 3x 1 
x" 4 G 2cos— +> ) G 2cos — + ) cae 
x m x m 4 


—I)x 1 
bi (< 2.cos ey + a 
m x 


(21) 


and for odd values of m,2 


ae 1 2 x 1 
x"+— =| x+ x“ —2cos—+ HB Joe 
x x m x 


(22) 


m 
—1 1 

reg 5 Ve a. 5) 
m x 


which agrees with the results obtained in Chapter X (§ ID. 

It remains for us to point out several rather remarkable consequences of equations 
(11) and (15), (12) and (16), (13) and (17), and (14) and (18). When we expand their 
right-hand sides according to ascending powers of sinz, the numerical coefficients 


2 Tn [Cauchy 1897, p. 454] the cosine term of the last factor of equation (22) has a numerator of 
(m—2)z. The numerator is correctly written as (m— 1) in [Cauchy 1821, p. 555] (tr.) 
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of these powers evidently must be the same as in formulas (3), (4), (5) and (6) of 
Chapter VII (§ V). From this single observation, we deduce immediately several 
new equations which are satisfied by the sines of the arcs 


T 20 3m 4a 
2m’ 2m? 2m? 2m’ 


30 —-1)% 
1 =2”"! sin? sin’ am sin’ we 5 ) ; 
40 —2)% 
m = 2"—! sin? = sin? —... sin? oe) 
2m 2m 
and 
mm __ 1 1 1 
(24) min’ gy sin” 3 st 
(m+2)(m—2) - 1 1. 1 ar at 1 
sin? 32 sin* 42 sin? eee ' 
[455] and for odd values of m, 
—2)% 
1 =2"—! sin? sin? —... sin? mae) 
1 40 -1)% 
m = 2"—! sin? = sin? oe sin’ ve ) 
1 m m 
and 
(m+1)(m—1) = 1 1 ee 1 
(26) ° sin’ jp SIN” im 
(m+1)(m—1) = 1 i 1 jie ic 1 
be sin? 32 sin* 52 sin? {m1 


I add that if we multiply both sides of each of equations (24) and (26) by (2), we 
conclude by making m grow indefinitely that? 


2 
r a 
27 = peers a and 
(27) 3 9 Tees an 
2 
r tt. ft 4 
2 = ees an 
28) 6 ag 16 a5 


Indeed, to clarify the ideas, consider the second of equations (24). Multiplying both 
; m\2 
sides by (2) , we find 


3 These series give another solution to one of the most important problems of the 18th century, the 
so-called “Basel problem.” Euler gave the first solution in [Euler 1740]. 
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2 n\2 Qn 2 3x 2 
m (1 4 ) = Ga at ne ma Cn) oe 
S 


(29) 


First, let n be an integer number less than . As usual, indicate by the notation 


M (a,b) an average value between the quantities a and b. Finally, we observe that 
the ratio =7~ is still (see page 45)* contained between the limits 1 and ae and that 
consequently we have, for numerical values of x less than a 


x 3x 1 1 1 


: = < 
sinx sinjxcos4x  cos?4x cos” F 


[456] The right-hand side of equation (29) is evidently the sum of the two polyno- 


mials ; ; 5 
2 1 
Gey, 1) 
sin? a a sin? 22 an "sin? ae 
and 
(n+1)x 7 (n+2)n 2 (m—2)x z 
m 1 m 1 2m 
(n+ i? _ pete (n+2)? _ ee see (2 _ iy; ene oS 


where the first of these, by virtue of equation (11) of the Preliminaries, can be pre- 


sented in the form 
14+- d += : ee ers ” Mi 1 : 
4 9 cos? 22 }” 


while the second, composed of o —n-—1 terms all less than 5. remains contained 
between the limits 0 and 2m Given this, equation (29) becomes 


2 
a 4 1 1 1 1 
1—-— }=[14+-+-—+...+— |M(1,——S 
= ( =) (1+5+5+ +3) (. rm) 


and then we immediately conclude 


4 [Cauchy 1821, p. 63, Cauchy 1897, p. 66]. 
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(30) 


This last formula remains true whatever the integer numbers m and n may be, pro- 

vided we have 5m >n. In addition, it is easy to see that if we always take for 5m 

the smallest of the integers greater than n“ (where a denotes a number contained 
1 m 


between | and 2), the ratios = and “7 converge together, for increasing values of n, 


towards the limit zero, and the right-hand side of formula (30) converges towards 
the limit 4. The left-hand side ought to have the [457] same limit as the right-hand 
side, and it follows that: 1° the series 
1 1 1 1 1 
? 4 ? 9 9 16 7 sa n2 2 
is convergent, as we already know (see the corollary to theorem II, Chap. VI, § ID; 
and 2° this series has for its sum i 
Because equation (28) is thus proved, we can divide its two sides by 4 to get 
a a: Sera 


m4 16 6 


As a consequence, we have 


c a ae 
6 24 — 9° 25 °°" 


This new formula agrees with equation (27), which we could deduce directly from 
the first of equations (24) or (26). 

Before ending this note, we remark that to establish the eight formulas (3), (4), 
(5), (6), (9), (10), (11) and (12) of Chapter VII (§ V), it suffices to prove the four 
last ones, and that we can do that very succinctly by expanding equations (10) of 
Chapter IX (§ I), namely 


1 —zcos@ 


(31) 1+zcos@+2z*cos20+z*>cos30+... = rey mess 


aah 241); 


and 


zsin@ 


‘ ae a = 
(32) zsin@ + z°sin20+z° sin30+...= ee ee 


(¢=-1, ¢=41). 
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Consider, for example, equation (32). For numerical values of z less than 1, we get® 


zsin@ +z7sin20 +z3sin30+...+2"sin2n6 + 2"+!sin(2n+1)O+... 
1 zsin@ 
Tae i —- 


sina (427 '+22?c0s6 (1422)? +423 cos0 (1+2)*+...] 
= sind {z— P+ P—..temtian., 
+cos@ (227-4244... 2nz"+...) 
pe ee 2n(2n +2) 
Wet? 3 5 _ n+l 
cos 0 |r: 12 +... 12 Z ie 
2-4-6 4 _ (2n—2)2n(2n+2) 9, 
+cos 6 |e eae 1.23 Zz a 
is secbehesnen tLe sldiod tint eee ageeekad aaeataeenntemet } 


[458] Consequently, by equating the coefficients of like powers of z, we find 
(33) sin2n@ = (—1)"*' sin@ [2n cos 6 (on—2}2n(0n+2) cos? O+.. / ‘ 


and 
(34) sin(2n-+1) 0 =(-1)"sin@ [1 


In these last formulas, if we replace @ by z and 2n or 2n+ 1 by m, we obtain precisely 
equations (10) and (11) of Chapter VII (§ V). Equations (9) and (12) of the same 
section are deduced from formula (31) by a similar calculation. 


> The second — sign on the fourth line of this calculation was + in [Cauchy 1897, p. 457]. It was 
correctly given in [Cauchy 1821, p. 560]. (tr.) 


Note [IX — On products composed of an infinite 
number of factors. 


[459] Denote by 
(1) uo, u\, u2, Sosy Un, 


an infinite sequence of terms, positive or negative, each of which is greater than —1. 
If the quantities 


(2) In(1+uo), In(1+u;), INn(1+u), ..., N(l+u,), ... 


(where In is the characteristic of the Napierian logarithms), form a convergent series 
for which the sum is equal to s, then the product 


(3) (1+ uo) (1+uy) (1 +u2)...(1 + un—1) 


evidently converges for increasing values of the integer n towards a finite limit dif- 
ferent from zero, equal to e*. On the other hand, if series (2) is divergent, product 
(3) does not converge towards a finite limit different from zero. In the first case, we 
agree to indicate the limit of the product under consideration by writing the product 
of its first factors followed by ..., as we see here, 


(4) (L4+uo)(1+u1)(1+u2).... 


The same notation can still be used in the case where this limit vanishes. 
For series (2) to be convergent, it is first necessary that as the number n grows 
indefinitely, each of the expressions 


In(L+un), In(QQt+unyi), In(1+uns2), «.., 
and consequently that each of the quantities 
Un, Un+1, Un+2; 


[460] becomes infinitely small. If this condition is satisfied, then because in general 
we have 
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2 3 4 
(5) In(+a)=x-S 45-74... 


(x=-1, x=-+1), 


we find that, for very large values of n, 


In(1+u,) = Un — sur + ZUR... = Un — 5u2 (14), 


1 1 1 
(6) 4 In(L+up41) =Un+1 — ae + U3, | 2... = Uni — ore (1+ &n41), 


where +€,, +€,4+ 1, ... again denote infinitely small quantities. Then by representing 
by m any integer number whatsoever and by 1 + € an average among the factors 
14&, 14 €n41, ..., we conclude that 


fe +uy) +1n (1 +up41) +... +1n(1 + unym—1) 


1 
=Un+Unpit...+Untm—1— 3 (uz +2.) +...+02 1) (l+e). 


Imagine now that in the preceding formula we make the number m increase beyond 
all limits. Series (2) is convergent or divergent depending on whether or not both 
sides of the formula converge towards a fixed limit. Given this, the inspection of 
just the right-hand side suffices to establish the proposition that I am going to state. 


Theorem I. — /f series (1) and the following 


(8) a ur, U5, or ue, 

are both convergent, then series (2) is convergent as well, and consequently product 
(3) converges, for increasing values of n, towards a finite limit different from zero. 
However, if series (1) is convergent and series (8) is divergent, the right-hand side 
of formula (7) then has for its limit negative infinity, and so product (3) necessarily 
converges towards the limit zero. 


Corollary I. — If series (2) is convergent and has all its terms positive, or if it re- 
mains convergent when we reduce its various terms [461] to their numerical values, 
we are evidently assured of the convergence of series (8) and as a consequence prod- 
uct (3) has for its limit a finite quantity different from zero. This is what happens, 
for example, if the product in question reduces to one of the following: 


(141) (43) 4d) ot 

(1+1) (l- x) (+4) ...(lL£3), 
x2 ed x 
2 32 


(1+x’) (1+4 
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is convergent, while the squares of its various terms, namely 


1 1 1 
? om a 4’ is 


form a divergent series, it follows from theorem I that the product 


100-35) (9) 


has zero for its limit. 


Corollary III. — Theorem I evidently remains true even in the case where among 
the first terms of series (1), some of the terms remain less than —1. However, when 
we admit this new hypothesis, we ought to replace the logarithms of negative quan- 
tities in series (2) with the logarithms of their numerical values. Given this, it is clear 
for increasing values of n that the product 


(1 ey (1 =) (1 =) (1-5) 


converges, whatever the value of x, towards a finite limit different from zero. 


Corollary IV. — Whenever series (1) is convergent, product (3) converges for 
increasing values of n towards a finite limit which might reduce to zero. 

[462] When the limit of product (3) is finite without being zero, we can not 
always assign it an exact value. In the small number of products of this kind which 
correspond to a known limit, we ought to point out the following 


(9) (1 ay (1 =) (1 =) (1-3), 


which we are now going to consider. 
If we set x = % and make n grow indefinitely, then product (9) converges towards 
a finite limit represented by the notation 


2 2 2 
(10) (1 =; (1 a) (1 ig) 


To determine this limit, it suffices to recall equation (16) or (18) of the preceding 
note. To clarify the ideas, consider equation (16). If we write throughout < in place 
of z, we find, for even values of m, 


Fi 
sinz = msin — cos 
m 


2D) v4 
es sin i 
- 2 (m—2)n |” 
sin yr 
m 


S]N 
aS 
— 
Dn Dn 
2.| &. 
5/5 
nw} Th 
SIA |S ls 
ee 
nS 
— 
Riln 
2. 
5/5 
i) a 
S|$/Sla 


(1) 
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and consequently (by supposing that the numerical value of z is less than 7 and the 
number m is equal to or greater than 2), 


sinz sine = sine = 
ln-— = lh) 1-57 | + | 1 --— 
msin = cos + sin~ 4 ine 
(12) m m m m 
fala sin? - 
7 9 (m—2)n 
sin* 
m 


Moreover, let n be a number less than sm and 1+ a be an average quantity 


among the ratios 


sin? = sin? = 
n (1-8) in(1- 34 ) in (1- =) 
ee) ? 2 bi tana | “2 oI 
in(1- 5) In(1— 3%) In (1-5) 


[463] and let 1 + B be another average quantity among the expressions 


a in2 2 ine Z 
sinX =~ sin* =~ sin* =~ 
_ m _ m = m 
In (: 7) a) In (: 9 (n+2)x ) In (1 a) ms | 
sin mi sin an sin In 
22 ? +22 ? mae 8, +22 : 
( sin an sin” i sin” mn 
2 (ntl)x «2 (n+2)a - 2 (m—2)n 
sin* sine sine 


cena 4 ae 4 iad 

sin” = siny — sin” = 

— m wcll a m sift! he = m 
in(1 “4 ) In (1 ae i) ..-+In (1 a and 


m 
2 Ca at 4 +2 & 
in (1~ 3 ) +In(1- =e | +..#in(1- oe 
~ 2 (ntl 2 (nt+2)a (m—2) 
Sun u ie sin 2 m sin Oe 
where the first one can be presented in the form 


z a aoe 


while the second takes the form of the product 


2 (etna) (225) 
sin* — 1 nm 1 mM 


(2)? (n+1)? an eee (n+2)° sin2 pe 


Pikes 
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which (by virtue of the principles established in the preceding note) we can reduce 


to . 
2m sin* = 
a (2); (1+8)M(0,1). 


m 


[464] Given this, equation (12) becomes 


sinz 2 2 
| —_ = |I (1-5) I (1-3) ” 
" insin = cos = " 3 ae Pe) * 


i) 2 2m sin? = 
+In (1 - #)| (l+a)-—> Gy (1+ B)M(0,1). 


For brevity, let 


1 sim 2148 2 
14 —_ =] d ue = 1+6). 
ry l+a ae ee l+a = +e) 


m 


Then returning from logarithms to numbers, we conclude 


2 2 2. 

(: =) (: : ).(1- a ) 
1 2? 7? n2 72 

= ek ame" (1+8)M(0,1) 


: = = en-au 
MSIN = COS 7 


(15) 


Now let the value of n be chosen arbitrarily. Suppose that we take for 5m the integer 
number immediately greater than n“ (where a denotes a number, fractional or irra- 


tional, contained between | and 2). When the value of 7 is very large, the quantities 
n m 


me OS B, yand 6 are infinitely small and the product 


sin z 
m 


ZCOS — 
m 


x 
m 


differs very little from z, and consequently the right-hand side of equation (15) ap- 


proaches indefinitely the limit 
sinz 


z 


The left-hand side must converge towards the same limit, so we necessarily have! 


a 2 2 ; 
v6 v6 va Sin Z 
(le) (1 =) (: — (: = a” 


' Euler used this indentity in his first solution of the Basel Problem in [Euler 1740], but his deriva- 
tion was flawed. This derivation justifies Euler’s proof. 
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[465] Thus we find that this last formula is proved in the case where the numerical 
value of z remains less than 7. Then the quantities for which we have taken the 


logarithms are all positive. But the given 


proof holds as well for numerical values 


of z greater than z when we agree to replace the logarithm of each negative quantity 
by the logarithm of its numerical value. Consequently, equation (16) remains true 
whatever the real value attributed to the variable z. We do not even have to exclude 


the case where we suppose that 


z=4 


where k denotes any integer number, bec 
the equation vanish at the same time. 


EKT, 


ause under this hypothesis, both sides of 


Equation (16), once established, immediately leads to several others. Thus, for 


example, for any real values of the variabl 


es x, y and z, we get 


sinz =2(1 5) (: z )( a ) 
~ 2 272 Dads ft 
(17) 1% 2°10 3° 
Zz Zz Zz Zz Zz Zz 
=2(1- 2) (145) (1-32) +g) gg) Ot ag) 
( 1 _ 20 + On 3a + 3x 
and 
(18) sinx xXU—-x@+x2H—-x2N+x3N—-—x3H+xX 
sny yR—-ya+y2n—-y2an+y3n-y3a+y 
If we make z = a in equation (17), we find 
Bp ss 
2224466 ’ 


and consequently we obtain the expansion of 4 into factors, discovered by the ge- 


ometer Wallis,” namely 


2244 
(19) _ 


6688 


2. 1385 
Likewise, by taking z = 7, we find 


1 1 4488 


sae 


12 12 16 16 


ae 4. 23579 


[466] In equation (18), if we set both 


11131517 


10 10 
R= ae and ae 
we conclude that 
cose = (I~ %) (148) (1-H) (148) (1-8) (148) 
1 =(-8)(-88) (0-88) 
= 1 3272 52n2 ) 


2 John Wallis, (1616-1703); see [Wallis 1656]. 
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We can deduce the same formula from equation (15) or (17) (preceding note), by 
replacing z by <, then making the number m converge towards the limit oe. Finally, if 
we suppose that the numerical value of z in equation (16) is less than 7, we observe 


that we can get 


: 2 2, 2, 
sin z z z ra 
2 


(22) LZ (, | 
2 a4 2° ae 


Moreover, because under this hypothesis we have 


sin z 
21, 
z 
we get 
In ane 34 1 zt + é é + 
Zz 1-2-3 1-2-3-4-5 1-2-3-4-5-6-7 77° 


z z Zz 
= 1 de a 
123 £5 A569 


(23) 1/ 2 ee am f 
2\1-2-3 ae5 °° 


[467] Consequently (by virtue of the principles established in Chapter VI and in 
Note VID, 


sinz_ 122 «611 «2et 11 Pr 


as ” 61-2 2301-2-3-4 3421-2-3-4-5-6 


The comparison of the coefficients of the same powers of z in formulas (22) and 
(24) gives the equations 
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1 1 1 1 27? 1 
je a a oe =—_, 

92 ' 32° 42 61-2 6 

a i ee eee ae _ a 
(25) 24° 34 5 44°" 330:1-2-3-4 ~ 90’ 
‘ 1 1 1 1 27° nm 


pot 36+ gt O57.0.3-4-5-6 945” 


where the first of these agrees with formula (28) of Note VIII. The numerical factors 
é o> ron ... which enter into the right-hand sides of these equations are what we 
call the Bernoulli numbers.> We add that if we denote any even number by 2m, we 
have in general 


1 1 1 
1 1 1 1 1 1 
(26) =e 22m =r 32m ae 42m TENE 22m I+ 22m + 32m +... 


1 1 1 1 
=|1 22m I+ 22m ar 32m as 42m +... J. 


In the preceding analysis, we have only considered products for which all the 
factors are real quantities and series for which all the terms are real. However, we 
ought to remark: 1° that by virtue of the principles established in Chapter IX [see 
equation (37) of § II and equation (26) of § II], formula (5) remains true even in 
the case where the variable x becomes imaginary, provided that its modulus remains 
less than 1; 2° that the ratio 


sin z 2 z 
z 1-2-3 1-2-3-4-5 


converges towards | whenever the real or imaginary value attributed [468] to the 
variable z indefinitely approaches zero; and 3° finally that equations (15), (16), (17) 
and (18) of Note VIII remain true for real values as well as for imaginary values of z. 
On the basis of these remarks, we soon come to recognize how we ought to modify 
the propositions and the formulas proved above in the case where the expressions 


uo, uj, u2, Xx 


Z = 


>» Vy 


are imaginary. Thus, for example, with the aid of formulas (6), we establish without 
difficulty the following proposition, analogous to corollary I of theorem I: 


Theorem II. — Suppose that series (1) is imaginary and remains convergent 
when we reduce its different terms to their respective moduli. Then product (3) nec- 


3 Named for Jakob (I) Bernoulli (1654-1705). Bernoulli numbers first appeared in [Bernoulli 
1713]. They were first called “Bernoulli numbers” in [Euler 1755]. 
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essarily converges, for increasing values of n, towards a finite limit, real or imagi- 
nary. 


Moreover, we easily prove that equations (17) and (21) remain true when we 
attribute to z any imaginary value u + v.\/—1, from which it follows that: 1° that we 
can express by products composed of an infinite number of factors the imaginary 
expressions 

e+e" 


ev’—e’ 
a a sinu+ /—1 —z S08 and 


y —y —y 


7 
e’+e ev—-e” . 
5 cosu—V/—1 5 sinu, 


and the squares of their moduli, namely 


(27) 


Se . yN 2 Se 
Vi4e—V ‘ V_o4-Vv 2. Vv 
(: + ) sin?u + (S53) cos*u = © 7 —cos2u and 


(28) 


2 ee) uae 
+L v vi. v < 2 MY 
+ ) cos*ut (£ + ) sin?u — ¢ — + cos 2u; 


and 2° that the expressions 


ev—e” 
—— cotu 
Vito e-v 


(29) 


y 


erie 


e 
° 
ok 
if 
i=) 
ao ™~ 
% 
+} | 
Se Ss 
© 
i=) 
a 


e’—e 
arctan { —-—— tanu 


[469] are, respectively, equal to the two sums 


Vv Vv 
arctan — — arctan + arctan 
Uu u 1 


—arctan + arctan —... and 
27 —u 2m +u 
(30) 2v 2v 2v 
arctan on arctan aa + arctan oe 
; 2v F v 
arctan 7 EH + arc aD a On Alessi 


augmented or dimished by a multiple of the circumference 27. In addition, because 
expressions (29) and sums (30) are continuous functions of v which always vanish 
with this variable, we can be sure that the multiple of which we have just spoken 
reduces to zero. 

If we suppose in particular that u = 0, we find 


e’—e’ v vy v 

ar, a (1+) (1+ 352) Gon and 
ere 1 24 1 ay 1 ry 

oa eee Ger ne Ge 


(31) 
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By taking u = 4, we also find that 


e’-—e’ 4v 4v 


arctan ; = arctan — — arctan —— 
(32) ev+e’ T 32 


4v 4v 
--arctan —— —arctan-—+..., 
5a 7% 


and by taking u = v, 


Ww —2v 2,,4 2,,4 2,,4 
ev+e 2 2*v 2*v 2*v 


(33) and 
ev +e7v 224 924 92,4 
——3 bose 3 1+ 3a I+ aa Sidhaves 


Finally, if we suppose that the numerical value of * in formula (32) is less than 
1, then the two sides of this formula can be expanded according to the ascending 
powers of v, and the comparison of coefficients of the same powers in the expansions 
in question [470] gives the equations 


jt te! ae 
5 7 4 
1 1 1 7 
1 + +..= 5, 
(34) oe oa. 
re re ee _ 50° 
35 «55S ~ 1536’ 


where the first of these equations coincides with equation (40) of Chapter IX (8 II). 

Now imagine that we divide expressions (29) and sums (30) by v and then we 
make the variable v converge towards the limit zero. By passing to the limits, we 
find that 


1 1 1 1 1 
cotu = + + 
uenmwm—-u A+u 2wW-u 2w+u 
(38) 1 1 1 1 
ou (Sate t eet) 
and 
; 1 ra 1 1 7 1 
anu = 
yu itu AE u ty “2 u 
(36) 
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Moreover, because we generally have, for numerical values of u less than those of 


a, .. i 1 uw “1 ew 
a ae i. a tear ee 


a, 


= 


we get from formulas (35) and (36), by supposing that the numerical value of wu is 
less than 4, that 


1 =( 1 1 1 ) 
cotu = l+s34+3+s+... 
u 1% 


2u° (, | ae ee | 
(37) o a ge a 


[471] and 
Bu 1 1 1 
tanu = 2 Itatatat 
Pus F 1 1 1 
(38) m4 340 54 A 


Consequently, by virtue of equations (25) and (26), we have 


(39) fa! ine foe 1 2a 
Ce 612 301-034 42 102-3.-405.6 
and 2 4,3 
2-u 1 2 Uu 
tanu = — (27-1 a | 
anu = & ( ) Ta +39 ( )ra34 
(40) 6,5 
geet (2° 1) 2°u 4: 
42 ifo456 °°" 


If we replace u by 5u and then add these last two equations together, we obtain the 
expansion of 


1 cos 5u sin 5u 1 
cot =u + tan 54 = + = =2cscu 


ea | Vo ate 1 
sin zu COS 5U SIN ;UCOS ZU 


into a series, and we conclude that 
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3 
2u re. (23 1) 2u 
1-2 30 1-2-3-4 


1 2u> 
fe ie 1) a ee 
42 1-23:4.5% 


There is no need to dwell any further on the consequences of formula (17). On this 
subject, we can consult the excellent Work of Euler, entitled Introductio in Analysin 
infinitorum.* 


1 1 
cscu = —+—(2-1) 


4 See [Euler 1748, § 158-187]. 
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